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INTRODUCTION 


More than 70 elements in the Mendeleev Periodic System are 
metals. They form together with their alloys a great multitude 
of substances having very diverse properties. Metals differ in the 
inagnitude of electric conductivity, in their optical, magnetic, gal- 
vano-magnetic and thermo-magnetic characteristics, and possess 
different capabilities of emitting electrons at heating (hot emis- 
sion) and under the action of an external electric field (cold 
emission). Mechanical properties of metals, i.e. hardness, mal- 
leability, plasticity, etc. are also very diverse. Temperature de- 
pendences of the same characteristics of various metals also differ 
substantially, these differences being especially strong at low 
temperatures. 

Notwithstanding this diversity of properties, there is a common 
characteristic which allows all metals to be described from a single 
standpoint. This is the energy spectrum of electrons in metals, 
or the dependence of the energy e of electrons on the magnitude 


and direction of their momenta Dp: c= e(p). The concept of 
energy spectrum of electrons is the basis of the modern solid-state 
physics. 

Great achievements of the physics of metals made in the last 
two decades are directly linked with an intense study of the enetgy 
spectrum. Following this way, it has been succeeded not only in 
explaining many specific properties of various metals, but also in 
discovering principally new physical effects, such as the cyclotron 
and magneto-phonon resonances, magnetic breakdown, or gigan- 
tic oscillations of the coefficient of sound absorption in metals in 
a magnetic field. 
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The concept of the energy spectrum of electrons has recently 
been applied to alloys, which are solid solutions of several metals. 
Studies of energy spectra of alloys have shown that one type of 
spectrum can be continuously reconstructed into another. 

Finally, studies of the energy spectrum of metals have served 
as the basis for the development of a new branch of the solid-state 
physics, i.e. investigation of substances under combined action 
of strong electric and magnetic fields, strong three-dimensional or 
uniaxial deformations, and alloying at low and ultralow tempera- 
tures. The results achieved make it possible to solve the problem 
of directed variation of the characteristics of a substance and of 
obtaining substances possessing new properties. The possibility 
of changing the energy spectrum has shown that the division of 
substances into metals, dielectrics and semiconductors is only of 
conditional nature. 

Construction of the energy spectrum of a metal in the most 
general form assumes that all possible energy states of electrons 
should be considered. In a particular case of an individual energy 


zone the dependence e; = e:(p) is called the law of dispersion 
(here i is the number of the zone). 

A convenient method for the description of energy spectra is 
introduction of Fermi surface, a clear geometrical concept which 
characterizes the properties of conduction electrons and deter- 
mines all possible values of the momenta (both in magnitude and 
direction) that electrons may have in a metal. 

A Fermi surface is a combination of constant-energy surfaces 


e:(p) = const in various bands and usually has a very complica- 
ted form. 

At the beginning of this century, it has been established that the 
most specific property of metals, i.e. their high electric conduc- 
tivity, is linked with the presence of “free” electrons in them. For 
instance, in the experiments of Tolman and Stewart [1], a coil 
rotating on its axis was connected to a galvanometer. At a sharp 
braking of the coil, a current pulse was formed, whose direction 
corresponded to the motion’ of negatively charged particles having 
the charge-to-mass ratio e/m close to the ratio e/mpo of free elec- 
trons. 
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In the experiments carried out by E. Riecke [2], a strong current 
was passed for a long time through three cylinders made of 
different metals which were tightly pressed to each other. Upon 
disconnecting the cylinders, no transfer of matter, apart from that 
caused by diffusion, was revealed. Thus, it has been confirmed 
that electric current is not related to the transfer of ions forming 
the crystal lattice of a substance. 

All the effects related to cold and hot emission of electrons are 
ilso an evidence of the existence of free electrons in metals. 

Metallic conductors have been found to have no voltage thresh- 
old beginning from which an electric current would be formed 
in the conductor up to the very low temperatures. With improve- 
iments in the sensitivity of measuring instruments, lower and 
lower currents could be measured in metals. It has been concluded 
that transmission of a charge in a metal can occur under the 
action of an arbitrarily weak electric field and is not connected 
with the preliminary ionization of atoms of the metal. In other 
words, atoms in a metal are always partly ionized and an electric 
current is the motion of collective electrons. 

The characteristic lustre of a polished surface of a metal, i.e. 
its capability of reflecting electromagnetic waves, also is an indi- 
cation to the existence of free electrons in metals. 

The first attempt to explain electric conduction was made by 
K. Drude in 1900 [3]. Some years later, Drude’s ideas were deve- 
loped by H. Lorentz [4]. According to the Drude-Lorentz theory, 
a metal was regarded as a potential box filled with a gas of free 
clectrons obeying Boltzmann’s statistics. 

From the modern point of view, this model is absolutely incor- 
rect, though it helped in explaining the phenomena of electric and 
thermal conduction and their interrelation, expressed by the Wiede- 
mann-Franz law. This circumstance is not astonishing, because 
any gas of charged particles possesses similar properties. 

The Drude-Lorentz theory failed to explain the phenomena in 
which the. nature and specific properties of current carriers are 
essential. -For instance, it follows from that theory that an ideal 
gas of electrons in a metal must possess a strong paramagnetism. 
This prediction of the theory, however, contradicts the experimen- 
tal facts that most metals are weakly diamagnetic. Experiments 
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have also shown that the molar specific heat of an electron gas 
is substantially lower than that of an ideal monatomic gas, which 
iS approximately equal to 3 cal/mol degree. It may be added 
that the immense totality of diverse physical properties of metals 
discovered in the course of 70 years cannot be explained by the 
Drude-Lorentz theory. 

Further development of the electron theory of metals is connec- 
ted with the works of Sommerfeld carried out in 1926-30 [5]. He 
used the same model of metal as in the Drude-Lorentz theory, but 
took into account the quantum nature of electrons and employed 
the Fermi-Dirac statistics to describe the system of electrons. 
Thus, Sommerfeld managed to explain the absence of strong para- 
magnetism and high thermal capacity in an electron gas. The 
Sommerfeld theory, however, also failed in solving the principal 
problem of the solid-state physics, i.e. to explain the nature of 
the differences between metals, semiconductors, and dielectrics. 

An essential drawback of the theories described is that the 
crystal lattice was excluded from consideration. The first works 
that took into account the interaction of electrons with the lattice 
relate to 30-s and to the names of Bloch [6, 7] and Brillouin [8, 9}. 
They have played a substantial part in the formation of modern 
views on the energy spectrum of electrons. Established in those 
works were a number of fundamental concepts related to the mo- 
tion of electrons in the lattice (for instance, the concepts of quasi- 
momentum, Brillouin zones, etc.) that have retained their signi- 
ficance up to the present. But those works, which have become 
classical, regarded a certain abstract metal and did not explain 
why the properties of real metals were very diverse. 

To the beginning of 50-s, a great number of various experimen- 
tal data was accumulated which could not be explained by the 
theoretical concepts existing at that time. It was found, for in- 
stance, that for very pure metals the dependence of electric resi- 
stance on the orientation of monocrystalline specimens in a mag- 
metic field at low temperatures was of an extremely complicated 
form. Studies of oscillational effects indicated to the existence in 
metals of various groups of current carriers strongly differing in 
their properties. It was still unclear why valence electrons, which 
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seemed to be under the same conditions, formed groups with 
different physical properties. 

These and many other facts have been given adequate expla- 
nation in the theory of electron energy spectrum of metals which 
was mainly developed during the last two decades. A great con- 
tribution to the development of this theory has been made by 
Soviet physicists I. M. Lifshits, A. A. Abrikosov, M. Ya. Azbel, 
\. L. Gurevich, M. I. Kaganov, A. M. Kosevich, V. G. Peschansky 
{10-18]. The development of various methods and interpretation 
of the theory are also connected with the names of J. M. Ziman, 
Ch. Kittel, W. A. Harrison, A. B. Pippard, N. F. Mott, H. L. Jones, 
I). Pines, etc. [20-35]. 

The Initial Model of Metal. According to the modern views, 
ii metal may be regarded as a combination of a system of positi- 
vely charged oscillating ions which form a quasi-periodical space 
structure (crystal lattice) and a system of relatively free collec- 
live valence electrons filling the lattice. The differences between 
two metals may be related to the different valences x of atoms, 
the peculiarities of their electronic structure, and the symmetry 
of the crystal lattice. 

The theoretical description of a metal in the frames of such 
a model results in a quantum-mechanical problem of a system of 
(N+ xN) interacting bodies (N being the number of atoms in 
the lattice) whose solution is still impossible at present. But, if 
we are not to solve the problem of exact calculation of the energy 
spectrum of electrons in metals (note that even the strict solution 
of the problem would not provide an exact quantitative picture 
because of the absence of adequate data on the form of the perio- 
dic potential of ions in the lattice), the general qualitative repre- 
sentation of the nature of the spectrum can be found on the basis 
of a simpler model. 

Simplification of the initial model, which will be made in the 
book, is based on a vast experimental material accumulated. 
through the studies of the electron properties of metals carried out 
in recent years. For that reason, the simpler model that can be 
obtained-in such a way reflects sufficiently fully the properties of 
real metals. 


CHAPTER ONE 
THE CRYSTAL LATTICE 


1-1, METAL FORMATION THROUGH 
CONDENSATION OF NEUTRAL ATOMS. THE METALLIC BOND 


The nature of the forces that form ionic bonds in the lattice of 
a metal can be explained by considering the formation of a metal 
from the gaseous phase. 

At temperatures below that required for thermal ionization, 
vapours of a metal, as any other gases, consist of electrically 
neutral atoms and possess no electric conductivity. In other words, 
there are no free electrons in the vapours of a metal, and the 
vapour is a dielectric. 

On the other hand, atoms in a solid (or liquid) metal are ioni- 
zed at any temperature. It can therefore be assumed that in the 
process when neutral atoms are brought closer together, metallic 
conductivity forms at a certain specific distance between them, 
irrespective of the state of aggregation of the substance at that 
moment. This assumption has been confirmed experimentally by 
Kikoin [36] by measuring the electric conductivity of mercury 
vapours under pressure. 

Mercury vapours were compressed isothermally at a temperature 
above the critical point. An increase of pressure in that case only 
caused atoms to come closer together, but could not cause the 
vapour to condense to liquid or solid. On the other hand, the 
temperature selected was insufficient for thermal ionization of 
atoms, since at the initial low pressure the gas possessed no con- 
ductivity. 

The appearance of metallic conductivity in mercury vapours at 
compression was only observed when the mean distances between 
atoms were reduced practically to the values characteristic of the 
interionic distances in liquid mercury. Ionization of atoms was 
caused by that the outermost electron shells of neighbouring 
atoms began to overlap. Namely this process results in collectivi- 
zation of valence electrons and the formation of a system con- 
sisting of positively charged atoms of the structures and of col- 
lective electrons. 

Thus, the formation of metallic conductivity at condensation of 
neutral atoms depends on what is the mean distance between the 
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atoms at which the forces of their mutual attraction and repulsion 
come to an equilibrium. 

The forces of attraction between sufficiently distant neutral 
atoms are related to the existence of fluctuating dipole moments. 
In the electric field of such a dipole moment, polarization of the 
surrounding atoms occurs, ie. the atoms become dipoles. The 
interaction of dipoles results in that attraction forces are formed. 

At distances r greater than the size of a dipole, the strength E 
of an electric field decreases by the relationship EF ~ 1/r?. The 


dipole moments p of neighbouring atoms induced by this field are 
proportional to E. The energy U of interaction of two polarized 
atoms, which is equal to the energy of the dipole in the electric 


>> 
U field — (pE), is in turn propor- 
tional to E? and decreases with 
distance as 1/r®. 

The polarization effect produ- 
ces forces of attraction between 
atoms, F= — 2 ~ +. which 
are termed the Van der Waals 
forces. These forces cause neutral 
atoms to approach and condense 
to solid, if their thermal mo- 
tion does not impede the pro- 
cess. 

Fig. 1 With atoms being brought suf- 

ficiently close together, their elec- 

tron shells begin to deform, so that repulsive forces are formed, 

which increase sharply with a decrease of r. These repulsive forces 

are the consequence of the Pauli exclusion principle and are 
térmed the exchange forces. 

With the same distance between atoms, exchange forces increase 
as the outermost electron shell is being filled and attain the maxi- 
mum for the atoms of the noble gas elements (He, Ne, Ar, etc.). 
For these substances, an equilibrium between the Van der Waals 
forces and exchange forces is attained at very small deformations 
of the electron shells of neighbouring atoms, at which overlapping 
between the shells is practically absent and the atoms remain 
non-ionized. For that reason, crystals of noble gases are perfect 
dielectrics. The dependence of ‘the energy of interaction U between 
atoms on the distance r between them in the lattice of such sub- 
stances is shown in Fig. 1. 

An equilibrium between attractive and repulsive forces corres- 
ponds to the minimum of energy U at r= ro. The formation of 
a solid dielectric is equivalent to that the equilibrium distance ro 
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hetween the atoms exceeds the doubled radius, 2R;, of the outer- 
most electron shell. Note that the equilibrium can be shifted in 
the direction of lower values of r if the Van der Waals forces are 
supplemented with forces of external pressure on the substance, 
as was demonstrated in Kikoin’s experiments mentioned earlier. 

Let us consider a case when the outermost electron shells of 
atoms are unfilled. The energy of interaction between atoms at 
their approaching then will not reach the minimum at r ~ 2R,. 
Further approaching will result in overlapping of the electron 
shells and collectivization of 
valence electrons. Beginning y 
from that moment, the nature 
of interatomic bond is changed, 
since the free electrons increase 
the forces of attraction. The 
electrons located between posi- 
lively charged ions attract the 
latter with a force greater than 
the force of repulsion between 
these ions, since the distance 
between each ion and electrons 
is smaller than that between 
ions. Any change of the lattice uw, 
parameters will then cause a 
variation of electron density bet- Fig. 2 . 
ween ions, which in turn 
causes the formation of forces tending to restore the equilibrium 
of the lattice. This type of bond is called metallic bond. The 
forces of repulsion between ions are now related to the defor- 
mation of the inner filled electron shell of an ion having an ave- 
rage radius Ro < Rj. 

The formation of a metallic bond changes the relationship for the 
energy of interaction between atoms at r ~ 2R,, the equilibrium 
distance ro now being between the values 2R. and 2R, (Fig. 2). 

A metallic bond has no saturation, i.e. a third, a fourth atom, 
etc. may be added to two atoms. A metal is similar to a gigantic 
molecule consisting of a system of positively charged ions; stabi- 
lity of this system is ensured by the existence of collective valence 
electrons. 

If the metal is stretched in some direction, the distances between 
the ions in that direction will increase. The probability for elec- 
trons to be located between the pulled apart ions is also increased, 
and forees are formed that tend to return the ions to their initial 
positions. On the contrary, if the metal is compressed in some 
direction, electrons are forced out from interionic spaces in the 
direction, which results in that repulsive forces will prevail. 
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The stability of a metallic bond against strong displacements 
of ions in the lattice relative to each other may explain the capa- 
bility of metals of withstanding high plastic deformations, their 
good malleability, etc. 

As distinct from metals, substances having the chemical type 
of bond are extremely brittle and their mechanical properties are 
anisotropic. Hardness and brittleness of some technical metals 
and alloys may be explained by that their lattices are strongly 
distorted by the presence of impurities and a large number of 
various defects (vacancies, dislocations, etc.). Pure perfect mono- 
crystals of metals are, however, soft and plastic. 

Note that mechanical stretching of a piece of metal cannot 
change the metallic nature of the bond between atoms. With such 
stretching, when the distance between atoms, r, in the direction 
of deformation becomes greater than 2R,, overlapping of electron 
shells is retained in lateral directions. This overlapping ensures 
collectivization of electrons and retention of the metallic bond. The 
nature of bond can only be changed by increasing the mutual 
distances between atoms r-> 2R, in all directions (for instance, 
through evaporation of metal). In that case, deionization of atoms 
and bonding of valence electrons occur. 

In contrast to tension, compression, either axial or uniform, can 
only result in an increase of the degree of ionization of atoms. 
Indeed, at sufficiently high pressures the inner electron shells 
become overlapped, which will result in collectivization of elec- 
trons at these shells. Similarly, a strong compression of dielectric 
crystals should cause the formation of a metallic bond between 
atoms and transition to the metallic state. In the limit of ultra- 
high pressures, all substances at temperatures below the critical 
point should transform to the state of a “perfect” metal whose 
lattice consists of atomic nuclei and is filled with collective elec- 
trons. 

It is of interest to note that in the formation of a metallic bond 
under pressure the energy of attraction increases substantially, 
which in some cases results in the formation of a local minimum 
of the energy of interaction of atoms as a function of the distance 
between them. The metallic phase thus formed may turn to be 
stable after relieving of the pressure. Such a situation may, for 
instance, be expected at compression of atomic, or molecular, 
hydrogen. Theoretical estimations show that at a pressure of 
several million atmospheres and sufficiently low temperatures, 
atomic hydrogen should transform into metal, which will retain 
its metastable state at a subsequent decrease of the pressure (the 
pressure corresponding to the transformation of molecular hydro- 
gen into the metallic phase is, by coarse estimates, 3 to 4 min, 
atm.), 
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1-2. THE METALLIC BOND AND CRYSTAL 
LATTICE 


The forces of metallic bond are to a large extent isotropic in 
their nature. It then follows that ionic structures in the lattice of 
a metal must be packed so as solid spheres are under the action 
of an external pressure, i.e. must occupy the least volume. 

The packing of spheres is the denser, the greater volume Vpn 
they occupy in the whole volume V of the lattice. The density of 
packing can be characterized by the ratio Vsp,/V and also by the 
number of nearest neighbouring atoms (spheres) surrounding an 





Fig. 3 Fig. 4 


atom (sphere) in the lattice. The number of nearest neighbours 
is termed the coordination number z. 

Consider the density of packing of atoms in simplest-type lat- 
tices. For a simple cubic lattice in which atoms are located at the 
corners of cubes, the coordination number is evidently equal to 


z = 6, and the Vspp/V ratio is aw 0.523. 


In a body-centered cubic lattice (b.c.c.), atoms are located at 
the corners of cubes and in the centre of each cube at the inter- 
section of its body diagonals (Fig. 3). In a b.c.c. lattice, z = 8 
and Vp,/V = a 7 ~ 0.681. 

The highest density of packing corresponds to z= 12 and 
Venn V2 0 


v s =0.740. This packing is attained in face-centered 


cubic (f.c.c.) and close-packed hexagonal (c.p.h.) lattices. In 
a face-centered cubic lattice, atoms are located at the corners of 
cubes and in the centres of faces of each cube (Fig. 4); the close- 
packed hexagonal lattice consists of six trihedral prisms whose 
eight ¢ relates to the side a of the equilateral triangle in the base 
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of the prism as <= x ~ 1.633. Atoms are located at the 


corners of the prisms, and also in the centres of the three prisms 
which are symmetrical relative to 
the hexagonal axis (Fig. 5). 

The face-centered cubic and 
close-packed hexagonal lattices 
evidently suit in the best way the 
nature of metallic bond. But the 
maximum-density packing of 
atoms in metals is only attainable 
when the disturbing action of ther- 
mal oscillations is sufficiently 
weak. For that reason, anisotropy 
of the forces of bonding between 
atoms in a metal is stronger at 
high temperatures, which prevents 
formation of a lattice of maxi- 
mum-density packing. For  in- 
stance, alkali metals Li, Na, and 
K crystallize at room temperature 
into a body-centered cubic struc- 

Fig. 5 ture. But, as has been shown by 

Barrett in 1947 [37] and Khotke- 

vich in 1952 [38], these metals undergo polymorphic phase trans- 

formations when being cooled with the b.c.c. lattice being recom- 
bined into a f.c.c. lattice. 





1-3. THE NATURE OF OSCILLATIONS 
OF ATOMS IN A CRYSTAL LATTICE 


The crystal structure of a metal is not strictly periodical in each 
given instant of time because of oscillating motion of ions. Oscil- 
lations of ions disturb the motion of electrons in the lattice. In 
order to describe the system of a metal, it is required, strictly 
speaking, to take into account the motions of all its component 
particles, ie. electrons and nuclei. The picture may be substan- 
tially simplified, however, if we consider that atomic nuclei are 
relatively heavy and move with substantially lower speeds than 
electrons. Electrons adapt so rapidly to the motion of nuclei that 
their state in each moment is practically determined by position 
of the nuclei at that moment. 

Such a description of a system is termed adiabatic approxima- 
tion. First, it makes it possible to consider each nucleus and 
respective electrons at the inner shells (ion-core) as an inte- 
gral whole, and second, to describe the state of valence elec- 
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trons in any instant of time as if their ion-cores were fixed 
in correspondence with their instantaneous position at that 
moment. 

Adiabatic approximation has been introduced by Born and Op- 
penheimer; its theoretical substantiation may be found in textbooks 
on quantum theory of solids (for instance, in [39], [40]). 

Let us consider oscillatons of ion-cores in a metal lattice, first 
without taking into account the motion of valence electrons. 
Under this assumption, oscillations of ion-cores in metals do not 
differ in their nature from oscillations of atoms in the lattice of 
a dielectric. In this connection, ion-cores (ions) will be further 
called atoms for simplicity (where it will not cause misunder- 
standing). 

At a temperature 7 other than zero, atoms in a lattice partici- 
pate in two kinds of oscillation which are of different nature. 
First, they perform thermal oscillations. The energy of these 
oscillations is determined by temperature and becomes zero at 
T =0°K. Second, the atoms are in the motion of purely quan- 
tum origin which is termed zero oscillations; these exist even at 
T= 0°K. 

Zero oscillations are the consequence of the relationship between 
Heisenberg’s uncertainties for the coordinate x and momentum p 
of a particle: AxAp > h (h = 20h = 6.62-10-*” erg-sec is Planck 
constant). This relationship implies that a quantum particle can- 
not be at rest (p =0, Ap =O) in a definite point of space 
(Ax = 0). Localization of the particles (Ax-—>+0) results in in- 
creased uncertainty of their momentum Ap and kinetic energy 


cr (where M is the mass of particle) and is unfavourable 


from the standpoint of energy losses. 
The energy €& of zero oscillations actually corresponds to the 
minimum value of the total energy which a particle can possess. 


The amplitude Axo of zero oscillations is . For solids, it 











Eo 
is usually much smaller than the interatomic distances a in the 
lattice. If the amplitude of zero oscillations is commensurable 
with the mean distance between atoms, no crystalline structure 
can be formed in such a system at normal pressure even at T = 
= 0° K and the substance will remain liquid. 

The sole known example of such a substance is liquid helium. 
At normal pressure, the isotopes He* and He* remain liquid at 
any low. temperature. Helium can be transformed to the solid 
state only by applying an excess external pressure (for instance, 
He* solidifies at T=4°K and a pressure of approximately 
100 atm). Solid helium isotopes turn to have very specific proper- 
ties. 
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If zero oscillations of atoms are to be characterized by a di- 

mensionless parameter (ese eee a then for Ne, Het 

a +/2e.M 
and He?’ in solid state the values of y are respectively 0.6, 2.7, 
and 3.1. These numbers indicate that quantum effects are quite 
strong for Ne and critical for He* and He*. Generally speaking, 
at y > 1 a solid may have a periodic structure, as a crystal, but 
its atoms are not necessarily bonded with definite nodes of the 
lattice, since there exists a finite probability of displacement of an 
atom from one node to another. Such solids have therefore some 
features of liquids. 

Atoms in a liquid are at definite mean distances from each other 
(so that the liquid retains its volume), but their positions are not 
fixed in space (the liquid cannot retain the shape). When moving 
in a liquid, atoms possess a sufficiently high kinetic energy and 
“jump” through the potential pits formed by the nearest neigh- 
bours and thus do not form a lattice. But liquids are observed to 
tend to solid-state order and certain anisotropy of the forces of 
interaction. If a single crystal is melted down carefully, without 
introducing any additional perturbations, then a single crystal of 
the same orientation is formed upon cooling of the melt. 

For a transformation from the liquid to solid state to occur, it is 
required that the atoms, which have been freely moving relative 
to each other, acquired some fixed positions of equilibrium. Such 
ordering of atoms occurs during cooling of a liquid down to tem- 
peratures T close to the melting point Tmex and determines the 
periodic (as time-averaged) structure of the lattice as a whole. 
The amplitude A of thermal oscillations of atoms is proportional 


to /T, and their frequency v is the natural frequency of the 
oscillations caused by the quasi-elastic force of bonding between 
atoms. The frequency v is determined by the mass M of an atom 
and the coefficient B of quasi-elastic force f = —Bx: 


~N ae a wo '3 
ves Mi 10'°° Hz 

At sufficiently low temperatures, the nature of oscillations of 
atoms in a lattice acquires a new feature. While at T< Tet 
the atoms oscillate about fixed equilibrium positions with random 
phases (not coordinated), then, as the temperature is being redu- 
ced, a correlation is gradually established between the motions 
of individual atoms, which result in that they begin to oscillate 
coordinately. This means that at low temperatures a solid can be 
considered as a continuum of points, i.e. as a continuous medium. 
In this range of temperatures, the positions of equilibrium, about 


A ! 
which the atoms oscillate with a frequency va gale , are 
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themselves in an oscillating motion with lower frequencies. Near 
the absolute zero, the nature of motion of atoms changes once 
more. The low-frequency oscillations of equilibrium positions atte- 
nuate at T—0°K. Zero oscillations are again performed about 
fixed positions of equilibrium. 

Thus, thermal oscillations of atoms in a lattice are qualitatively 
different. in two temperature regions determined by the ratio bet- 
ween the energy of thermal oscillations of an atom ~&T (where 

= 1.38-10-'® erg/degree is Boltzmann constant) and the energy 
of bonding between atoms in the solid: in the high-temperature 
region where RT ~ Upson, T << Tmen, and in the low-temperature 
region where AT < Ubon. 

In the first region and for time intervals t < 10-!8 sec, the 
lattice is not a periodic structure. A ‘momentary photograph’ of 
the lattice would show that the atoms are located chaotically, 
being displaced at random from their equilibrium positions. But 
for time intervals t >> 10-'3 sec, when averaging of displacements 
of atoms from their equilibrium positions occurs, the periodicity 
of the lattice becomes perfect and reflects the periodicity of equi- 
librium positions of individual atoms. 

Physically, the absence of periodicity of a crystal lattice in this 
temperature region is of importance only for very rapid processes, 
for instance, for a moving particle which covers the interatomic 
distance in an interval much less than 10-'$ sec. For sufficiently 
slow physical processes (with the characteristic time t >> 10-!% sec), 
the lattice may be regarded as a strictly periodic combination of 
fixed atoms located in their equilibrium positions. 

In the low-temperature region (kT < Uson), the energy of bon- 
ding between atoms is so great compared with the energy of 
oscillations that an atom, when being shifted from its equilibrium 
position in some direction, entrains neighbouring atoms in that 
direction. Namely this circumstance causes a coordinated motion 
of neighbouring atoms, similar to the propagation of sound waves 
in solids. Within this temperature region it is possible to consider 
a solid as an integral whole with a specific pattern of the frequen- 
cies of natural oscillations. 

The temperature conditionally separating these two regions, 
which differ in the nature of thermal oscillations of atoms, is 
termed Debye temperature, Op. Each of the temperature regions 
described above is strictly determined by only one of the following 
inequilities, either T< @p or Op < T < Timex. This means that Op 
actually ‘defines a certain temperature interval within which the 
nature of thermal motion of atoms is changed qualitatively. 

Though @p cannot be determined exactly in the general case, it 
is a very convenient physical parameter and enters the expressions 


22 ch. One. The Crystal Lattice 





for a number of integral characteristics of solids, such as heat 
capacity, heat conductivity, etc. Debye temperature of a given 
substance depends on the energy of bonding Us,» of atoms, and 
therefore, on melting point Tey. Quantitative relationship between 
@p and Time has been established by Lindeman’s empirical for- 
mula [41]: 


@p & BT en A” "DI (1.1) 


where A is the mean atomic weight, Do is the density of substance, 
and B is a constant. B has been found empirically to be close to 
120 (with A expressed in grammes and Dy in grammes per cubic 
centimetre). 

Let us show, by way of two examples, that knowledge of the 
physical parameter Qp is of high importance. 

1. Debye temperature determines the temperature at which single 
crystals must be annealed to remove stresses in the lattice. An- 
nealing at temperatures close to Tmex worsens the structure of 
a crystal, instead of improving it, because of the formation of 
vacancies, inclusions, etc. On the other hand, annealing at T < @p 
is ineffective, since the energy of bonding at such temperatures 
is so high compared with kT that thermal oscillations cannot re- 
move local stresses and distortions of the lattice. The most effective 
temperature for annealing is T > Op. For instance, for copper 
(Q@p=315° K) annealing is quite effective at a temperature as low 
as 493° K (220°C). When cured at this temperature for some days, 
copper becomes very soft (for copper, Tmen == 1083° C). 

2. Debye temperature determines the probability that some or 
other phase of a solid will remain metastable. 

Consider a substance in which phase transformations from one 
crystalline modification to another occur at successive variations 
of temperature, 7; < T) < 73, etc. Within the temperature regions 
T<TM, 7, <T< To, T2 << T < Ts, etc., phases 1, 2, 3, etc. cor- 
respond to an equilibrium state of the lattice. Examples of sub- 
stances having different phases are fB- and a-tin, a-, B-, and 
“y-iron, etc. 

At temperatures above Debye temperature the energy of thermal 
oscillations is sufficient to bring a lattice to an equilibrium. Then 
-it is very easy to retain, for instance, phase 2 in metastable state 
at a drop of temperature, if the transition from phase 2 to phase 1 
occurs at a temperature 7, below. Debye temperature Ope for 
‘phase 2. With an inverse relationship (On. < 7) phase 2 can be 
kept in metastable state only by very rapid cooling. In this pro- 
‘cess, the probability of retaining phase 2 is the smaller, the 
lower Op: is compared with 7. 
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1-4, THE NATURAL-FREQUENCY SPECTRUM 
OF A ONE-DIMENSIONAL LATTICE 


A simple and physically clear model of thermal oscillations 
should depict both the processes of heat propagation and the 
state of thermal equilibrium. Propagation of heat is related to 
oscillations in the form of running waves. The energy flux in 
a wave determines the heat flux. On the other hand, thermal 
equilibrium is equivalent to a state in which heat fluxes are absent. 
Such a state corresponds to a combination of standing waves, 
since each standing wave is the sum of two running waves of 
the same amplitude propagation in opposite directions. 

In order to describe thermal oscillations of a lattice, let us 
first elucidate what natural frequencies can exist in a system con- 
sisting of a large number N > 1 of particles interconnected by 
quasi-elastic forces. 

As is known, oscillations of a system of N bodies can be decom- 
posed into normal oscillations each of which corresponds to one 
degree of freedom of the system. The problem of constructing the 
spectrum of normal oscillations in the lattice of a solid was first 
examined by Born and Karman in 1912 [42]. 

Note that in a lattice consisting of a finite number of atoms the 
positions of atoms in the depth of lattice are not equivalent to 
the positions of those at its boundaries. In order to describe the 
oscillations, it is required to know the boundary conditions, which 
may be different depending on the problem being solved. For 
instance, the atoms at the boundary may be considered either 
completely bound or, on the contrary, free; this, in turn, determi- 
nes the nature of the standing waves being formed. On the other 
hand, a continuous mode of running waves can be maintained in 
a lattice by bringing the boundary atoms into forced oscillations, 
for instance, by passing a heat flow across the boundary. 

When considering the natural oscillations of a lattice, the po- 
sitions of all its atoms are conveniently assumed to be equivalent, 
irrespective of their positions in the crystal. It is clear by intuition 
that boundary conditions cannot have a strong effect on the be- 
haviour of a large number of particles, at least with sufficiently 
short-ranged forces of bonding between them. Born and Karman 
have shown mathematically that for large systems (N > 1) this 
assumption gives only a negligible error. They also proposed a 
method by which it is possible to eliminate non-equivalency of 
positions of atoms inside a crystal and at its boundaries. 

The method consists in introducing cyclic boundary conditions, 
i.e. extending the crystal lattice periodically in all directions, the 
period in the given direction being taken equal to the size of 
fhe crystal in that direction. Cyclic boundary conditions make it 
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possible to neglect the effects related to the boundaries of a cry- 
stal and greatly simplify the solution of the problem of finding 
the normal modes of a system. By introducing these conditions, 
it is possible to use the property of translational invariance of 
a perfect crystalline lattice of infinite size. 

With cyclic boundary conditions, a crystal turns to be surroun- 
ded from all sides by an infinite number of its own copies. The 
idea of introducing cyclic boundary conditions is based on a 
physically evident assumption that in a crystal of a sufficiently 
large size the nature of oscillations of an atom about the given 
node should not differ in any respect from the nature of oscilla- 
tions about any other node. 
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The principal qualitative peculiarities of vibrations of a lattice 
may be elucidated by considering two simplest one-dimensional 
models. 

The first model is a one-dimensional chain composed of N atoms 
of the same kind. In an equilibrium position, all atoms of such 
a chain are located at the same distance a from each other 
(Fig. 6). 

The second model is a one-dimensional chain consisting of 
atoms of two different kinds (for instance, differing in their mas- 
ses, m and M, with m <M). An equilibrium position of this 
chain is similar to that of the first model (see Fig. 7). 

One-dimensional models imply that each atom can be displaced 
only along the axis of the chain. The atoms in the chains will be 
thought of to be interconnected by quasi-elastic forces with a 
coefficient B. For simplicity, the interaction of each atom with only 
two nearest neighbours will be considered. If more distant neigh- 
bours were taken into consideration this would bring in nothing 
principally different in the nature of oscillations. 

For a one-dimensional chain of atoms, cyclic boundary condi- 
tions can be introduced quite naturally in the following way: if 
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the chain is turned into a ring by connecting its ends, the non- 
equivalence of the positions of atoms in the middle of the chain 
and at its ends can be removed (Fig. 8). In such a ring, a displa- 
cement of an atom having the number n from its equilibrium posi- 
tion should evidently coincide with the displacement of an atom 
numbered n-+N, since by going 
round the ring completely, we come 
to the same atom. This automatically 
results in that the chain is extended 
periodically with a period L = Na. 
(For convenience, L denotes the / 
length of the chain plus one interval | 

\ 

\ 


N 


t 





equal to a; with cyclic extension, the 
period is defined by this quantity, 
rather than by L alone). On the 
other hand, shaping the chain into 
a closed ring completely eliminates 
its boundaries. 

1. Oscillations of a one-dimensio- nel 
nal chain consisting of atoms of the 
same kind. Let us follow the motion Fig. 8 
of an atom with an arbitrary num- 
ber n in the chain shown in Fig. 6. Let & be the displacement of 
each atom from its equilibrium position (Fig. 9). To be definite, 
displacements to the right will be considered positive. 

In an equilibrium position, the force f exerted on each atom by 
its neighbours is equal to zero. With arbitrary displacements the 
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Fig. 9 


force f, acting on the atom with the number n is proportional to 
the variation of equilibrium distances between the atoms: 


fn=B (Ens1 — &n) —B (En — En—1) (1.2) 
The equation of motion of the n-th atom is of the form: 
ME, = B (Ens1 + En-1 — 2p) (1.3) 


where Mis the mass of an atom. 
Solution of Eq. (1.3) can be found in the form 


= te! (of +aka) (I 4) 
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where w is the cyclic frequency, & is the amplitude of oscillation, 
and & is a constant. Substituting this solution into (1.3) gives: 


— 0M =f (el*4 + e- #4 — 9) (1.5) 


i "Bp ... ka 
o=ton/h sin-- (1.6) 


Note that expression (1.6) for the frequency of oscillation of 
the n-th atom is independent of the number n. This means that 
all atoms in the chain oscillate with the same frequency. 


Since sin ®? <1, then the upper limit of the frequency of oscilla- 


tions of atoms is ete 
Onn =2a/ 5. (1.7) 


which is the natural frequency of oscillation of a single atom 
under the action of quasi-elastic force f = —4B&. Such a force 
acts on each atom in the chain if neighbouring atoms oscillate 
with the same amplitude but in opposite phase. 

The physical meaning of the constant k may be shown by con- 
sidering low-frequency oscillations o < wmax. It is then obvious 


that sin sa <_1, and the expression for w becomes: 


ox+(a al © )e (1.8) 


The linear relationship between w and & for oscillations of a 
chain of atoms at the low-frequency limit is similar to the rela- 


tionship between the frequency of sound waves in a continuous 


elastic string and the wave number k = =, 


whence 


"s0 


o = =n $0 Ysogk (1.9) 





where A is the wavelength and Uson is the velocity of sound pro- 
pagation in the string. 

Indeed, for long-wave oscillations, the discreteness of the struc- 
ture of the chain consisting of individual atoms is immaterial. 
With an approximation 4 > a, the chain of atoms may be con- 
sidered as an elastic homogeneous thread. By comparing expres- 


sions (1.8) and (1.9) it may be seen that a a/ = has the sense 


of the velocity of propagation of elastic (sound) waves in the 
chain at @ — 0, and the constant k, the sense of the wave number 
2n/. Low-frequency oscillations in a linear chain can be repre- 
sented in the form of a running sound wave ~e!!+#*), where the 
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discrete coordinate na along the chain corresponding to the 
equilibrium position of the n-th atom is replaced at 4 >a with a 
continuous coordinate x'). Then the neighbouring atoms should 





Fig. 10 


oscillate with the same amplitude and a negligible phase shift 
Ag= Qn <_ 1 relative to each other. 


This wave running along the chain of atoms can be visualized 
in the form of transverse oscillations of the atoms (Fig. 10). The 
positions of atoms of the chain 
for two fixed instants of time 9 
are shown in that figure. Oscil- A 
lations of one-dimensional | 
chains will be further illustrat- | 
ed, for convenience, by consi- | 
dering transverse oscillations of w ~-—-——-——— 
atoms of a definite polarization. 

The relationship between o 
and k (1.6) is called the disper- 
sion equation. In the high-fre- 
quency region w ~ Wmax it dif- 
fers substantially from expres- 
sion (1.8) which is valid for 
sound waves in a_ chain 0 Kk 
(Fig. 11). A departure of the oi 
k/w relationship for oscillations Fig. 11 
of a chain from the linear law 
may be thought of as a reduction of the sound velocity with 
the wave number increasing to the value n/a. We then can 


speak about the group velocity of a sound wave, Ue = aE which 
is the velocity of transfer of vibrational energy. It follows 
from (1.6) that oo=+ (a A/ 4, )eos fa U5, COS =. where 


von is the velocity of sound waves, equal to a /6/M, 





') Negative values of wave numbers & correspond to running waves in 
the reverse direction, 
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at mo—0 (Fig. 12). With kR=a/a, v, becomes zero, and 
attains its limit value o = omax. At k = a/a, a running wave 
turns into a standing one. This picture corresponds to oscilla- 
tions of neighbouring atoms in opposite phase (Fig. 13). The mi- 
nimum wavelength of oscillations of the chain is Amn = 2a. 

The dependence of sound velocity on wavelength (or frequency) 
is termed dispersion. A measure of dispersion may be a deviation 
of the velocity v= 32 from its value v9, at k=0. In a one- 
dimensional chain of atoms this deviation attains the maximum 


Un at k = n/a at which v, = 22 be- 
0 comes zero. 
%on All physically different va- 


lues of the wave number are 
within the interval from —x/a 


als 


Fig. 12 Fig. 13 


to +n/a. The wave numbers |[k| > x/a give no new values of 
frequency in equation (1.6) and have no physical sense. 

Thus, the whole spectrum of frequencies of natural oscillations 
of a one-dimensional chain of like atoms is limited from the above 
by the frequency max = 2 fo and consists of a single band of 
longitudinal acoustic oscillations. In a discrete chain, the wave 
number & in equation (1.6) cannot acquire a continuous series of 
values from 0 to n/a. The set of wave numbers & must satisfy the 
condition of cyclicity &: = &:4n which reflects the discrete nature 
of the chain and from which it follows [see (1.4)] that e‘mka — 
= ei(nt+N)ka or eiNka — |, The last equality makes it possible to 
write a discrete set of wave numbers 


2. 2: 
hy =piq= 4 (1.10) 


where g = +], +2,..., + 4. 

The maximum value of |q| is determined by the maximum value 
of |k|—= n/a. Note that oscillations corresponding to k = +n/a 
are only possible in a chain consisting of an even number of atoms 
N =2N’, where N’ is an integer. If N is sufficiently large 
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(N > 1), this condition puts no principal limitations on the model 
of a lattice. Let us assume, for simplicity, that this condition is 
satisfied. Then a single normal mode will correspond to each 
value of kg in the set (1.10). The whole spectrum will evidently 
he composed of a combination of N normal oscillations, one half 
of them being represented by waves running in the negative di- 
rection (q > 0), and the other half, in the positive direction 
(q <0) of the chain. The sum of two running waves with 


k=+ *g and k=— Hq, taken with the same amplitude, is 


equivalent to a standing wave. 

2. Oscillations of a one-dimensional chain consisting of atoms 
of two kinds. Let us assume, as shown in Fig. 7, that atoms with 
masses M and m (where, for instance, M > m) are located res- 
pectively in even and odd nodes of a chain. By analogy with (1.3), 
equations of motion of two neighbouring atoms with the numbers 
2n and 2n + 1 can be written as 


ME on = B (Eons1 + Ean—1 — 2Eon) 


ME on+1 = B (Eon+2 + Ean — 282n +1) 
where Eo, and £Eon4; are the corresponding displacements of the 
2n-th and (2n + 1)-th atoms from the equilibrium, and B has the 
same sense as before. The solution of equation (1.11) will be 
sought in the form similar to (1.4), taking into account that the 
atoms have now different masses and will therefore oscillate with 
different amplitudes ¢ and n;: 

Be = te! (wt +2nka) 


(1.11) 


Eons 1 = Net lat +2n+l) kal (1.12) 


Substitution of (1.12) into (1.11) gives a set of uniform linear 
equations in ¢ and n: 
— 0° ME = Brn (e/*4 + e~ #2) — 286 
— w2mn = pe (et*2 + e- Ha) — 28n 
The set of equations (1.13) has a nontrivial solution only when 
the determinant of its coefficient equals zero: 
28 —w?M, —2Bcoska 
—2Bcoska, 28—w?m 
Evaluating the determinant, we get a biquadratic equation for 


the frequénty of oscillations w, whose solution gives two different 
bands of the natural-frequency spectrum, w+ and w- 


4sin? ka 


0, =0(a+37) #04/(44+57) —-S (1.15) 


(1.13) 








=0 (1.14) 


30 Ch. One. The Crystal Lattice 


(Note that w4 and w~_ are also independent of n and are the na- 
tural frequencies of oscillations of any atom in the chain.) 

Let us consider the behaviour of the solutions at small values 
of the argument ka < 1. Under this assumption, the frequencies 


w+ and w-_ are: 
—_— 
oe + 4/28 (+4) 


_wt(an/e zt )e 


By comparing (1.16) and (1.8), it can be concluded that the 
relationship between w_ and k describes a band of longitudinal 
acoustic oscillations. The velocity of sound for the long-wave limit 
is given by the expression 


2, =a) 2B (1.17) 


which at m = M determines the velocity of sound vson=a-~/B/M 
in a monatomic chain. 

Thus, in addition to the acoustic band w_(k), an additional 
band w,(&) has appeared in the spectrum of oscillations. Its 
physical meaning can be explained by comparing the ratios of 
amplitudes of oscillations ¢/n in both bands at small values of k 
(ka < 1). These ratios can be found by substituting the corres- 
ponding frequency, either w, or w_, into any of equations (1.13). 
For instance, substituting w_ from (1.16) into (1.13), we find that 
(€/n)- = +1. This expression implies that oscillations of neigh- 
bouring atoms in the chain occur in phase and with the same 
amplitude. Oscillations of this kind are characteristic of acoustic 
waves. 

Substituting 4 from (1.16) into (1.13), we get for the ampli- 


tude ratio - 
(}).=-+ (1.18) 


whence it follows that the expression B = M€-+ my is equal to 
zero. But >; B = iS, in essence, the amplitude of displacement of 


the mass centre of an elementary cell in a chain consisting of 
atoms of two kinds. Thus, the branch o4() at small values of Rk 
corresponds to such oscillations of atoms in the chain at which 
the mass centre of each cell remains fixed. It may be shown that 
this property of oscillations in an w,(&) branch is retained at 
any values of &. 

Oscillations of this kind were first found in NaCl and KBr 
crystals whose lattices consist of positively and negatively charged 


(1.16) 
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ions. Oscillations of unlikely charged ‘ions satisfying the condi- 
tion (1.18) (in a particular case at m = M, these are anti-phase 
oscillations of neighbouring atoms with the same amplitude) can 
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be excited by light waves, because of which this type of oscilla- 
tions is termed optical, and the corresponding band of w4(k) 
spectrum is called the optical band. 

Figure 14 shows schematically lateral acoustic (a) and optical 
(b, c and d) oscillations of a linear chain consisting of atoms of 
two kinds. Vertical dotted lines in b, c and d separate neighbou- 
ring elementary cells from each other consisting, in combination, 
of two atoms whose mass centre remains fixed. As can be seen, 
a cell includes two halves of the nearest atoms shown in bright 
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circles and an atom of another kind located between them (black 
circle). Selection of such an elementary cell makes it possible to 
satisfy the condition (1.18). 

It follows from relationship (1.15) for w(&) that in each band 
of the spectrum the frequencies of oscillations at k = 0 and k= 


= n/a coincide. Withk=<, O,=+ | # ando-=+/ 28. 


Graphs of w4(k) and w_(&) for both bands of the spectrum are 

shown in Fig. 15. 
As will be seen, the whole spectrum of allowed frequencies of 
oscillations of the chain is within an interval from 0 to ~/26/M 
for the acoustic band and 


a : within an interval from 
v2phrd) | a/2p/m to +/2B(1/m-+ 1/M) 
a, for the optical band, a band 

Vapi of forbidden frequencies from 


4/2B/M to +/28/m being lo- 

ie: cated between these inter- 

V2e4 vals. Thus, all physically dif- 

ferent values of frequencies 

in each band of the spectrum 

correspond to a variation of 

the wave number from 0 to 

m/2a, but not to n/a, as is 

0 K with the monatomic chain. 

2a A .discrete set of wave 

Fig. 15 numbers can be found from 

the periodicity conditions 

Eon = Eonan OF Eon+1 = Eongi¢n, Which give a relationship similar 
to (1.10): 


Ris 
x 


k, = q=+1,423..,+2 (1.19) 


Qn 

We I=T 

Each value of kg from equation (1.19) has a corresponding 
value of wavelength within the interval from 4a to L. In a chain 
consisting of atoms of two kinds, two types of oscillation with the 
same wavelength 4(&) are possible: acoustical and optical. The 
total number of normal modes of the chain in both bands 
of spectrum, corresponding to all possible values of & within the 
interval from —n/2a to +n/2a, is again equal to the number of 
atoms, N, in the chain. The interval of frequencies of optical oscil- 
lations of a one-dimensional chain is located higher than that 
of acoustical oscillations. The frequency range of the optical band 
becomes very narrow at M > m. Optical frequencies in that case 
are close to the limiting value of allowed frequency 
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max = V 2B (1/m + 1/M), whereas wave numbers (or wavelengths) 
uf these oscillations can vary in a wide range from 0 to n/2a. 
Thus, the limiting case of M >> m shows clearly that an optical 
oscillation cannot be represented by a combination of two opposite 
running waves and therefore differs in its nature from an acousti- 


cal oscillation. 
Consider the group velocity of oscillations 0, = 20 in various 
hands of the spectrum. As follows from (1.15), at k= 0 0, = 29= 


fe] 
coincides with the velocity of sound (1.17) and Un+ =—+ =0, 





bas . 00_ : do, 
Al k = n/2a, group velocities of acoustical ay and optical a 
oscillations are equal to zero. 
At values of k& close to x/2a 
(ie. at ka = 7-6 where 


i <1), amplitude ratios in the 
corresponding bands of the 
spectrum are 











(Wi). =—*—>0 
aaa 8 
3 (1.20) 


Fig. 16 


Expressions (1.20) imply that 
as the limit value k = n/2a is 
being approached (i.e. with 6-0), a reduction of the amplitude 
of oscillations of lighter atoms (of mass m) occurs in the acous- 
tical band and of heavier atoms (of mass M), in the optical band, 
neighbouring atoms oscillating in phase in the acoustical band 
(as at small values of 2), and in anti-phase in the optical band. 
At k = n/2a, oscillations in both bands, w— and a4, are in the 
form of a standing wave with nodes at the fixed lighter atoms in 
the former case and at the fixed heavier atoms, in the latter. 
With a limit transition from a chain consisting of atoms of two 
kinds (m =4 M) to a monatomic chain (m— M), the optical band 
in the interval n/2a<k< n/a becomes an extension of the 
acoustical band in the interval 0 < k < n/2a, and the band of 


forbidden frequencies becomes zero. Then the tangent ss in point 


k => attains its finite value, 
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Thus, upon passing to the limit m-— M, the period of a chain 
is halved and the spectrum of acoustical and optical oscillations 
degenerates into two identical acoustical bands / and 2 in Fig. 16 


(for branch 2, the group velocity vo, =2 <0, that is, corres- 
ponds to waves running in the opposite direction). 


1-5. PHONONS, THERMAL OSCILLATIONS 
IN A ONE-DIMENSIONAL LATTICE 


We will again consider the set (1.10) of wave numbers of nor- 
mal oscillations of a monatomic chain. Any value of & from (1.10) 


is a multiple of the minimum wave number Rmin =>. The spect- 


rum of wave numbers is equidistant with a step Amin. 
The set of wave numbers (1.10) may be correlated with a set 
of corresponding wavelengths A: 


Ay = L = Na = Amex 


Ag= L/3 (1.21) 


Ane = > = 2a= Amin 
The set (1.21) includes N/2 various wavelengths. Let us remind 
that each wavelength A relates both to a direct and a reciprocal 
‘ : Qn 
running wave, i.e. to two values of wave number k= + =z: Thus, 


set (1.21) characterizes N different normal modes or N diffe- 
rent states. 

Note that with the boundary conditions equivalent to standing 
waves in the chain (atoms at the boundaries are either free or 
completely bound) we obtain a set of N — 1 wavelengths characte- 
rizing N — | different states: 


Ay = 2(N — 1) a= Amax 
dg=(N —1)a 


«© © © © © © » © © e# 


(1.22) 
AN-1 = 2a 


Standing waves equivalent to the set (1.22) are illustrated in 
Fig. 17a for a case of nodes and in Fig. 176 for a case of loops 
at the boundaries. 

With N > 1, the sets (1.21) and (1.22) practically describe the 
same number of states. For simplicity, we shall further consider 
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only the positive & in (1.10) and the corresponding set of A (1.21). 
For each value of & from (1.10), the frequency w of oscillations 
can be found by means of (1.6). A set of such frequencies is not 
equidistant. It can be approximately taken to be equidistant with 
W step Onin =%8sonkmin in the region o < @max. With an increase 
of frequency, the interval between neighbouring frequencies redu- 


L 
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Fig. 17 


ces and tends to zero, i.e. @ — wmax. The frequency spectrum is 
condensed to the limiting value wmax. 

Replacing the non-equidistant frequency spectrum by an equidis- 
tant one with a stepv? k.,, gives a false limit frequency v?, k | = 


son min sOn'’max 
= 4a which is «/2 times greater than the actual value of 
max according to (1.6) (a5 == v,,): The sets of frequencies 


« and wave numbers k& are compared in Fig. 18, where Rm and 
mm are shown for clarity by sections of equal length. 

Each normal mode of the lattice is equivalent to a linear 
monochromatic oscillator. The energy e of an elastic wave for 
frequency. cannot acquire arbitrary values, but must be equal to 
a whole number of quanta fo. Each individual quantum of energy 
of the normal mode of the lattice may be conveniently corre- 
lated with a quasi-particle of energy e =fAw and momentum p = 
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=hk. The velocity of quasi-particle is get nined by the group 
velocity of propagation of oscillation, u, = a => 


This quantum of energy of normal modes has been termed 
the phonon by Frenkel, by analogy with the name of the quantum 
of an electromagnetic field, the photon. 

The concept of phonons reflects the quantum aspect of wave 
processes consisting in that waves are assumed to behave as 
particles. In particular, the processes of energy exchange are 
usually accompanied with the formation and disappearance of a 
whole number of phonons. 


0 K_. K 
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From the standpoint of the magnitude of energy flow, the con- 
cept of phonons, naturally, gives nothing new for the description 
-of vibrations of a lattice, but is helpful in simplifying some pro- 
‘blems, for instance, when considering the interaction of electrons 
“with vibrations of a lattice, the process of heat conduction, etc. 

Assuming a fixed lattice to be filled with a perfect (or nearly 
perfect) phonon gas!) makes it possible to distinguish between 
the effects related to periodicity of a lattice and those caused by 
oscillations of atoms. In a crystal of finite dimensions, the normal 
equilibrium oscillations are standing waves in a system of coordi- 
nates related to the mass centre. Such normal oscillations cannot 
transfer momentum. But if the waves in a body are excited from 
the outside, a momentum transfer relative to the mass centre will 
take place. 

Let us now consider thermal excitation of phonons. The energy 
of a linear oscillator of frequency can acquire discrete values 


e, = (n+ 5) ho, where n= 0, 1, 2, etc. Quantization of the 


energy results in quantization of the amplitude xo of oscillations 
of the oscillator. According to the correspondence principle 


&, = s Mo’Xxo 
— 1 
1) Under the harmonic approximation, phonons do not interact and form 
a perfect gas. Interaction of phonons related to the anharmonicity of oscilla- 
tions of a lattice will be considered later. 
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_ 


whence 
ci eee 
= Mo (n + z) 
where M is the mass of oscillator. Uncertainty of the value xo 
coincides with the amplitude of zero oscillations Ax) = =" 


corresponding to a state having the quantum number n = 0. 

According to the Gibbs distribution, the probability that an 
oscillator with frequency w and temperature 7 will be in an energy 
state e, is equal to De~*n/*", where the constant D is independent 
of en. The mean energy of the oscillator at temperature T may be 
represented as 


nr (1.23) 
whence 


a= ie 4 (1.24) 


Denoting Fo — w, it is easy to sum up 
ha (e~® + 2e-2% 4...) = 
, +e? $e 7 a 
= 72 4 (— ho) 4 fIn(I fe fe“ + 1. = 


= rot [in te] 


= ho 
e=—+ 
2 


and finally get ‘ 
t= + Sent (1.25) 
The first term in the eae side of (1.25) is the energy of 
zero oscillations. In order to describe the thermal excitation of 
the oscillator, its energy will be counted from the level of zero- 
oscillation energy, which essentially means that thermal oscilla- 
tions will be considered separately from zero oscillations. The 
mean-energy @ of the oscillator with the natural frequency at 
temperature 7 should now be written as 


= hi . 
& = Saar (1.26) 
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Consider an oscillator with a frequency corresponding to one 
of the normal oscillations ; of the chain. An energy quantum of 
this frequency is equal to Aw;. Formula (1.26) can then be inter- 
preted as the energy quantum fw; multiplied by the mean number 
n; of these quanta at temperature T: 


@é=fi,ho; (1.27) 
where 


l 
ho, [kT 
Pe ae 





ny = 





l 


When kT <hwi, the probability of excitation of a quantum with 
energy fw; is low and the mean number of such quanta aA;x 
mw e Mil? ig exponentially small; 7; becomes equal to unity at a 





h h 
definite temperature T’ = — ae ~ 1.44 =. At a further definite 


temperature 7”, two quanta fw; will be excited, at 7”’, three quan- 
ta, etc. Excitation of each new quantum causes a step-like increase 
of the amplitude of oscillations of the oscillator. 

With passing over to the concept of phonons, expression (1.27) 
should be treated as the mean number of phonons of frequency a; 
excited at temperature 7. A phonon with a frequency w; actually 

h 
becomes excited at a temperature 7’ ~ 1.4424, With tempera- 
ture being increased further, the number of phonons with frequency 
@; increases and at kT > hw; attains the mean value: 


= a 1 kT 
u> ho, = fo; (1.28) 
oe salen 


The mean total energy of all the phonons of this frequency is: 


8; = Ayheo, & fay fhe, = RT (1.29) 


At the temperature of absolute zero, no phonons exist. With an 
increase of temperature, two processes occur simultaneously: (1) 
high-frequency phonons are excited more and more and (2) the 
number of excited low-frequency phonons increases. The first pro- 
cess is finished at a definite temperature 7* when the phonon with 
the maximum possible spectrum frequency becomes excited, after 
which only the number of phonons of each frequency continues to 
increase. 

The temperature 7* is the limiting temperature below which a 
body can be considered approximately as a continuum. In its mean- 
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ing it coincides with Debye temperature Op introduced in Sec. 1-3. 
Thus, for a one-dimensional chain of atoms, Op can be defined as 


2hv son 
a (1.30) 





.. ho 
Op = Te me 


1-6. SPECIFIC HEAT OF A LATTICE. 
EINSTEIN’S MODEL 


In order to calculate the energy of thermal oscillations of a 
lattice at a temperature 7, we have to find the total energy of all 
the phonons excited in the lattice at that temperature. For that, 
we evidently should sum up the expression (1.26) over all fre- 
quencies from the whole set characterizing natural oscillations of 
the lattice. For a one-dimensional monatomic lattice, for instance, 
summation is done only along the acoustic band up to @ = wmax, 
whereas for a one-dimensional chain consisting of atoms of two 
kinds, summation will include the frequencies of both the acousti- 
cal and optical bands. 

It will be emphasized that the equilibrium value of thermal 
energy should be calculated by summing up the energies of oscilla- 
tions corresponding both to direct and reverse running waves. This 
corresponds to the summation for the complete set of wave num- 
bers (wave vectors) & characterizing the spectrum of equilibrium 
thermal oscillations. 

Thus, thermal energy ej: of a lattice can be written as 


k 
ei Dy = (1.31) 


-1 





where summation is to be made over the whole spectrum of allowed 
wave vectors. Expression (1.31) is a general one and holds true 
for any type of system, characteristics of each particular case being 
determined only by the peculiarities of the oscillation spectrum. 

Calculation of ea: by formula (1.31) in the most general case 
may be done for the region of high temperatures at which all fre- 
quencies of an oscillation spectrum up to the maximum frequency 
max are excited. Indeed, let the temperature T be such that 
kT >hwmax. Then the total energy & of phonons of any frequency 
i will be equal to kT and the sum (1.31) reduces to NAT, where N 
is the number of normal oscillations, or of degrees of freedom of 
the systém- 

For one-dimensional lattices, as has been indicated earlier, N 
coinsides with the number of atoms in the chain. The number of 
degrees of freedom of a three-dimensional lattice consisting of Na 
atoms is equal to 3Nq. Specific heat at constant volume, C,, for a 
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three-dimensional lattice in the range of high temperatures is 


(6) 
C,= itt = Nk = 3Nok (1.32) 





When calculated per one gram-molecule of substance, C, = 
= 3N,k = 3R=<6 cal/ moldegree (where R = 1,93 cal/degree- 
-mole is Mendeleev’s constant). This result, known as the Dulong- 
Petit law, is in good agreement with the observed values of molar 
specific heat of many solids, including metals, at temperatures 
above Debye temperature. 

The simplest model of an oscillation spectrum, which made it 
possible to calculate ej, by formula (1.31) at any temperature, 
was first suggested by Einstein in 1911 [44]. In that model, various 
frequencies of oscillations of a lattice were replaced by a single 
characteristic frequency we. 

The thermal energy of a lattice with approximation by Einstein’s 
model is 

ho, 
flat = opp N (1 33) 
where AN is the number of degrees of freedom. 

At T > hoz/k, Einstein’s model also gives the Dulong-Petit law. 
This result is self-evident, since at high temperatures the total 
energy of each normal mode is equal to kT and the thermal 
energy of the lattice is no more dependent on the particular kind 
of oscillation spectrum. Summation over the types of phonons at 
high temperatures becomes equivalent to multiplication of kT by 
the number of degrees of freedom of the system. 

The characteristic frequency we in Einstein’s model should be 
close in its sense to the limit frequency wmax in a phonon spectrum. 
Consequently, the order of magnitude of we is determined by De- 
bye temperature, wx ~ ROp/fh. 

At low temperatures, T < @p, Einstein’s model gives an ex- 
ponential dependence of era: -and C. on temperature: 


—A kT 
fig, & Nhoge"°#! 


c = EN (“pe ee hog [kT 


which does not agree with the dependence C, ~ T® that has been 
found experimentally for this region and is known as Debye’s law, 
The disagreement can be related to that phonons of different fre- 
quencies .are excited in the temperature region T < Op. Under 
such conditions, Einstein’s model, which uses a single characteris- 
tic frequency we for describing the whole spectrum of oscillations, 
is too a coarse approximation, 


(1.34) 
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In the region of sufficiently low temperatures, however, where 
only the phonons corresponding to the lowest frequency min re- 
main excited in the oscillation spectrum, oscillations of the lattice 
can be described by Einstein’s model, pu with a different charac- 


0 
oe = veo,: rhe temperature 


dependence of specific heat Cy will then again become exponential 
and be determined by expression (1.34). 

Let us define the temperature region within which the depen- 
dence of specific heat on temperature should be exponential. Its 
boundary is determined by the inequality 


teristic frequency wz equal to 








aida Qnhive sn 
TS RE 
At a sonic velocity v®,,—=5-10% cm/sec (such is the order of 


magnitude of v%,, in most solids), r< (24 ee ~)°x, from 


“son L {cm] 
which it can be seen that at really attainable temperatures 
T ~ (0.2-0.02)°K, Einstein’s model is only applicable to bodies 
having microscopically small linear dimensions L ~ (1-10) mic- 
rons. For bodies having dimensions of approximately 1 mm and 
greater, Debye’s law remains practically valid up to the lowest 
attainable temperatures ~0.001° K 


1-7, SPECIFIC HEAT OF A LATTICE 
AT TEMPERATURES BELOW 6, 


The thermal energy of a lattice (1.31) can be approximately 
estimated for an intermediate temperature region an <T << 


within which only a portion of the spectrum of thermal oscillations 
is excited. Such estimation will be made for cases of one, two, and 
three dimensions. From the definition of a one-dimensional chain 
(1.80), and also from formula (1.27), it follows that at T< @p 
only acoustic phonons will be excited in the oscillation spectrum. 

The optical portion of the spectrum is at its high-frequency end 
and is excited only at T > Op. Therefore, to estimate the thermal 
energy at intermediate temperatures, it suffices to consider the 
simplest lattices consisting of like atoms, in which there are no 
optical oscillations. 

1. A one-dimensional lattice. In a one-dimensional lattice at a 
temperatyre T < Op, of all the possible normal modes, only 
those are excited that have the frequencies » for which ho < AT. 
The excitation boundary corresponds to the frequency w’ ~ kT/h. 
Low-frequency oscillations with wo < w’ consist of a large number 
of energy quanta (correspond to a large number of phonons), 
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while high-frequency ones, with @ ~ w’, of a small number of 
quanta. 

The probability of excitation of phonons with frequencies w > w’ 
is exponentially small. Since the boundary frequency w’ is sub- 


ke 
stantially smaller than Omax ~ >. then at o < o’, non-equidis- 


tancy of the frequency spectrum can be ignored. This corresponds 
to the initial linear portion of the dispersion relationship (1.6). 


The wave number of an oscillation with a frequency w’ is approxi- 


mately equal to & & @’/v2,,. 


E 
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Fig. 19 


Figure 19 shows the energy states and wave numbers of the 
excited portion of an oscillation spectrum. This portion is boun- 
ded by the values ~kT for energy and ~ kT/hv?,, for wave 
numbers. The condition Aa < kT holds true for any of excited 
frequencies w, and therefore, the total energy of phonons of each 
frequency w is ~&7 according to expression (1.29). 

As can be seen from Fig. 19, the number of different frequencies 
of phonons, which in the one-dimensional case considered coincides 
with the number of normal modes, is approximately equal to 
the ratio of boundary energy kT to Awmm (or the ratio of boundary 
wave number &T/hv},, tok,,,,). Multiplication of this number by 


the total energy of phonons of each frequency gives the total ther- 
mal energy e/,, of oscillations of the lattice: 


kT 
Cat ™ Fo kT ~T? (1.35) 


where the superscript I at eq; indicates that the expression holds 
only true for a one-dimensional lattice. Hence it follows that spe- 
cific heat of a one-dimensional lattice should be proportional to T: 


Oe hat 
or 





BS (1.36) 
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2. A two-dimensional lattice. Oscillations of a two-dimensional 
lattice may be considered on the basis of the analysis of oscilla- 
tions of a one-dimensional chain of atoms, but at passing to two 
dimensions there appears a new property of oscillations related 
to the possibility of two different polarizations. 

In the limiting case of long waves, the lattice is essentially an 
elastic continuum (continuous medium) whose internal structure 
is so fine that has no noticeable effect on the properties of oscilla- 
tions. In such a medium, both longitudinal and transverse acoustic 
waves can propagate. With longitudinal polarization, the vector 
of displacement of each atom is parallel with the direction of wave 
propagation. Oscillations of this type are 
similar to acoustic waves in a one-dimen- 
sional chain. 

With transverse polarized waves, the vec- 
tor of displacement is perpendicular to the 
direction of wave propagation. The velocity 
Usony Of a longitudinally polarized wave usu- 
ally exceeds the velocity Yson 4 of a wave of 
mode polarization. This circumstance is 
linked with that longitudinal oscillations are 
compression waves for which the elastic 
forces are greater than those for transverse 
shear waves. 

Such a simple pattern of oscillations is Fig. 20 

: : : P : g. 
only valid for a continuous isotropic medium. 
In a discrete anisotropic medium, the velo- 
city of wave propagation depends on the magnitude and direction 
of wave vector. Decomposition of oscillations into transverse and 
longitudinal ones becomes conditional, since the displacement 
vector in such a medium is not strictly parallel or perpendicular 


to the wave vector R. This can be shown on a simple example of 
a plane rectangular lattice in which the coefficients of quasi-elastic 
forces Bx and B, in the directions of the x and y axis are not equal 
to one another. An elementary cell of such a lattice is shown in 
Pig. 20. 

Let B, > B, and the force displacing the atom 1 in the cell be 
directed at an angle of 45 degrees to the x axis, so that its compo- 
nents along the x and y axis are equal to one another. Since 
Bx > B,, atom 1 will be displaced along the y axis more than 
along the-x axis. The displacement vector of the atom will not 
coincide in direction with the force vector f (see Fig. 20), the 
result being that a transverse wave will be formed simultaneously 
at excitation of a longitudinal wave. Exceptions are oscillations 
along the directions of symmetry in the lattice. 
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The solution of the general problem of oscillations of atoms in 
a discrete anisotropic two-dimensional lattice gives an algebraic 
equation of the order 2y in terms of w?, where y is the number of 
atoms in a unit cell of the lattice. This equation determines 


dispersion relationships o; = @; (k) for each of 2y bands of the 
oscillation spectrum. 

For instance, if a cell contains a single atom (y = 1), the spec- 
trum will consist of two acoustic bands. For the selected directions 


> 

of the wave vector & along the axes of symmetry of the lattice, one 
of the bands corresponds to longitudinally polarized, and the other, 
to transversely polarized oscil- 
lations. The corresponding dis- 
persion relationships for such 


directions of 4 will be denoted 


| as ojo, (2) and o1 = on(h). 
Wy, | For an arbitrary direction in 
| 
| 


w | 


the lattice, there are also two 
dispersion relationships, one of 


which passes over into a (A) 
and the’ other, into w.(&) as 


Fig. 21 vector k is rotated toward the 

direction of the axis of sym- 

metry. Then it may be assumed that, for an arbitrary direction, 
one of the bands also corresponds to longitudinally polarized, and 
the other to transversely polarized oscillations, as has been found 


for the selected directions of k. But with an arbitrary direction in 
the lattice, the displacement vector for each type of oscillation is 
no more strictly parallel or strictly perpendicular to the direction 
of wave propagation. One of the waves turns to be “more or less” 
polarized transversely and the other, “more or less” polarized lon- 
gitudinally. 

For each acoustic band of the oscillational spectrum, the rela- 


tionship o:([RI) is linear in the vicinity of point |k]= 0 and its 
Slope i is equal to the corresponding sound velocity in that direction. 


As [2 is being increased, dispersion will be sooner or later formed 
depending on direction in the lattice. For each direction chosen, 
dispersion curves of “longitudinally” and “transversely” polarized 
acoustic waves can be constructed (Fig. 21). But these dispersion 
curves can no more characterize the spectrum of oscillations, since 
their shape depends on direction in the lattice. The spectrum of 


oscillations can be described completely, if relationships w;(&) are 
given for all directions. These relationships can be conveniently 


5 
Q|h 
>» 
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represented graphically by curves of constant frequency 0; (R) = 
= const. 

For an isotropic medium and without account of dispersion, the 
curves of constant frequency for the two bands of the spectrum 
> 
have the form of concentric circles whose radii a are Re 
for each value of are determined by the sound velocity v%on: 





Ret ke = Gy with longitudinal polarization 
ss . ; . (1.37) 
e+ = ——— with transverse polarization 
(on 1) 


Since Upon 4 > Yson 4 then for the same frequency of both trans- 
versely and longitudinally polarized waves, the circle of constant 






Transverse 


i 
i wave = 
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~ wave 





A Fig. 22 


frequency in the fst case will be farther from the centre than in 
the second, as shown in Fig. 22a, where each type of polarization 
is represented by two circles corresponding to two values of fre- 
quency, @, and w2 (@1 < @2). 

For oscillations of a. discrete anisotropic lattice, the shape of 
constant-frequency curves, &an differ greatly from that of a circle. 
Two curves of constant ffequency are also shown in Fig. 226 for 
each type of polarization corresponding to two values of frequen- 
cy, o, and de (o. << @e2). 

Since sound velocity depends both on the type of polarization 
of oscillations and the direction of their propagation, it is im- 
possible to introduce a unified Debye temperature by means of a 
relationship of a type of (1.30): The physical parameter Op, which 
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has the meaning of Debye temperature in some or other physical 
process, is introduced as a certain averaged value and is depen- 
dent on the method it has been found. (For instance, the para- 
meters @p introduced to describe the temperature dependence of 
specific heat or electric con- 
ductivity, may differ notice- 
_ably from one another.) 

In order to estimate the 
energy of thermal oscilla- 
tions of a two-dimensional 
system, let us consider the 
simplest type of lattice, i.e. 
a monatomic square lattice 
with the dimensions L, and 
L, along the x and y axis 
respectively (Fig. 23). The 
spectrum of oscillations of 
this lattice consists of two 
acoustic bands with trans- 
verse and longitudinal pola- 
rization. With — sufficiently 


>/ > n 
small values of k |k|« =), 
the velocity of sound is independent of the direction in the lattice 
and the constant-frequency curves are determined by expressions 


(1.37). The allowed values of vectors k, and &, for oscillations of 
each type form discrete sets similar to (1.10): 





Le 
a 


+1 





Qn 
ky = es Qe SH EI, 2, ..., E 
L : 
one (1.38) 





2n 
ky = Tita Ww qQ=l, +2, a 5) 


In a two-dimensional square lattice, only such oscillations can 


propagate for which the projections of wave vectors k onto the x 
and y axis coincide with vectors k, and k, from sets (1.38). The 
allowed values of wave vectors are shown in Fig. 24. 

In the isotropic approximation, an acoustic spectrum can be cha- 
racterized by two different Debye temperatures, for longitudinal 
and transverse oscillations: 


2hv? 
@p , ~ Pia 


(1.39) 
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Similar to the one-dimensional case at T < min {@py, @p 1} the 
frequency spectrum to the excitation boundary w’ ~ kT/h is nearly 
equidistant. Note that in a two-dimensional case the number of 
normal oscillations in a lattice, excited at a definite temperature 
T, is determined not by the number of different frequencies w sa- 


tisfying the condition o<t, but by the number of different 


wave vectors whose projections onto the x and y axis are limited 
by the values kT/hvf,,, and kT/hv{,, , for waves of longitudinal 
and transverse polarization respectively. The same frequency 
then has a greater number of corresponding normal oscillations 
whose wave vectors satisfy relationships (1.37). 

The total number of normal oscillations of transverse polarization 
excited in a square lattice at temperature 7, which is equal to the 
total number of different allowed wave vectors, can be found 
approximately as the ratio of the area of a square (2k7T/ho},, 4)? 
to an elementary area (Rx) min(Ry)mm occupied by a single allowed 


Ky 





3K, 
*min min Aue! * 
Fig. 24 


state (see Fig. 24). Similarly, the total number of normal oscil- 
lations of transverse polarization is determined by the ratio 
(2kT/hvs,, 1)? : (R,)mia (2, )mtn- The number of normal oscillations 
of both types of polarization can therefore be approximately found 
from the expression: 


s CRSA (Ar) [( z ll ) = ( Fo y] . E (l au 


As in the one-dimensional case, for all frequencies w of excited 
phonons, the inequality ha < kT holds true, and therefore, accord- 
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ing to (1.29), the total energy of all phonons of the given fre- 
quency, both transversely and laterally polarized, is equal to AT. 

The thermal energy ar of the lattice is found by multiplying 
kT by the number of different oscillations (1.40) and is proportion- 
al to T?. It then follows that the specific heat Ct! of a two-dimen- 
sional lattice is in quadratic dependence on temperature: 


II 
de lat 


C= ae ~?? (1.41) 


It may be concluded from the consideration of simplest one- and 
two-dimensional structures that the temperature dependence for 
the specific heat of a lattice is determined by the number of dimen- 
sions of the lattice. This conclusion is true for lattices of any ar- 
bitrary type. Indeed, at intermediate temperatures, when only the 
low-frequency portion of a spectrum is excited, dispersion of oscil- 
lations has no essential effect. In that temperature region the 
mean energy per one normal mode is kT. Account of the aniso- 
tropy of a lattice cannot change the total number of normal 
oscillations excited at temperature 7. For an arbitrary lattice, this 
number is proportional to T! in the case of one dimension, and 
to T?, in that of two dimensions. 

Structures that are sufficiently close to one-dimensional or two- 
dimensional ones, exist in the nature. Examples of the first are 
long polymer chains. The second include lamellar crystalline bo- 
dies in which the distances between the layers of molecules or 
atoms are substantially greater than the distances between parti- 
cles in a layer (an example of such lamellar structure is flaky 
graphite). For ideal two-dimensional and one-dimensional systems, 
their specific heats must depend on temperature as 7? and T' res- 
pectively. 

Actually, in lamellar and fibrous structures, there may arise 
bending oscillations (for instance, oscillations of membrane type 
in layers) apart from oscillations of particles in the plane of a 
layer or along a fibre. Participation of additional degrees of free- 
dom of a system in the spectrum of oscillations results in an. in- 
crease of the exponents @ at T in the temperature law for specific 
heat C ~ T*. The experimental value of @ for real fibrous struc- 
tures turns to be greater than unity, and for lamellar structures, 
2 0: , 

3. A three-dimensional lattice. The spectrum of oscillations in a 
three-dimensional lattice consists of 3y bands, each of which can 


be described by the dispersion equation w; = w(B), where i= l, 


2,..., 3y. In lattices having a single atom in a unit cell 
(y = 1), there are three acoustic bands of the spectrum, for which 
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the dispersion laws, generally speaking, differ in all directions of 
Ms 


vector R. 

In the direction of the axes of symmetry of the lattice, for. each 
frequency w there are one longitudinally polarized and two trans- 
versely polarized waves propagating with the velocities Uson 4, 
Vson 11, ANd Vson 12 Frespectively. The directions of polarization of 
two last waves are mutually perpendicular. The velocities of propa- 
gation of lateral oscillations along an axis of symmetry of a fourth 
or higher order do not depend on which of two mutually orthogo- 


nal directions has the displacement vector 4 in a plane perpendicu- 
lar to &. Two laterally polarized bands then become degenerated: 


Uson L1==Uson 12. Along such directions of the wave vector k, the 
constant-frequency surfaces for the transversely polarized bands 
of the spectrum touch one another. 

For an arbitrary direction in a three-dimensional anisotropic 
lattice, the displacement vector is not strictly parallel or strictly 
perpendicular to the wave vector. As in a two-dimensional lattice, 
polarization of this band of the spectrum in an arbitrary direction 
can be conditionally determined by the polarization of that band 


> 
into which it passes to a continuous rotation of k in the direction 
of the axis of symmetry. 

In an isotropic three-dimensional medium without dispersion, 
the constant-frequency surfaces for the three acoustic bands of 
the spectrum are concentric spheres. For laterally polarized oscil- 
lations, the spheres are twice degenerated relative to two mutually 


perpendicular polarizations (v} SU) eo 


@? 


2 2 — 7 
fe ao y Fe * (oho i) 


son 11” 


as (1.42) 


@2 
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Sections through constant-frequency surfaces by various planes 
passing through the centre of symmetry are shown in Fig. 25 for 
the lattice of aluminium. The points of degeneration of two late- 
rally polarized branches of the spectrum are located on the direc- 
tions of the type (001). The figure shows constant-frequency sur- 
faces typical of face-centered cubic lattices. 

The thermal energy el!!! of a three-dimensional lattice in the 
region of, intermediate temperatures can be estimated, similar to 
a two-dimensional case, without accounting for the anisotropy and 
discreteness of the lattice. Under such an approximation, the bran- 
ches of transversely polarized oscillations are degenerated and the 
lattice is characterized by two parameters: @p, and 9p., which 
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are Debye temperatures corresponding to the longitudinal and 
transverse oscillations. 

The region of intermediate temperatures is limited from above 
by the inequality T< min {8p, 8p 1}. The procedure of calculat- 
ing thermal energy is similar to that considered in Secs. 1-1! 
and 1-2. 

It can be shown that the number of normal oscillations excited 
in the lattice at temperature T is proportional to 7? and the ther- 


[010] [o10] 
[ne] 


(o fn) 


Fig. 25 


mal energy of the lattice, e!!!}~74, Hence, Debye’s law for the 
specific heat capacity of a three-dimensional lattice is: 


Il 
wit = Slat _ ps (1.43) 


1-8. THE SPECTRAL DENSITY 
OF PHONONS 


Heat capacity of a lattice at any temperature can be calculated 
from the general expression (1.31) for the thermal energy of latti- 
ces. Let us remind that summation must here be made over the 
allowed values of wave vectors in each band of the oscillation 
spectrum. 

As has been shown in Secs. 1-5 and 1-7, the sets of allowed 
wave vectors along the Cartesian axes for lattices of the simplest 
type in cases of one, two and three dimensions are equidistant, 


and the wave vectors themselves are distributed in the k-space 
with a constant density. In particular, for a three-dimensional 
Qn Qn Qn 8x8 
case, the volume of k- “Space per one state is te iy ta 
where V is the total volume of the crystal. It then follows that 


the number of allowed states in a unit volume of k- -space (the 
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density of allowed states) is 1 . This quantity is determined 


only by the number of dimensions of the lattice and is independent 
of the type of lattice and shape of crystal. 

The set of allowed wave vectors is practically quasi-continuous, 
since the number of atoms N, in a lattice is enormous. Thus, we 


can use integration instead of summation with respect to k within 
each band of the spectrum in formula (1.31), so that ea, will be 
written in the following form 
3y > 
hie (R) Vv ha, (2) > 
= — \——>——_ dk 
Etat = D eidist pho (RlkT __ h(a j jhe, ler ) 


1 


> 
Calculation of ei is possible if the law of dispersion wo; = ;(R) 
is known for each band of the spectrum. Dispersion law is usually 
calculated theoretically for a simplest model of lattice. 

It is advisable to pass over from the integration with respect 


to R to that with respect to frequency w in formula (1.44) by in- 
troducing a new unknown function D(w) by means of the rela- 
tionship 


3y 

V > 

= sy dk; = D(o) do (1.44) 
i=1 





D(w) is termed the distribution function, or the spectral density 
of phonons. The quantity D(m)dw determines the total number of 
oscillations per a frequency interval from » to »+ do and 


\ D(o\ dw is equal to the total number of normal oscillations or 


the number of degrees of freedom of the lattice. The thermal ener- 
gy of the lattice can then be written as follows: 


eta =\ Soar — D(a) do (1.45) 
0 


Various experimental methods have been developed for deter- 
mining the spectral density of phonons (for instance, by scattering 
of slow neutrons or X-rays in a lattice). 

Thus, D(w) being known, ez: can be calculated for the given 
temperatufe by formula (1 45) by numerical integration. An ana- 
lytical expression for D(w) can only be obtained for the simplest 
models of phonon spectrum, i.e. Einstein’s and Debye’s models. 

In Einstein’s model, which has been introduced in Sec. 1-6, the 
whole spectrum of oscillations of a lattice is approximately des- 
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“acteristic frequency oz. 
"in this model is obviously 


cribed by oscillations with a single c 
The spectral density of phonons D¥(q 
proportional to the 6-function of argyghent w — oz: 


D® («) = Bb & — o,) (1.46) 


The proportionality factor B is determined by the number of 
degrees of freedom of the lattice. For instance, for a crystal with 
two atoms in a cell 


\ DE (@) do = B=6N, (1.47) 


0 


In the Debye model of phonon spectrum, a real crystal is 
approximated by an isotropic dispersionless medium in which the 
spectrum of oscillations is Jimited by the magnitude of the wave 


vector within the region lk < kp. Debye’s wave number kp is a 
characteristic parameter-of the model.and is found from the con- 
dition that the total number of allowed states within a sphere of 
radius Rp must be equal to the number of normal oscillations in 
one of the bands of the spectrum. With the assumptions underlying 
Debye’s model, we can write 


ur Bath 3Na (1.48) 
or 


hd a (2)" (1.49) 


where n, is the concentra jon of atoms in the lattice. The spectral 
density D?(w) in Debye’s model is determined, according to (1.44), 
by the following function} 


1 ( 20% at a<op 
D(a) =4- 2n"Uy (1.50) 


- 0 at w>op 
where wp = Uokp and. ? 
oth 8 

Clon)? * Cons 

A diagram of Debye’s function D®(w) is shown in Fig. 26. Its 
shape differs substantially from that of the spectral density of 
phonons in real solids. For comparison; Fig. 27 shows the. func- 
tion D(@) for aluminium obtained by Walker [46] in 1956. 

Debye’s theory of heat capacity based on the modular spectral 
function (f.50) enjoys large success, possibly owing to that-heat 
capacity depends only weakly on the specific kind of phonon dis- 
tribution function, since this function enters only the integrand. 


3 —_ 
>= 
0 
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The exact form of the spectral density and especially the position 
of peaks of D(m) is of great importance in determining many 
other physical characteristics of solids (for instance, when study- 
ing superconductivity of metals, interpreting magneto-acoustic 
effects, experimenting in tunnel spectroscopy, etc.). In this connec- 
tion, it is of interest to study what qualitative peculiarities of the 
phonon spectrum of a real crystal are not reflected in the modular 
function D?(w) (1.50). For that purpose, let us analyse the as- 
sumptions used in Debye’s model. 


Dw) D(w) 
| 4 
| 
setae | 2 
| 
w a 
0 Wp 02 04 06 08 10 
/251-10 Hz 
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To begin with, we have to take into account that sound velocities 
in a real crystal are different for each band of the spectrum of 
acoustic oscillations. Therefore, the spectral densities of phonons 
in various bands of the spectrum must differ from each other. 

The total spectral density D>(w) of acoustic oscillations of a 
crystal with a single atom in a unit cell should be represented 
ds the sum of three partial functions of the form ° 


ro ICE 
which include the velocities of propagation of oscillations, Usonlls 
von sir and v9, corresponding to each band of the spectrum. 


The boundary frequencies wp; which limit each of the partial 
functions D?() are found from the condition 


D? (a) j=1, 2,3 


®D, 
| D? (o)do=Na 
‘0 
Thus, the areas under each of the curves D? (@) are equal, and 
therefore, a greater value of sound velocity vy has a corresponding 
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greater boundary frequency wp; (see Fig. 28a) 
61? g \'/ 
Op, =F} (-7*) 


Without account of anisotropy and dispersion of the medium at 


© < max j, the relationships = 09| RI and @),=v9k,,,, hold 
Wf true. Under such an assumption, 
j; (w) the height of a peak of -the 


| function D?(@) at o=ap; is 
| inversely proportional to velo- 
(a) | city oj; The sum of three par- 
| tial functions of the form D?(a) 
| is shown in Fig. 280. 
To account for dispersion of 
We Ww w ” sound, let us use expression 


ae ee (1.44) by means of which the 
spectral density of phonons can 
D(w) ™ 
a 
w,, 
(b) 
Ww 
“b, “D2 “ds 0 P 
Fig. 28 Fig. 29 


be introduced. As can be seen from this expression, with a fixed 
> 
direction of wave vector k, D;(w) is proportional to the derivative 
ure or inversely proportional to the group velocity of propa- 
ao 
gation of oscillations. Thus, a reduction of sound velocity must 
result in a departure of the function D;(w) from the parabolic 
form D? (o), 
Dispersion curves for w as a function of [aI | corresponding to a 


fixed direction of & for each band of the acoustic spectrum in a 
three-dimensional lattice have a more complex shape than the 
simplest dispersion curve for a monatomic chain (see Fig. 29). 
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In particular, the group velocity of oscillations in some or other 
band may not turn to zero in one case, whereas in another case 


D (w) Il 





Fig. 30 
oo turns to zero at the boundary value of wave vector or its 
k 


fo] 
smaller values. With ge turning to zero at a definite frequency 
0\k 








o =w’, this causes a sharp in- 
crease of D(w) near this frequen- 
cy and an infinite singularity at 
© =’. In the simplest case, o’ 
coincides with the boundary fre- 
quency @max j 

The shape of the function D;() 
under such conditions is shown 
qualitatively by the dotted line in 
Fig. 30a, where the solid line is 
the function D?(#) without ac- 
count of dispersion. Let us recall 
that the areas under both curves 
must be equal. In a real case, the Fig. 31 
infinite singularity of Dj;() in 
point =’ transforms into a more or less pronounced peak 
(Fig. 305). 

Finally, it must be taken into account that the surfaces of cons- 
tant frequency in k-space in an anisotropic lattice can differ 
strongly from the spherical shape and, as a consequence, the 
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boundary wave vector will have different values for different di- 
rections in the crystal. This circumstance results in that the func- 
tion D;(@) does not end abruptly at a fixed frequency, but droops 
more or less smoothly within a certain frequency interval (Fig. 31). 

The qualitative shape of the partial spectral function D;(m) ob- 
tained under account of dispersion and anisotropy (Fig. 31) can 
be correlated with the shape of the spectral functions of longitu- 
dinally and_ transversely 
polarized phonons of a 





D fw) real lattice. Figure 32 
° Longitudinal band shows such functions for 
4 aluminium. The graphical 
3 sum of the three functions 
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in Fig. 32 is the total spectral density of phonons for aluminium, 
shown in Fig. 27. 

These qualitative changes of Debye’s function can help in under- 
standing the form of spectral density of the acoustical portion of 
oscillations of a lattice. To construct the total spectral density of 
phonons, we have to consider the composition of the spectrum of 
optical phonons. 

Optical oscillations of a lattice occupy a relatively narrow range 
of frequencies and are usually separated from the frequency of 
spectrum of acoustic oscillations. In a three-dimensional crystal, 
optical phonons can be either longitudinally or transversely pola- 
rized. As has been indicated, the spectral density of an optical 
band of oscillations can be approximated in Einstein’s model with 
a spectral function of a certain characteristic frequency wr. A par- 
tial spectral density of optical phonons of one kind of polarization 
in a real crystal can be represented by a curve with a sharp maxi- 
mum at the characteristic frequency wx;, the area below the curve 
being equal to Ng. The total spectral density of optical phonons 
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in the general case (Fig. 33) is the sum of three curves (dotted 
lines) with the maxima at characteristic frequencies wm, wx, 
ind wr3. 

Acoustical and optical phonons play different parts in a solid. 
At low or intermediate temperatures only acoustical oscillations 
are mainly excited in the lattice. They are responsible for thermal 
energy of the body. Optical phonons are excited only at tempera- 
lures T > Q@p. It is usual to say that optical phonons “freeze out” 
al a decrease of temperature. 


1-9. INTERACTION OF PHONONS 


Monochromatic phonons of different frequencies that were con- 
sidered in Sec. 1-5 do not interact with each other and form a 
perfect gas of quasi-particles. But this concept of phonons is only 
valid for harmonic oscillations of atoms in a lattice. Actually, 
atoms are not harmonic oscillators, the degree of departure from 
harmonicity (anharmonism) determining the effectiveness of in- 
teraction of phonons. 

Anharmonism of oscillations of atoms can also be related to the 
expansion of bodies at heating. The coefficient of linear expansion 
may be a measure of anharmonism of oscillations. Let us study 
this phenomenon in more detail. 

The potential energy U of a harmonic oscillator is a parabolic 
function of displacement & of an atom from its equilibrium posi- 
tion at r= ro (& =r — fo): 


U@)=\peaze— (1.51) 
0 


where 8 is the coefficient of quasi-elastic restoring force. Relation- 
ship (1.51) is a symmetrical function of & (Fig. 34). 

At T = 0° K the oscillator occupies the lowest energy level in 
the parabolic potential pit, which corresponds to the energy of 
zero oscillations. With an increase of temperature, the oscillator 
passes onto the higher and higher energy levels. On each level, 
the distance between the bands of the parabola determines ‘the 
doubled amplitude of oscillations (in Fig. 34, Wr denotes the total 
energy of oscillator at temperature 7). But this increase of the 
amplitude of oscillations cannot cause an atom to be displaced 
from its equilibrium position r= ro (which determines its time- 
average position), and therefore, cannot change the mean distan- 
ces ro between atoms. This means that under harmonic approxima- 
tion no thermal expansion of bodies exists. 

A real curve of potential energy is assymmetrical. It can be 
approximated by a parabola only near the bottom of the potential 
pit (Fig. 35). With an increase of interatomic distance the energy 
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of interaction varies more slowly than would be expected from 
the parabolic law, while with a decrease of that distance it chan- 
ges more rapidly than by that law. The nature of deviation of 
potential energy from the parabolic relationship can be described 
by a correction proportional to &3: 


U(®) =z BY —5 (1.52) 


The coefficient g characterizes the degree of anharmonicity of 
oscillations of atoms. 

As can be seen from Fig. 35, an increase of temperature results 
now not only in an increase of the amplitude of oscillations, but 


U 





Fig. 34 Fig. 35 


also in a displacement of the equilibrium position in the direction 
of higher values of ro. This causes thermal expansion of bodies. 
Let the coefficient of linear expansion @ in the known relationship 
l= (1+ aT) (where / and J) are linear dimensions of a body 
at a temperature T and at T = 0°K respectively) be correlated 
with the anharmonicity coefficient g. The mean displacement & 
from the equilibrium position r = ro at temperature T can be cal- 
culated by means of Gibbs’ aie teibutlon function for physical para- 
) 


to _ Ute 
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[the approximate expression (1.52) for U(&) being used here]. The 
relative elongation of the body at temperature 7 is: 





L—lo  §Nqg _ ghkT __ 
lo a roNa Top? ar a5) 
Hence e 


The coefficient of linear expansion of bodies is directly propor- 
tional to the anharmonicity coefficient and can be used to find 
the latter. ~ 


e 
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Fig. 36 


A quantum-mechanical analogue of expression (1.53) can be 
obtained by the correspondence principle by replacing the mean 
energy of a classic oscillator with frequency , which is equal to 
RT, by the mean energy of a quantum oscillator (1.26) = 


= sl - Thus 
ef? | 
t z h 
aD 7 Ba gt = TBF ae (1.56) 


We can expect from expression (1.56) that the coefficient of 
linear expansion must decrease abruptly as soon as the tempera- 
ture drops below the excitation temperature T ~ hw/k of the given 
oscillator: At T—+ 0° K, a will tend to zero. This pattern of varia- 
tion of the coefficient of linear expansion has actually been ob- 
served in experiments. 
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A linear pattern of variation of the length of a rod with tempe- 
rature should only take place within a certain range of medium 
temperatures (Fig. 36). At low temperatures, a tends to zero and 
thermal expansion is practically absent. On the other hand, higher 
anharmonic terms proportional to &5, &7, etc. become more essen- 
tial in the dependence of U on & at temperatures near the melting 
point Timez. Account of these terms gives a deviation from the li- 
near law of thermal expansion. . 

Let us now consider how the interaction of phonons is related 
to anharmonism. Appearance of anharmonism results in that the 
frequency spectrum of each phonon becomes continuous within a 
definite frequency range near the base frequency w;. An envelope 
to this spectrum, apart from the maximum at m = o,;, has side 
“tails” in the region @ < w; and @ > w; which droop more or less 
rapidly depending on the degree of anharmonism, as shown sche- 
matically in Fig. 37. 

With frequencies of neighbouring phonons being overlapped, the 
possibility is formed for energy exchange between them. The in- 
teraction between phonons is the higher, the greater are the degree 
of anharmonicity of oscillations and overlapping of their frequen- 
cies.. ; 

Since the interaction between phonons is determined by anhar- 
monism of oscillations, it is not large compared with the mean 
energy of a phonon. For that reason, when taking anharmonism 
into account, the model of a perfect phonon gas should be used as 
the basis, as before, with a correction made for the size of parti- 
cles. If non-interacting harmonic phonons are regarded as par- 
ticles of infinitely small scattering cross-section, then an anhar- 
monic phonon must be assigned a finite value of the effective ra- 
dius of scattering ress. It is usually assumed that this value is 
proportional to the first power of g. By analogy with scattering of 
particles in a weakly non-perfect gas, the constant of phonon- 
phonon. interaction, wpn-pa, is taken to be 


ae Apap 
onph = ep tpn ~ NE Ny, 


where np, is the density of phonons. The free-path length of phon- 
ons I, is inversely proportional to ppr-pr. With a decrease of tem- 
perature, [,, increases sharply owing to a strong reduction of np, 
(the “freezing-out” effect). 


al 


THE segieOr VALENCE ELECTRONS 
&e 


2-1. THE BHAVIOUR OF THE ELECTRON 
SYSTEM IN A METAL 


As has been mentioned in the Introduction, the most characteris- 
tic properties of metals are connectediwith the presence of free 
electrons in them. But the term “free electrons in metal” is in- 
correct and only implies that valence electrons are not bonded with 
individual atoms and can travel over the whole volume of the me- 
tal. The behaviour of an individual electron in the metal can. then 
differ substantially from that of a free isolated electron in vacuum. 

The adiabatic approximation makes it possible to consider the 
system of valence electrons in a crystalline lattice by neglecting 
the motion of ion-cores. The concept of a perfect (or weakly im- 
perfect) phonon gas, in turn, makes it possible to assume that 
the crystalline lattice is strictly periodical. Thus the system of 
valence electrons can be regarded as a system of xN quasi-free 
charged particles in an ideal crystalline lattice. This electron 
system, in addition, is confined within a potential box formed by 
the surface of the crystal. 

Let us see what are the peculiarities of the behaviour of the 
system of electrons in a metal. 

The first peculiarity is connected with that an electron is an 
elementary particle with a spin equal to '/s, because of which the 
system of electrons obeys Pauli’s exclusion principle and is des- 
cribed by Fermi-Dirac statistics. In a system of fermions, each 
energy level can only be occupied by two particles with opposite 
spins. Thus, the system of quasi-free electrons filling the lattice 
can be either a Fermi gas or a Fermi liquid. The liquid and gase- 
ous models are treated in more detail in the next section. 

The second peculiarity of behaviour of the electron system in a 
metal is related to the wave nature of electrons. It consists in that; 
with any small interaction of an electron with each ion of the 
lattice separately, its interaction with the whole lattice at a cer- 
tain value ‘of the momentum may become critical for the dynamics 
of its motion, because of interference of the electron waves reflected 
from individual ions. At these values of momentum, an electron 
wave cannot propagate in the lattice, the results being the 
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appearance of bands of allowed and forbidden energy levels and 
formation of a band energy spectrum of electrons. Construction 
and.study of band spectra is the main topic of most chapters in 
this book. 

Finally, in order to describe the system of electrons in a metal, 
we haveto consider the interaction of electrons with each other 
and with external fields. 

The first problem will ‘be solved within the limits of the one- 
electron approximation. Transition from the description of the 
electron system in a metal to that of an individual electron is 
made by introducing the concept of self-consistent field (the Har- 
tree approximation) in which the given electron is present. The 
substantiation of this procedure is beyond the scope of the book. 
We have only to note that each electron in a metal is im a field of 


> 
periodic potencial V(r) whose period coincides with that of the 
crystal lattice. 

The interaction of conduction electrons with the fields external 
relative to the metal (electric, magnetic, etc.) will be considered 
under the quasi-classical approach, which is applicable when the 
characteristic dimensions of the path of an electron exceed sub- 
stantially its de Broglie wavelength Az. 

Let us discuss it in more detail. When speaking of the motion 
of electrons in external fields, it is natural to assume these fields 
such. that do not alter substantially the structure of the crystal 
proper. The latter means that the forces set up by the fields are 
small compared with the interatomic or intercrystalline forces. 
Such fields should vary only slightly at distances of the order of 
the lattice constant a, i.e. should be sufficiently smooth and uni- 
form. With such assumptions, the path of an electron usually ex- 
ceeds substantially the dimensions of the atom. 

On the other hand, as will be shown later, interaction with ex- 
ternal fields is mainly due to electrons having a wavelength Ag ~ a. 

Thus, the quasi-classical approach holds true for external fields, 
which are of interest for us. 


2-2. THE CONCEPT OF FERMI SURFACE 


According to Fermi-Dirac statistics, the distribution of electrons 
over energy levels e, in a metal is described by the function of the 


form 


In oa &,—-8F . 
e kT +1 


n=1, 2,... (2.1) 


This distribution means that in a system consisting of N elec- 
trons, N/2 of the lowest energy levels are occupied at the tempe- 
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rature of absolute zero and the absence of external excitation, with 
two electrons being present on each level. The energy boundary 
of filling is the energy level e = er corresponding to the Fermi 
boundary energy; this level enters as a parameter into the distri- 
bution function (2.1). At T = 0°K, all the energy levels below er 
are filled and those higher than ey, empty. 

The Fermi energy er in a system consisting of N electrons coin- 
cides with the energy level having the number n = N/2. There- 
fore, an increase of the number of electrons N in the system, all 
other conditions being equal, results in an incfease of er. The dis- 
tribution of electrons over levels (2.1) is only related to the obser- 
vance of the Pauli principle and is independent of the interaction 
between electrons and the dimensions of the potential box within 
which the system is confined. The latter factors determine the mag- 
nitude of the energy levels e, proper. 

According to the Pauli principle, an electron can only interact 
with an external perturbation (electric, magnetic, or thermal) 
when the energy state into which it will pass upon this interaction 
is free. Otherwise the external field will be unable to change the 
energy of the electron. 

Let the change of energy of an electron in an external field be 
Ae. Since all the levels below Fermi energy are occupied at 
T = 0°K, only those electrons can pass to the free level at in- 
teraction with the external field that are located at a depth not 
greater than Ae from er. At Ae < er, the proportion of such elec- 
trons is of the order of magnitude of Ae/er. 

In real metals, the magnitude of Fermi energy er can reach 
5-10 eV. Let us estimate the variation Ae of the energy of electrons 
at their interaction with external fields. 


An increment of the energy of electron, Ae, in an electric field E 
along the free-path length / is |e|El, which is practically equal 
numerically to 10-4-10-6 eV. 

With the classical motion of a charged particle in a magnetic 


field H its energy does not change, since the Lorentz force Pes 
=+| of | ace on the charge is always directed perpendicular 


to the velocity v v of motion. The energy variation Ae of an electron 
in a magnetic field can be explained by the quantum nature of its 


motion and is equal to fw, where o =—— Le fut (tt) being the mass 


of free etectron) is termed the cyclotron, or haninor frequency. 
Experimentally attainable magnetic fields are of the order of 
magnitude of approximately 10° oersteds. The energy variation in 
such fields for most metals does not exceed 10-3 ey. At interaction 
with the oscillations of the lattice at a temperature T the energy 
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of an electron varies by a magnitude of the order of kT (kT ~ 
~ 0.03 eV at room temperature). Therefore, the ratio RT/er does 
not exceed 0.05 even at the maximum temperatures at which a me- 
tal is still solid (T ~ 2000° K). In that connection the system of 
electrons in a metal is degenerated. 

These estimations show that from the total number of N elec- 
trons in a system, only a small portion of particles which are 
located within a narrow energy layer near the Fermi level parti- 
cipate in interaction with external fields. In other words, when 
considering the interaction of electrons with external perturba- 
tions, we can neglect the majority of electrons which are in states 
sufficiently distant from Fermi energy. This assumption is incor- 

rect only for such external actions 
t kr as interaction of electrons with 
emissions or fast particles when 
the energy of interaction may sub- 
stantially exceed er. Not only all 
valence electrons, but also the 
electrons of atomic structures can 
participate in these processes. 

With a temperature other than 
absolute zero, the boundary of 
Fermi distribution becomes 
“blurred” by a magnitude of an 
order of kT. The function of Fer- 
mi-Dirac distribution for a finite temperature is shown in Fig. 38, 
where. the dotted lines denote the Fermi step at 
T=0°K. 

In a system consisting of N electrons (N ~ 1073 cmv), the 
distances between energy levels are of the order of er/N ~ 
= 10-2 eV, i.e. negligible compared with er. For that reason the 
energy spectrum of electrons in a metal is usually said to be 
quasi-continuous. 

Let us now consider the peculiarities of the models of a perfect 
Fermi gas and Fermi liquid for the electron system in a metal. 
As has been indicated, the difference between these models is con- 
nected with positions of the energy levels e,. In a model of non- 
interacting particles (the model of a perfect Fermi gas), the 
total energy of the system is composed of the energies of indivi- 
dual electrons, while the energy levels e, are independent of the 
number of particles and coincide with the energy levels of an 
individual electron which is confined within the potential box 
formed by the faces of the crystal. 

When a number of particles with energies close to er are added 
to or removed from the system, the energy states of other particles 
of a perfect Fermi gas do not change. In other words, the loss of 





Fig. 38 
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a particle remains “unnoticed” by the gas system from the stand- 
point of its energy spectrum. 

In a case of strongly interacting particles (a Fermi liquid) '), 
the addition or removal of a number of particles changes not only 
the total energy of the whole system by the energy of those par- 
ticles, but also the energy states of the remaining particles. Thus, 
at a variation of the number of particles a liquid system undergoes 
a complete energy recombination. Let it be emphasized once more 
that the distribution of electrons over energy levels is independent 
of the model, and therefore, both for a perfect gas or a perfect 
liquid, only a small portion of particles of a system, of the order 
of Ae/er can respond to external perturbations. For the system of 
electrons in a metal considered as an integral whole, only the 
model of Fermi liquid is applicable, since the energy of Coulomb 
interaction between electrons is of the order of er. 

Landau’s theory of Fermi liquids is based on that the energy 
of strongly bonded particles at a small deviation from the equilib- 
rium (main) state of a system can be represented as a sum of 
energies of certain interacting fictitious particles termed quasi- 
particles. 

The concept of quasi-particles introduced to describe the system 
of electrons in a metal is quite similar to that of quasi-particles, 
phonons, which is used to describe the oscillations of a system of 
strongly bonded atoms in a lattice. 

Let us recall that transition to phonons is based on expanding 
the energy of interaction of atoms in a lattice into degrees of 
displacement of atoms from equilibrium with an accuracy to se- 
cond-order terms. Since first-order terms are absent in this ex- 
pansion (the energy of the main state corresponds to the minimum 
of energy of interaction), the quadratic form obtained is the energy 
of a system of connected oscillators. A linear transformation of 
coordinates which makes it possible to diagonalize the quadratic 
form leads to a system of non-interacting oscillators (phonons), 
the energy of the system being the sum of the energies of indivi- 
dual oscillators. 

Landau’s idea consists in that a homogeneous system, composed 
of a large number of particles, has excited states of the same type 
as an oscillating lattice. In other words, the properties of any 
system can be described by means of the model of quasi-particles. 

Statistics of quasi-particles is not related uniquely to the stati- 
stics of the particles of a system. For instance, phonons can be 
described hy Bose-Einstein statistics irrespective of the spin of 
the atoms‘constituting the lattice. Quasi-particles introduced to 
describe the system of electrons in a metal have a half-integral 


1) The theory of Fermi liquid was developed by L, D, Landau, 
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spin and obey Fermi-Dirac statistics. Thus, according to Landau’s 
theory, quasi-particles in a metal behave like a perfect Fermi gas. 

The physical properties of a metal (i.e. the nature of its behav- 
iour relative to external actions) is determined by the quasi-par- 
ticles located near the Fermi level. With each exciting action in 
such a system, a quasi-particle appears above the Fermi level and 
pnutancously a free energy level (hole) is formed below that 
evel. 

The behaviour of elementary excitations may in general differ 
substantially from that of free electrons. The main peculiarity of 
elementary excitations is that their lifetime t (which is determined 
by the probability of scattering w ~ 1/t) decreases rapidly at 
moving further from the Fermi level. If pr is the momentum of 
a quasi-particle at the Fermi level and p is an arbitrary value of 


momentum, then t ~ =. It then follows that quasi-par- 


F 
ticles having a sufficiently long lifetime are located at energy 
levels near c = ep. 

For simplicity, quasi-particles in a metal will be further called 
simply “electrons”, this term taking into account all the peculiari- 
ties connected with the quasi-particular description of the electron 
system. 

By considering the elementary excitations only in direct vicinity 
of Fermi energy we can largely simplify the description of the 
system of electrons in a metal. Instead of determining the disper- 


sion law 6 = e(p) in the general case for the whole momentum 
space, it is now sufficient to determine the relationship between 
the energy and momentum at a constant value of energy ¢ = 
= const = er. 


> 

The equation e(p) = const = er in momentum space determines 
the surface of constant energy which is termed the Fermi surface. 
This may be visualized as a rigid structure on which (or in direct 
vicinity of which) a gas of elementary excitations is located. The 
properties of the electrons with the energy ¢ = er are fully deter- 
mined by the kind (shape) of Fermi surface and the nature of 
its variation at small variations of Fermi energy. 

Let us remind that in order to use the Fermi surface for descrip- 
tion of the electron system in a metal, it is only needed that the 
Pauli principle be obeyed and the density of electrons be high (of 
an order of 1/a%), which ensures that the condition er > Ae is 
fulfilled at an interaction with external fields. 

Since in the absence of external fields the total energy of a non- 

: 2 
relativistic electron is e= lap 
of free electrons is a sphere of radius pp=~/2me,. Such a mo- 


, the Fermi surface for a system 
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del of the system of free electrons is convenient for illustration of 
various properties of degenerated Fermi systems and will be 
employed more than once in this book. 


2-3, THE EFFECT OF CRYSTAL LATTICE 
ON THE MOTION OF AN ELECTRON 


Let us now consider the interaction of electrons with a crystal 
lattice. Note, first of all, that the potential of an individual ion 
of a metal lattice is more short-acting than the Coulomb potential 


o=— le of an equivalent isolated ion (here x|e| is the charge 








of the ion). Screening of the potential of individual ions is ob- 
served owing to the presence of collective valence electrons filling 
the lattice. The formula to describe the screened potential of an 
ion, proposed initially by Debye, is as follows: 

xle| 


Qser = Bap (2.2) 


where rp is a certain effective radius of interaction between an 
electron and an ion. 

By modern views, screening with electrons having an energy 
close to the Fermi energy results in that the potential @; of an ion 
is not only short-acting, but also oscillating. Curves of these three 
potentials, ~, @scr, and @:, are shown in Fig. 39. 

Owing to the screening effect, the potential energy of an elec- 
tron can be taken constant over a substantial portion of the lattice 
space, and the motion of the electron in that part of space regarded 
as that_of, a free particle. At distances from the centres of ions 
exceeding the effective radius of screening, the wave function » 
of an electron is close to the wave function w® of a free electron, 


which is a plane wave function of the form wp? = const eikr (where 
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k is the wave vector of a free electron). This namely is the main 
principle underlying the quasi-free electron approximation that 
makes it possible to describe many properties of conduction elec- 
trons in metals. 

The state of an electron in direct vicinity of the centre of an ion 
is similar to its bound state, i.e. its wave function oscillates strong- 
ly and is close in its shape to the atomic wave function jg. 

Thus, the wave function p of an electron in the lattice can be 
regarded as a combination of a plane wave and quickly oscillating 
wave functions of bound states inside ion-cores. 

The real part of the wave function of an electron in the lattice 
is shown diagrammatically in Fig. 40, where the dotted line repre- 





Fig. 40 


sents the plane wave and solid circles, the centres of ions. A cor- 
rect wave function p of an electron must reflect the fact that 
valence electrons form no bound states near individual ions. In 
accordance with the Pauli principle, the function p must then be 
orthogonal with the wave functions of bound states tpg. This con- 
dition is satisfied by the following combination of a plane wave 
and functions tp: 


sp = const [-*" — » », (r) \ »b (r’) elt’ ar] (2.3) 


A function of the form (2.3) is termed an orthogonalized plane 
wave (OPW). We have actually described the idea behind the 
OPW method which was proposed in its initial form by Herring 
in 1939 and has become one of the most widely used methods to 
describe electrons in metals. Apart from being visual physically, 
this method is also convenient in that an orthogonalized plane 
wave is in itself a sufficiently close approximation of the wave 
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function of an electron. In other words, expansion of a wave 
function into OPW functions gives a rapidly converging series. 

The OPW method is the basis of another method, that of pseudo- 
potential, which makes it possible to describe and analyse the 
pattern of motion of valence electrons in a metal. 

Let us consider in more detail the physical aspect of pseudo-po- 
tential. A strong increase of the kinetic energy of a conduction 
electron inside an ion compensates almost completely the negative 
potential energy of the electron in the electric field of an atomic 
nucleus. 

The total energy of the electron inside the ion turns to be 
equivalent to the total energy of an almost free electron in a field 
of a weak potential which cannot form a bound state. For that 
reason, instead of describing the motion of an electron with a 
complex wave function shown in Fig. 40 through deep potential 
pits of nuclei (Fig. 39), we can sufficiently accurately describe the 
motion of the electron through the whole volume of the crystal by 
a wave function which is close to a plane wave propagating in 
the field of a weak effective potential (pseudo-potential). 

Pseudo-potential also has the periodicity of the crystalline lat- 
tice. Let us emphasize that the concept of pseudo-potential has 
been introduced only as a means to describe the motion of an 
electron from the standpoint of physical consequences. The motion 
of a real electron in a lattice is complicated and therefore cannot 
be reduced to a weakly excited motion of an almost free electron, 
since excitation inside atomic structures are quite strong. But, 
because of conservation of energy and momentum at intersections 
of ion-cores, the electron passes beyond the screening radius 
practically in the same state as at the entry to the field of ion. 

If we disregard the processes occurring inside an ion, then the 
motion of an electron in a metal lattice will be equivalent to the 
motion of a weakly excited quasi-free particle with what is called 
the pseudo-wave function (which is close to a plane wave weakly 
modulated with the period of the lattice). 

The true potential V(r) in which an electron moves in the 
crystal lattice is a periodic (with the period of the lattice) repeti- 
tion of screened potentials of individual ions having the form q; 
(Fig. 39). The motion of an electron in a field of V(r) is described 
by Schrédinger’s equation: 


a > 
. [—-se Vt VOly—en (2.4) 
whose solution is the wave function p of an electron shown in 


Fig. 40. (Here e, are eigenvalues of the energy of electron, depen- 
dent on quantum number n.) 
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Substitution of an expansion of the wave function »p into a series 
of OPW functions into Eq. (2.4) after certain transformation gives 


Schrédinger’s equation with a new potential Vert (7) for a wave 
function , which is a combination of only plane waves of the 


>>> PS 7 Qn, > 2 
type et ite)? (where g is a vector multiple of ik a_ being 
a 
the period of the lattice in a definite direction). 
This circumstance was first noticed by Phillips and Kleinman 


> 
[50], who not only found the form of pseudo-potential Ve,;(r), but 
also showed its matrix elements calculated for the wave functions 
of a free electron are small compared with the corresponding 
energy levels of a free electron. 

Thus, solution of the equation of pseudo-potential can be carried 
out by means of the perturbation theory using the wave functions 
of a free electron as a zero approximation. 

We have described the method of pseudo-potential purely sche- 
matically, without touching its drawbacks. The actual situation 
is far from being so simple. The introduction of pseudo-potential 
is, on the one hand, not a single-valued operation, the final solution 
being substantially dependent on the selected form of pseudo- 
potential. On the other hand, the pseudo-potential itself is a non- 


local operator [it depends not only on the coordinate r as a real 


periodic potential V(r) of the lattice, but is a functional of atomic 
wave functions pq]: 


Ver (1) b(t) =V (r) (7) EV al) (1) 
where 


Vg BH) =P. (e, —&) alt) 5) ef 


& being the eigenvalue of the energy of atomic electrons. 

A number of more or less substantiated forms of pseudo-poten- 
tial, convenient for calculations, have been proposed (pseudo-po- 
tentials of A. Animalu [51], Heine-Abarenkov [52], etc.). Various 
aspects of the method of pseudo-potential were discussed by one 
of its authors, W. Harrison [53]. 

The introduction of pseudo-potential is a substantial mathemati- 
cal simplification based on a certain approximate picture of the 
motion of electrons in the lattice. The smallness of pseudo-poten- 
tial may .explain why the electron in a metal can in many cases 
be regarded as a quasi-free particle. It is essential to emphasize 
here that the consequences obtained from the theory of pseudo- 
potential agree well with the known experimental data. The 
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pseudo-potential of some or other metal cannot be calculated 
purely analytically or, as one says, from the first principles, but 
this is not necessary. 

The theory of pseudo-potential is a powerful tool for determining 
some physical parameters of the energy spectrum of electrons (for 
instance, energy levels in various points of a crystal) in terms 
of other parameters which have been measured experimentally 
(for instance, zone overlapping, energy gaps, etc.), the shape 
and parameters of the pseudo-potential being then matched with 
the experimental data available. 

In this way there were calculated the main levels of the energy 
spectrum of electrons for many metals and alloys, for instance, the 
metals of groups ], II, III, and IV of the Periodic System, semi- 
metals Bi, Sb, As, alloys Bi-Sb, Pb-Sn, etc. 

Let us consider the peculiarities of the wave function of electrons 


in a metal. The periodic nature of the potential vir), which fol- 
lows from the periodic structure of the crystal, gives the condition 
of translational invariance for the wave function of an electron 


lin) P=[o(r+a)e (2.5) 


> > > > > >» > 
where @ = njQ, + nodg + 1303; a), Ao, a3 = vectors of the main 
translations in the lattice; n;, ne, n3 = whole numbers. 

Condition (2.5) corresponds to that the density of probability 
of finding an electron is a periodic function with the period of the 
lattice. In other words, it implies that the behaviour of an electron 
in the given cell of a crystal does not differ in any respect from 
its behaviour in any other cell. 

As earlier, the influence of the boundaries of the crystal can be 
eliminated by introducing cyclic boundary conditions, which result 
in a periodic repetition of the crystal in all directions. 

It follows from expression (2.5) that with the argument of the 


wave function p shifted by a vector a, the wave function itself is 
multiplied by a phase multiplier C(a): 


w(r-+a)=C (a) v(r) (2.6) 
where C(a) satisfies the condition 
|C(a) P= (2.7) 


We make a shift by m periods in the direction, say, of vector 
a, Let ‘n,n +n", where ni and n’ are integers. The transi- 
tion from point r to point r+ na, can be made either directly or 
consequently through an intermediate point r+ nia,. In such 
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cases the wave function (r+ na) can be given either as 


(r+ may) =C (n,4,) 1p (7) 
or as 


> > Wee > rid We Pad > 

p(r+2,4,)= C (n; a,)p(r +na,)= C (1 a,)C (nja,)p (r) 

Hence 
> we 1 
C (1,4,) = C (n’a,) C (n’a,) 
Therefore, the logarithm of the phase multiplier C (may) is an 
additive function: 
> > > 
Inc (7,4,) =InC (n,a,) + In C (n/a,) 


Comparing the last expression with the sum na, =na, + na, 
we can conclude that In C (nay) is proportional to | 14]. With 


condition (2.7) taken into account, the multiplier C(m,a,) must be 
written in the form 


> >> 
C (nja,) = eka (2.8) 
where k is a real vector. Thus, with the argument being shifted 
by a vector a, the wave function is transformed as follows: 
> > >> > 
p(r + a) =e Mp (r) (2.9) 
> >> > 
Let us consider the function u(r), equal to e~!*'p(r), and shift 
the argument by a vector a: 
> > >> > > > >> > > 
u(r + a) = e+ (r+ a) = 0-H (r) = u(r) 
> >> > 
As can be seen, the function u(r)=e-*' p(r) is a periodic 
function, its period being equal to that of the lattice. 


Thus, the wave function of an electron in a lattice in the most 
general case can be given in the form 


> > >> 
P(r) = u(r) Fr (2.10) 
where the function u(r) satisfies the condition of periodicity: 


u(r +a)=u(r) (2.11) 


_and vector k is a real vector. 
The fact that the wave function of an electron in a crystal can 
be written in the form (2.10) is a general consequence of the 
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translational symmetry of a lattice and constitutes the content of 
Bloch’s theorem. 

Expression (2.10) implies that the wave function has the form 
of a plane wave modulated with the lattice period. Obviously, the 
same form must have the pseudo-wave function which satisfies 
Schrédinger’s equation with a pseudo-potential V.,;(r). This fol- 
lows from the periodicity of the pseudo-potential, its period being 
that of the lattice. 

Since the pseudo-potential is small, it then follows additionally 


that the periodic function u(r) must only slightly differ from a 
> 


constant and must only weakly modulate the plane wave e#'r!), 
This makes it possible, when analysing the motion of an electron 
in a lattice, to use the model of almost free electrons as the first 
approximation. For this purpose it is sufficient to consider the 
motion of an electron in the field of an arbitrarily low effective 


a: 
periodic potential Ves; (r). 

Construction of Fermi surfaces for electrons in metals can be 
successfully made by using Harrison’s method (described later 
in the book), which is based on the assumption that it is possible 
to pass over continuously from the behaviour of an electron in 
a lattice to that of a free electron, if the pseudo- potential is made 


to tend to zero. With a transition Ves;(r) +0, vector k, which 
enters the wave function (2.10) as a parameter, must transform 
into the wave vector of a free electron, which is referred to its. 


momentum D by the relationship p= Ak. When Vers (r) = 0, vec-. 
> 
tor p is termed the quasi-momentum of an electron in a lattice 


and is connected with & (2.10) by a similar relationship. 

Let us consider the properties of the quasi-momentum that dis- 
tinguish it from the momentum of a free electron. For this, we 
take a certain direction in the crystal structure which is given 


by a unit vector nj. Accordingly, let a; and L; be the minimum 
period of the crystal structure and its dimension in that direction. 
Because of the cyclic boundary conditions posed, the wave func- 


> > 
tions in points r and r + Ljn; are identical: 


> > > 
p (r) = p(r + Lin) 
or ~ 
> >> > > Pry? 
u(r) et? == u(r + Lyny) el FHI") 
_— ooo’ 

1) The condition at which the perturbation introduced by an arbitrarily 
weak pseudo-potential ceases to be low coincides with the Wulff-Bragg con- 
dition for diffraction of electron waves on a crystal lattice. It determines the 
boundaries of energy bands and is considered in detail later in this book. 
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Hence, the relationship for vector kis: 
>> 
e! (#7) Ly | (2.12) 


which implies that the projection of é onto the direction n; must 
be multiple of me 


(kn) = Gen n=1, 2, 3, (2.13) 


Therefore, the projection of the quasi-momentum p of an elec- 
tron onto a certain direction n; in the crystal can take a discrete 
set of values, of which the minimum one is equal to. That 


the quasi-momentum of an electron in a crystal is a discrete 
quantity is connected only with that the electron is confined within 
the potential box of finite dimensions, ie. with the presence of 
boundaries in the crystal '). 

From another property of a crystal, ie. the translational sym- 
metry of its lattice, there follows the multivaluedness of the quasi- 
momentum of an electron. The quasi-momentum in a definite 


direction ni; is a vector which can be determined with an accuracy 
to a whole number of vectors hy. This already follows from 


expression (2.12) which determines the projection k onto the 
direction ny. 
Expression (2.12) will not change if a vector nym with 


any integer m is added to vector k. In other er vectors 
and hon are equivalent to one another in their 


definition. With k being replaced by k’, the wave function p of 
an electron retains the form of Bloch’s function (2.10). 


Indeed, let be (= u(relr, We are to find the function 
bz (r) ccrresponding to vector R: 


> > >> > sacred )m 
Pz, (r) = u(r) e* =u (re elk? 


') This is an extra proof that the cyclic boundary conditions only remove 
the non-equjvalence of the positions of various ions in a crystal, but cannot 
exclude the principal presence of boundaries. In particular, they do not imply 
the transition from a finiie-size crystal to an infinite space filled with a crystal 
lattice. 


2-3. Effect of Crystal Lattice on Motion of Electron 75 


21 22 (mr) m 
The multiplier e / is periodical with the period a,;, 
> 


and therefore, can be included into the modulating function u(r). 
Substituting the functions bz and pz into Schrédinger’s equation 


we can show that they are the solutions corresponding to the 
same values of the energy of an Bre Kore 


Thus, the wave k and k+ = nym, as also the quasi-mo- 


menta p and p + = nym are physically equivalent, i.e. correspond 
to the same physical state of the electron in the lattice. Hence if 
follows that the physically different values of the wave vector ir 
the direction n; are confined within an interval of the width > 


> _ = _~, ~ 
K, K, K. K, 


25 25 
yj q; 


Fig. 41 


For instance, vectors ko and ks in Fig. 41 are not equivalent to one 

another, whereas kz is equivalent tok, and k, is equivalent to k}. 

Since there is no current in the crystal in the absence of electric 
> > 


field, the values of wave vectors & and —& are equivalent. 
In this connection the interval including the physically different 


values of k must be symmetrical relative to the erleut of coordina- 


tes in ke. space, for instance, it may extend from arr: to terri 


This interval (in the case of a one-dimensional lattice) is termed 
the first Brillouin zone. The second Brillouin zone is located sym- 
metrically with respect to the first zone and to the origin of coor- 


dinates and includes two intervals: from ~= to — mn and 
from tr to +2; the third Brillouin zone includes the 
. 31 2n Qn 3n 

intervals ;- from a, to ae and from care to sears etc. 


The total interval corresponding to a Brillouin zone of any 


number is always equal to = (Fig. 42). 
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In the case of a two-dimensional plane lattice with two main 
translational vectors a, and a, and the dimensions L, and L, of 
the crystal, the components of the wave vector along the axes ky 
and , can acquire only discrete values from the sets: 


2 2 
ky =~ ny, ky=+~n, (where n, and n, are integers) 
x y 


The physically different values of the components k, are located 
within the interval from —= to + =, and those of the compo- 
x x 


nents &,, within the interval from —= to + =. These conditions 


y 
determine the set of vectors plotted from the origin of coordinates 


2nd zone 1st zone 2nd zone 
N~ eT FSs or 
| x 
2a 2 0 kh 42k 
a; a; qj a; 
Fig. 42 


to the vertices of the cells constructed within a rectangle of the 

: : 2n 2n . 
dimensions —— and a along the axes k, and k, respectively 
and located symmetrically relative to the origin of coordinates 
(Fig. 43). k 

Each cell corresponding to one allowed wave vector & has the 
dimensions = and ~ along the axes kx and ky, 

All physically different values of a wave vector are located 
within a rectangle, such as shown in Fig. 43. This rectangle is 
called the first Brillouin zone for a plane two-dimensional lattice. 

For a simple rectangular three-dimensional lattice, the first 
Brillouin zone can be constructed in the form of a parallelepiped 
bounded by plane surfaces (Fig. 44): 


ut fA wu 
ke=tT i 2 
The volume Us of an elementary cell corresponding to a single 


value of the wave vector in R-space is equal to 


1 2n 2a on (2)8 





where V is the volume of the crystal. 
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The corresponding volume v> of an elementary cell in the space 
of quasi-momenta (p-space) is 


__ (2nh)? 

It is the volume of phase space relating to a single electron 
state in a crystal of volume V (the state is twice degenerated, 
since two electrons with oppositely directed spins can be present 
in it according to the Pauli principle). 





Fig. 43 


It follows from expression (2.14) that electrons are distributed 
with a constant density in the space of quasi-momenta. The mag- 
nitude of volume v> is independent of the shape of crystal. Expres- 


sion (2.14) obtained for a crystal in the form of a parallelepiped 
is the general one. This statement requires no strict proot and 
actually follows from that the conditions at the boundaries in a 
crystal of macroscopic dimensions (i.e. having a large number 
of elementary cells) must have no effect on the motion of electrons 
in its volume. The larger the crystal, the greater its volume-to-sur- 
face ratio and the greater part of the electrons do not “sense” 
the size and shape of the crystal. Within a sufficiently large crystal 
of any shape, we can always mentally separate a parallelepiped 
and rethéve the remaining parts. The states of electrons within 
this parallelepiped will not change noticeably (to an accuracy of 
the fraction of surface electrons). In order not to adhere to a par- 
ticular crystal of a definite volume, all relationships are usually 
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written for a crystal of a unit volume V = 1. In. that case a volume 


equal to (2mf)° corresponds to one state in D- space. 
Thus, if the electrons occupy a volume A in the space of quasi- 
momenta, their concentration n in the real space is 
A 
= a (2 15) 
Formula (2.15) takes into account that the spin of each electron 
state undergoes double degeneration. 

Having thus elucidated the peculiarities of the quasi-momentum 
of an electron in a crystal, the quasi-momentum will be further 
simply called momentum. 

Finally, let us dwell on the conditions at which the interaction 
of electrons with the lattice cannot be considered small. 


Let an electron with wave vector k move in the direction of 


> 
vector n; in the lattice. The period of the lattice in that direction 
is a;. Suppose that the interaction of the electron with every 
separate ion is very small. This means that for an electron wave 
propagating in the periodic system, the amplitude of the wave 
reflected from each ion is smaller than that of the incident wave. 
But, since the lattice contains a great number of ions and the 
reflections are multiple, phase relationships between reflected 
waves also play a substantial part. 

When the de Broglie wavelength exceeds the distance between 
ions, then the phase differences between the waves reflected from 
neighbouring ions are small. In that case the interaction of the 
electron wave with the lattice as a whole remains small, of the 
order of the interaction with a separate ion, and the electron 
behaves as a quasi-free one. 

With mag = 2a; (where m is a whole number), the phase 
difference of reflected waves will be a number multiple of 2x. The 
waves reflected from various ions are then in phase with each 
other and their amplitudes add together. As a result, total reflec- 
tion of the electron from the lattice will occur even with a small 
amplitude of the wave reflected from one ion. In other words, 
with mis = 2a;, an electron wave cannot propagate in the lat- 
tice. 

The condition of total reflection coincides with the well-known 
Wulff-Bragg relationship for diffraction of electron waves in cry- 
stals. If the latter is written for the wave vector of an electron 


le] = 2n/Ap, we obtain an equation defining the boundaries of 
Brillouin zones in k-space 


>> n 
(kn) = 7m, m=l1, 2, aoe 
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Thus, the boundaries of Brillouin zones correspond to such va- 
lues of the wave vectors (or momenta) of an electron at which 
the electron wave cannot propagate in the lattice. At approaching 
the boundary of a Brillouin zone (i.e. at an increase of |k|) a 
running electron wave is more and more decelerated by the lattice 


and becomes a standing wave at the boundary values of &. This 
peculiarity of the interaction of an electron and lattice constitutes 
the principal distinction between the dynamics of an electron in 
a metal and that of a free electron. 


2-4, THE DYNAMICS OF AN ELECTRON 
IN THE CRYSTAL LATTICE 


The quasi-classical approximation for the description of the 


motion of an electron uses the common Hamilton function #6 (p, 7) 
with the classical momentum being replaced by quasi-momentum. 
Hamilton’s equations are then written in the common manner‘): 


> dr 0% dp 0x6 
v= SS SS, a FS (2.16) 
di ~~ “5 dt an 


The first of them determines the velocity. The Hamilton function 
3 (p,r) is the sum of kinetic and potential energies: 


36 (p, r) =e (p) + V-(r) 


This makes it possible to express the velocity of an electron 
through the dispersion law: 
> de > 
vu=-y> or v=—gradse (2.17) 
dp p 


Expression (2.17) coincides with the relationship for the group 
velocity vg of a wave packet in quantum | mechanics. Indeed, for 


a quantum particle, «= fAw and A = hk. Therefore, the group 
do de 

velocity 2, aa SS SO 
0k ap 


1) Here and further, differentiation of a scalar quantity over a vector 





implies the following operation: ae is a vector with the components 


Op Op,’ 


076 om } 
Opy’ pz 
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Hamilton’s second equation (2.16) is an equation of motion and 
dp 


describes the variation of the momentum of an electron aE under 
the action of a force Peale ol. 
Or or 
dp > 
=F (2.18) 


Dynamics of an electron in the lattice has a specific feature 


consisting in that the variation of the momentum a of the 


electron is only determined by the action of the force Px which 
is external relative to the lattice. 
Let us show this for a particular example when an external 
> s 
electric field E acts on the electron. We shall calculate the work 
> 
de done by the external force Fex; = —|e|E during time 6¢ to an 


electron located on the Fermi surface. Since the velocity v no OF 


Op 
of the electron on the Fermi surface is very great, then the path 
travelled by the electron during the time 6¢ can be calculated by 
neglecting the variation of this velocity. 

The work de is equal to |e] Evét. On the other hand, since e 


is a function of the momentum p, then b= Se 6p (for simplicity, 
we consider a case when all the vectors, i.e. 2, D. E, and 5p, are 


collinear). 
Equating the expressions for de, we get 


de 
Op P= 0 bp=|e|Evd! 
whence ; 
ae 
aT lelé 


Thus, the variation of the momentum is related to the action 
of only an external force —|e|E and is independent of the internal 
forces acting on the electron from the lattice. But the variation 


of the group velocity v (kinematic acceleration of the electron =a 


is naturally: determined by the sum of all external Fou and inter- 
> 
nal Fin; forces acting on the electron. 
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The equation of the Newton second law for the kinematic acce- 
leration of the electron in the lattice can be written as 


gs 

ty Se =D Fess + Ping (2.19) 

The equation for the variation of the momentum, determining 

the velocity of the electron oe in the momentum space, has 
then the form - 

= Dy Pex (2.20) 


By comparing equations (2.19) and (2.20), we can see that 
the momentum p of an electron in the lattice and its velocity v 
are not related together by the common equation p= mov which 
holds for a free electron. The velocity vector v is only determined 
by the dispersion law e(p) through equation (2.17) and in the 
general case is even not collinear with vector p. 


The kinematic acceleration of the electron a can be formally 
expressed solely through the external forces. Indeed, for the j-th 


d 
component of ‘3 we have: 


(2)-4()=3 ha 
“dt i Op, Op; ot 


Ore 
But according to (2. 20) Pe = t=() Fz), The derivatives ——— 3p) oP: 
Pj 


form a symmetrical ee tensor. Denoting the inverse 
tensor by mj, we can write ') 


3 
, dv > 
» Mia az y (F.xt)) (2.21) 
i=! 


The tensor is called the tensor of inverse effective masses 





re 
Op 1 OP; 
of electrons a a civstal The effective masses mi, determined by 


') Note that if the determinant of the matrix { in a certain 


eka 
OP; Op; 
point is equal to zero, then the inverse tensor mi, j in that point is non-existent, 
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it, as distinct from the mass of a free electron, depend in general 
on the momentum and are not constant quantities. Therefore, this 
tensor of effective masses describes the motion of an electron in 


the given point of p-space under the action of the external force 
applied. 
The transition from equation (2.19) to equation (2.21) consists 


in that the unknown term ae in (2.19) is transferred to the 
> 


: dv > : 
left-hand part and the difference vector My ae — ), Fin is for- 
> 
mally expressed through the vector . by means of the second- 
rank tensor mj, 


The unknown internal forces acting on the electron from the 
lattice are included by this technique into the definition of the ten- 
sor of effective mass (which then also remains unknown). But 
introduction of the effective mass tensor has not only the formal 
meaning which shows the difference in the laws of motion of a 
free electron and an electron in the lattice. 

The inclusion of the internal forces into the definition of the 
effective mass tensor has also the physical meaning, since under 
certain conditions the components of tensor m), become constant 
quantities having like signs (in the system of the main axes of ten- 
sor mi, in which its matrix is diagonal). The three main components 
of tensor m), in such cases become the important dynamic charac- 
teristics of the electron in the crystal and determine the nature of 
motion of the electron in external electric and magnetic fields. 


Measurements of the components of m/, by different independent 
experimental methods have shown their good coincidence. This 
proves that the components of mj, are physical parameters of an 
electron in the crystal, similarly as mo is a physical parameter 
of a free electron. 

Knowledge of the components of the effective mass tensor makes 
it possible to describe the motion of an electron under an assump- 
tion that it is acted upon only by external forces. Many formulae 
derived for an electron in free space are used in the lattice, with 
replacing the mass of the free electron by the respective compo- 
nent (or combination of components) of the effective mass tensor. 
When using the effective mass, one has, however, to take into 
account that the analogy between the behaviour of an electron in 
the lattice and that of an electron in free space, which is useful 
owing to its clear evidence, has only a restricted field of applicabi- 
lity. The use of the effective mass tensor in various formulae every 
time requires proper preliminary substantiation. 
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By the method of its introduction, the effective mass tensor in 
the given point of the momentum space is determined by the law 


of dispersion of electrons in metal e = e(p). The question of the 
magnitude of the effective mass in some or other metal, as also 
the question of calculation of the effective mass under account of 
the characteristics of the metal, will be considered after description 
of the Harrison method of constructing the Fermi surfaces. We 
shall consider in the same section the influence of electron-phonon 
interaction on the magnitude of the effective mass of the electrons 
located at the Fermi level. 

The use of the effective masses as physical parameters charac- 
{erizing the electron in the metal is evidently expedient for those 

> 


regions of p-space in which the main components of tensor my, are 


practically independent of p and are constant (or nearly constant) 
quantities. Such conditions are observed, for instance, in the 
> 
vicinity of points po in which the energy e of an electron attains 
a relative maximum or minimum. These points of extrema of 
the energy play a substantial part in the description of the energy 
spectrum of electrons, since they correspond to the boundaries of 
the energy regions. 
Let eo be the energy of the electron in an extremum point. In 
the vicinity of this point, e(p) may be expanded into a series of 


powers of (p— Do) i Since 5-=0 in extremum points, the terms 
i 


of the first power of (p — po); will be absent in the expansion. 
To an accuracy of quadratic terms, the expansion will then have. 
the form: 


e (p) = e (Po) + ; » 013; (Pi — Pow) (Py — Pos) 
ij 


O2e > > 
where aji;= Op, oP, at p= p). 


Passing over to a system of coordinates related to the main 
axes of the tensor a;;, we have 


3 
ne 1 
e(p) =e +> y asi (pi — Por)? (2.22) 
inehcee i=l 


In the vicinity of point Do, where we can limit ourselves to the 
> > 
quadratic terms in (p — pPo)i, the components of the effective mass 


84 Ch. Two. The System of Valence Electrons 
tensor are constant and equal to 


* I 2 
es oe 
O14 Op; 





-1 
) (2.23) 
>> 
DP=Do. 

The values of m}, are positive near a point of minimum energy 
and negative near a point of maximum. In the first case an elec- 
tron in the lattice behaves qualitatively like a free electron: its 
kinematic velocity in an electric field increases in the direction of 


> 
the acting force —|e|£. In the second case the electron is accele- 
rated in the direction opposite to that of the external force, i.e. 
behaves as a negative mass particle. 

The behaviour of a charged particle in electric and magnetic 
fields is determined by the sign of its charge-to-mass ratio, rather 
than by that of its mass. For that reason, an electron of a negative 
mass behaves dynamically as a particle of a positive charge and 
positive mass in the vicinity of points of maximum energy. 


If the origin of coordinates of p-space is placed into a point of 


an extremum of energy po and the energy e is calculated from eg 
then equation (2.22) can be written as: 


= r (2.24) 





where 
e’ =e—e, and p\=p,—p 
) i i Pu 


Expression (2.24) is an equation of a three-axial ellipsoid 





rhe pe pe 

1 2 3 

——s_ 7 + * 7 +- * 7 =1 (2.25) 
2m, \@ 2m, ,e 2m 5,8 


whose semi-axes are respectively equal to ./2m;,e’, 4/2m;,e’, and 
a/2mi,e’ (Fig. 45). 

Thus, the surfaces of constant energy e = const near the extre- 
mum points for electrons in a crystal are ellipsoidal surfaces. In 
a particular case, when mj},=m;,—=m},, the ellipsoid degenera- 
tes into a sphere. The components m},, m3,, and mj, determine 
the effective masses of the electron at its motion along the axes 
> > > 
pi, p,, and p’, respectively. 

If the momentum D of the electron is directed along the unit 


~ . * . . 
vector n;, then its effective mass m, is proportional to the square 
"] 
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of the segment of the straight line OA from the origin of coordina- 

tes O to the surface of the ellipsoid in the direction n; (Fig. 45). 
2 

The magnitude of is equal to CY 





Let us see what is the physical meaning of the effective mass. 
The difference between the effective mass mj, and the mass of 
a free electron is evidently caused by the interaction of the electron 

2 
with the crystal lattice (note that for a free electron e= 50 and 


/ 2 . . . 
the main values of the tensor mj),= 1/5 simply coincide 
Py 


with smo). 
As has been shown in the previous section, the strongest pertur- 
bation of the motion of an electron is observed when its wave 
vector passes to the boundary 
of the Brillouin zone. In that 
case the electron wave in the 
direction of the normal to the 
zone boundary is completely 
braked by the lattice and be- 
comes a standing wave, while 
the normal component of the 
page 

> 


op 


wave group velocity 


becomes zero, 

The physical meaning of the 
effective mass can be under- Fig. 45 
stood by considering the process 
of acceleration of an electron in an external electric field at 
various values of its momentum. 

If the momentum of the electron is initially small (the electron 
is near the centre of the first Brillouin zone), it behaves practically 
as a free electron: in an electric field the electron undergoes a 
common acceleration at which its velocity uv increases in the 
direction of the external force. But at the same time, its momen- 
tum p increases continuously [see (2.20)] and de Broglie wave- 
length Ag decreases. The electron is not only accelerated kinema- 
tically, but also approaches the boundary of the Brillouin zone 
in the momentum (phase) space. 

This approach to the boundary results in that the reaction of the 
lattice to the electron wave becomes stronger, or in other words, 
the amplitude of the wave reflected from the lattice increases. 


The velocity of the electron placed into an external field E 
then increases not so rapidly as would the velocity of a free elec- 
tron, since part of the accelerating external force is spent to 
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a ne 


withstand the reaction of the lattice. This means that as the 
momentum is being increased, the effective mass of the electron 
becomes greater than that of a free electron. 

If the action of the electric field E lasts longer and no scatte- 
ring of the electron still occurs, the momentum of the electron 
increases continuously in time [see (2.20)]. Since the reaction of 
the lattice also increases, the growth of the group velocity of the 
electron is decelerated more 
and more and is stopped at 
a certain value p’ (Fig. 46a). 

The effective mass of the 
electron in this point inside 
the Brillouin zone turns to 
infinity (Fig. 466) and its 
velocity attains a maximum. 
The sum of external and in- 
ternal forces in equation 
(2.19) actually turns to zero 
at that moment and 
| 
dt |p=p’ 

The infinite magnitude of 
m* shows that in equation 
(2.21) a finite external force 
+ le|E causes no further 

(b) growth of the velocity v in 
Fig. 45 the positive direction of the 

axis p (m* tends to infinity 





as 1/4. so that the product m* remains equal to a finite 


value +]e|E). Note that the external field E in Fig. 46a and 6 
> 
has the direction —p, so that the projection of the external force 
> . . 
onto the +p axis is equal to +]|e|E, where E is the magnitude 


of E. 

A further increase of the momentum at p> p’ results in the 
reaction of the lattice becoming greater than the external force. 
At this stage of acceleration of the electron in the external field 
the component of the electron wave reflected from the lattice 
increases most effectively. Under the action of the reaction of the 
lattice, the kinematic velocity of the electron begins to decrease 
and the sum of forces in equation (2.19) changes sign. In this 
region, thé electron continues to move by inertia in the former 
direction and is braked in the external field (actually, it is braked 
by the reaction of the lattice). With respect to the external elec- 
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tric field, the electron behaves like a negative-mass particle 
(Fig. 460). 
At the boundary of the Brillouin zone (point A in Fig. 46a) 


the momentum acquires the magnitude p=, and the kine- 


matic velocity turns to zero: v= 52 =0. If the action of the 


electric field continues more, the electron begins to be accelera- 
ted in the opposite direction. The point A in Fig. 46a is equivalent 
to point A’. The motion of the imaging point in phase space is 
now continued from point A’ in the former direction. It is common 
to say that the electron is reflected from the boundary of the 
Brillouin zone, since its momentum at point A changes stepwise 
to a reverse one. The growth of 
velocity v in the inverse direction ¢ | 
occurs up to the point p = p” in 

: dv : 
which 7 again becomes zero 
and the effective mass turns to Ww 
minus infinity. Further, the mass 
of the electron changes sign and 
the electron begins again to be 
accelerated “normally” (as a po- 
sitive-mass particle) up to the 29 
point p’. 

Thus, under the action of a con- Fig. 47 
stant electric field E, the electron 


in the crystal lattice performs a periodic motion in p-space, each 
{ime passing the Brillouin zone in the same direction which coin- 





cides with the direction of the force —Je/E acting on it. The 
electron is also in a periodic motion in the real coordinate 
space. 


Indeed, having begun its motion in a definite point O in the 
crystal (Fig. 47) which corresponds to the point O in the phase 
space of Fig. 46a, the electron first moves in the positive direction 
of the x axis (in the forward direction) up to the point of stop O’ 
which corresponds to the point A (or A’) in the phase space, in 
which its velocity becomes zero. Then the electron moves in the 
reverse direction up to the next stop, when in the point O of the 
phase space its velocity again becomes zero. 

When moving in the reverse direction, the electron is first acce- 


lerated against the action of the force —lelE as a particle of a 
negative charge and negative mass, and is then braked by the 


same force —|elE. As a result of the reverse motion, it stops in 
the initial point O in the crystal. After that, the whole cycle of 
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motion is repeated again from points O in the coordinate and 
phase spaces. 

Thus, the motion of an electron in the coordinate space is an 
oscillatory motion in the direction collinear with the electric field 
vector between the two points O and O’ in the crystal. The time 
pattern of this motion is shown in Fig. 47. 

Thus, we have come to a paradoxical conclusion that the motion 
of an electron in a constant electric field is finite (i.e. cyclic). The 
electron in the lattice periodically passes through one and the 
same point of the crystal. Such a motion differs qualitatively from 
the motion of a free electron in a constant electric field. The motion 
of the free electron in the field is uniformly accelerated and infinite 
and the electron never returns to its initial point. The periodic 
nature of the motion of an electron in a lattice under the action 
of a constant electric field was first mentioned by I. M. Lifshits. 

It should be noted however that the paradoxical cyclic motion 
of an electron in an electric field is practically not observed. This 
may be explained by that the free-path length of an electron in a 
metal is many orders smaller than the amplitude of oscillations of 
the electron in the field. To demonstrate it, let us determine the 
frequency of the finite motion and the distance between the points 
of stop O and O’ in a crystal. The period of oscillations is deter- 
mined by the time t during which the imaging point in Fig. 46a 
passes the length AA’. As follows from equation (2.20) the time t is 


ah 
a 
= \ dp __—s2ah 
= lelE alelE 
aA 


The frequency of oscillations vg in an electric field is 





The amplitude of oscillations X is then equal toa 0 where e4 


and ep are the values of the energy of the electron in points A and 
0 of phase space. The difference e4 — & is the width of the energy 
band and is of an order of several electron-volts in metals. At 
feasible values of the electric field E ~ 10-° V/cm, the amplitude X 
attains approximately 10° cm, that is hundreds of millions times 
greater than the free-path length of an electron'). Oscillations 


') An electric field of E ~ 10-@ V/cm corresponds to the current density 
in metal j ~ 102 A/cm? at unit resistance 9 ~ 10-8 ohm-cm. The numerical 
example has been taken from the book: Lifshits I. M., Azbel M. Ya., Kaga- 
nov M, I., Electron Theory of Metals (in Russian). Moscow, “Nauka”, 1971. 
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of such a gigantic amplitude would occur with an extremely low 


frequency p 
VE> ele! | ~ 50 Hz 





With each act scattering, the momentum of the electron changes 
irregularly. For that reason a finite motion along a path exceeding 
the free-path length is impossible. At small sections of the path 
between successive acts of scattering, the electron naturally moves 
progressively. We have come to another paradoxical conclusion 
that the flow of a direct current in metals is caused by scattering 
of electrons. With no scattering, an electric current would not 
grow infinitely, as in free space, but an alternating current would 
be formed with a frequency depending on the magnitude of the 
electric field applied (close to the industrial frequency of 50 Hz). 


2-5. DEPENDENCE OF THE ENERGY 
OF AN ELECTRON IN THE LATTICE 
ON QUASI-MOMENTUM 


The dependence of the energy on the momentum of an electron at 


application of a weak periodic potential Ver (P) may be considered 
in the simplest way on a one-dimensional model in which the 


energy e depends only on one component of the momentum p. We 
shall proceed from the law of dispersion for a free electron: 
p? 

o = Ony 

An application of a weak periodic potential Ve;;(x) cannot 
change substantially the law of dispersion at small momenta at 
large distances from the boundaries of the Brillouin zone. An elec- 
tron then moves as a free particle and its law of dispersion prac- 
tically does not differ from the parabolic relationship ¢ = p?/2mp. 


As the momentum approaches the boundary values +2, the 


electron wave is braked by the lattice, its velocity Ug = $e de- 


creases, and the effective mass of the electron increases. This re- 
sults in that the relationship e(p) deviates from the parabola 
p?/2mo towards smaller values of e (Fig. 48). 

At p = p’ (see Fig. 46a and 6) where Be effective mass turns 
to infinity, the curve e(p) has a bend point > ae ,=0. 

The relationship e(p) undergoes the Shesbel perturbation in 
the vicinity of the boundary momentum. Since at p= a the 


velocity of the electron becomes zero, the curve e(p) must appro- 
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ach the boundary with the zero slope of the tangent (Fig. 48): 


de 
OP |paete 9 
a 


Let us consider in more detail the behaviour of the energy of an 
electron near the boundary of the Brillouin zone. 

The energy levels of an electron in a crystal at the momenta 
sufficiently distant from the boundary of the Brillouin zone can be 
calculated by the theory of perturbations; with the motion of a 
free electron taken as the 
motion not disturbed by a 


iS 
periodic potential Veg (r). The 
theory of _ perturbations 
makes it possible to determine 
qualitatively the dependence 
of energy on momentum also 
in direct vicinity of the boun- 
dary of the Brillouin zone. 
We shall make a brief cal- 
culation by the theory of per- 
turbations for the one-dimen- 

sional model selected. 
With a zero approximation, 
the perturbation Veg (x) = 0. 
Fig. 48 The wave functions of the 
zero approximation gl?) (x) 

obey Schrédinger’s equation for a free particle: 


— wp) = oP) (2.26) 





and are plane waves: (0) (x)= Ae’**. The constant A is found 
from the normalization condition 


L L 
[ve (wo (a) de = a? | de 
0 0 


where L is the length of the “crystal” in the selected one-dimen- 
sional model. The wave function ‘=p? (x) is of the form: 


pO) (x) = r etkx (2.27) 


With the,zero approximation, the energy spectrum is quasi-con- 
tinuous: 
h2k? p? 


(0) — Payee a 
eg) = = 
21mg 2m 





(2.28) 
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Let us recall that & can take a discrete set of values [see (2.7)]: 


k= a, where n=+1, +2,.. 


According to the theory of perturbations, in order to find the 
energy and eigenfunctions in the first approximation, we have to 
calculate the matrix elements of the pseudo-potential: 


L 
(Venere =) YE" V og (2) WO (a) dx (2.29) 
0 


It can be demonstrated that the matrix elements CV en)erk are 


other than zero only at definite values of k’ and k. Since Vey;(x) 
is a periodic function with the lattice period a, it can be expanded 
into a Fourier series of the form 


2 ny 
Veg (x)= Cre 2 (2.30) 
Substituting Y 30) into (2.29) gives: 


20 
(Vem) p= aes 7 fe ed 2d Cre a etkx dy — 


as 


=tdehe eens “dr Coy, 28 9 
n a 
0 at # #k+men 
_ a (2.31) 
Cy’ at k= k+— 2 
Thus, the matrix elements V enderk differ from zero only at k’= 


=k+ tn’. The correction e“)(k) to the energy © (&) in the 
first approximation is equal to the diagonal matrix element: 


L 
el (ke) = (Verder = | Ver (x) dx = ep (2.32) 
0 


i.e. to the magnitude of the pseudo-potential averaged over the 
crystal. This correction is independent of wave vector. The energy 
spectrum of the electron in the first approximation of the theory of 
perturbations changes by a constant value Veg. This variation is 
not a principal one, since the constant shift of the energy levels 
Veg can be accounted for by varying the origin of calculation of 
the energy. 
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According to the theory of perturbations, the value of energy at 
the second approximation can be written in the form 


e? (k) = el) (k) + a! (k) + a!) (k) = 
— |Vem ern? 
= e\(k) + Veg + yD Oe) — eR) 
1Cn |? 
2 
el (4) — el) (e+ =n) 


The use of the theory of perturbations is only feasible when the 
disturbing potential Veg (x) is sufficiently low. The values |Cnl? 
then are of the second order of smallness, so that the correction 
to the energy in the second ap proxnlaHion is inessential, provided 


that the difference e')(k) — e! (« na — = n) is substantially greater 


than |C,|?. 
Under the same condition, the wave function in the first approxi- 


mation wi) (x) differs only aes from tp (x): 
1p (x) = apo? (x) +2 i, © 230 


= 0(k) + Veg + d (2.33) 


e)(&) — re +-2n) 


The states are of interest for which the difference e(k) — 
—e() (2+ n) is comparable with |C,|?. Namely these states cor- 


respond to the wave vectors which are close to the boundaries of 
the Brillouin zone. 


ee als el) ae (e +e = n). This re implies that 








fee? : 
Bing = Ti aw (# ae *n)., whence B= kh + an nk + wo rk= 
= —=n. Thus, since n = +1, +2,..., the equality of the ener- 


gies e©(k) and e°) ( += n) is observed for the momenta cor- 


responding to the boundaries of the Brillouin zone. With a small 
difference between these energies the correction to the wave func- 
tion *pi0)(x) in equation (2.34) sharply increases. The free motion 
of the electron then undergoes a strong perturbation. 

The maximum perturbation is observed when the denominator 
of the correction to the wave function »p'?)(x) becomes zero. Ex- 
pressions ‘(2.33) and (2.34) then become meaningless, since the 
condition of the applicability of the theory of perturbations is 
violated. 
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With el") (k) > 2 (A +2 n , the coefficient at pi) 2 | (x) 


in (2.34) increases. This implies that the state ~p!!)(x) becomes 
a mixed one, the proportion of the state v on _ (*) in it being 
+ n’ 


not less than the proportion of the state ~!?)(x). 

With the exact equality el”) (k) = 0!) (& += n’) which corres- 
ponds to k=—=in, the level 2(k) is degenerated, since two 
different functions: *p{?) (x) and po (x) correspond to one and 

+ n’ 


2m 


the same energy. Therefore, near the boundaries of the Brillouin 
zone, degeneration must be already taken into account in the zero 
approximation, and the wave function p(x) must have the form: 


p (x) = arp? (x) + Bye on, (*) (2.35) 
+ n’ 
where a and f are unknown coefficients. 
With no degeneration, B < a; for degenerated states, a and B 
are values of the same order. 


Let the wave function (2.35) be substituted into Schrédinger’s 
equation for a disturbed system 


(—FL- B+ Verte) pO = ep (2.36) 


x 
We also take into account that sp{?)(x) and vO on .(*) are the 
a n’ 


solutions of the equation for a free electron (2.26). This gives the 
following relationship: 


ae (2) YE (x) + Be (+ En) WO og (+ 
+ Veg (x) BW (x) = emp (x) (2.87) 


Let us denote for convenience: 


(0 = (0 = 
WE =H WO oe OY, 


, 


e(k) =e, 2 (é + = n’) = e 
Equation (2.37) will then take the form 
ae, p, Fe Be, tp, i Vow (ap, ate Brp,) —e (arp, ae Bip.) 
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Multiplying it from the left-hand side by p; and wp, respectively 
and integrating by x, we get 


ae, + a(Vig), + BV pio Tee 
Be, +a (Vendor + B(V ooo = eB 


[e, + (Vem) — 214+ (Veg) pB=0 
(V enor & + [82 + (Veg )oo — &] B= 0 


The system of linear homogeneous equations (2.38) relative to 
a and 6 has a non-trivial solution only when the determinant of 
the system turns to zero: 


e+ Veni aie (Vemis 
V enor & + (Ven )oo — & 


This, in turn, gives an equation for determining the energy. Noting 


or 


(2.38) 


=0 (2.39) 

















that 7 
(Venu = (V eft)ae = Ver 
and 
1 . -1 28 nx ‘ 
WVerh2Vena=ICw P=|7, | Ver (xe # "de —|(Ver) an 
0 a 
we have 
2) (k) + 9( (Gir Qn oO) +e (REE) 
@ = + Vig 


[On —-O Rp ewr CS 
[CET @ Ge: n’)| + |(Ven) 201, (2.40) 


It can be seen from (2.40) that at application of a perturbation 
Veg (x), the energy of an electron has a discontinuity in a point 


where e) (k) = 2 (k +n’), i.e. at the boundaries of Brillouin 


zones. With approaching the boundary from the left- or right-hand 
side, the energy tends respectively to 


2) (= 1’) ‘)— )—|Ven) 2x an »| and e° ae)+| (V ep) 20 | 
a 


The magnitude of discontinuity of the energy at the zone bound- 
ary is 2 |(Ven) Bs | and becomes zero only at Veg (x) = 0. Ener- 
n’ 
a 
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gy discontinuities at boundaries of Brillouin zones are equivalent 
to that the energy spectrum of an electron in a metal has for- 
bidden states (and the corresponding forbidden values of the 
energy). The interval of forbidden energies coincides with the 
magnitude of the discontinuity 2|(V.5) on | 


The dependence of the energy e of an electron on momentum 
under account of energy discontinuities at boundaries of Brillouin 
zones is shown in Fig. 49. The 
dotted lines in the figure show 
the relationship e(p) for a 
free electron. 

As has been noted in Sec. 
2-3, Chapter Two, the values of 
momentum in the first, second, 
etc. Brillouin zones are physi- 
cally equivalent. But physically 
equivalent values of momentum 
must have in correspondence 
the same values of the energy. 
In order to satisfy this requi- 
rement, we translate (shift) 
the equivalent halves of the 


zones (the intervals 0 + Lu 


a 
SOE et 
a" a’ 





ete.) and the respective sections of the curve e(p) 


with a period = 
As a result of this translation, the picture shown in Fig. 49 will 
be transformed into the one illustrated in Fig. 50. The energy then 


becomes a periodic (with a period of 2ah) and multiple-valued 


function of momentum. Bands of allowed states of energy are 
formed in the energy spectrum, which are termed energy bands 
(the first, the second, etc.), separated by intervals of forbidden 
energy values. The dependence of energy on momentum then re- 
mains single-valued only within the limits of each energy band. 

What has been done above with the momentum-energy relation- 
ship should be regarded as the method of transition from the con- 
tinuous energy spectrum of a free electron to a banded energy 
spectrum of an electron in a weak periodic field of an effective po- 
tential. The féllowing aspect then requires special attention. If the 
Brillouin zones are considered from the standpoint of possible 
values of the momentum, then one can limit oneself to the first 
zone, since in that sense all the zones are equivalent and the first 
zone includes all the physically different values of momenta, 
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But in order to construct energy bands (Fig.50) we have to con- 
sider a number of Brillouin zones. The relationship e(p) in the 
first Brillouin zone has resulted, after translation, in the construc- 
tion of the first energy band. The same relationship in the second 
Brillouin zone has made it possible to construct the second energy 
band, etc. 

The one-dimensional model considered makes it possible to elu- 
cidate the main qualitative peculiarities of the momentum-energy 
relationship for an electron in a crystal. They consist in that ener- 
gy discontinuities appear at the boundaries of the Brillouin zones, 
because of which the continuous energy spectrum of a free elec- 
tron is transformed into a spectrum consisting of energy bands 
separated by intervals of forbidden values of energy. 





Fig. 59 


This picture of band spectrum becomes substantially more com- 
plicated in cases of two or three dimensions. This is connected 
with the distances to the boundaries of Brillouin zones becoming 
dependent on the direction of momentum, and therefore, the rela- 
tion between energy and momentum becomes different for different 
directions in the lattice. 

The boundaries of the Brillouin zones for a two- or three-dimen- 
sional crystal are respectively the straight lines or planes in 


p-space on which the energy of an electron undergoes a discon- 
tinuity. The interference between the incident electron wave and 
that reflected from atomic planes results in that standing waves 
are formed in directions perpendicular to the atomic planes; runn- 
ing waves can only propagate along atomic planes. 

For that reason, the normal component of the velocity of the 


electron Cn = (25) turns to zero at the zone boundaries. This 
Op /n 
results in that the constant-energy surfaces e(p) = const cannot 


touch the boundaries of the Brillouin zones and must intersect the 
latter in the direction of a normal to the boundary. In other words, 
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a normal to a constant-energy surface e(p) = const coinciding in 
direction with the velocity of electron vg = grad >e at the bound- 


ary of a Brillouin zone must be located in the plane of that bound- 
ary. 

In a two-dimensional case, the boundaries of a Brillouin zone 
intersect each other in certain points. The components of the vec- 
tor grad+e must evidently turn to zero in those points, and the 


energy of the electron attains a relative maximum (or minimum). 
In a three-dimensional case, two boundaries of a Brillouin zone 


intersect along a certain straight line. The vector 0, = grad >e& 


can have a component other than zero only along this line. In the 
common point belonging to the three boundaries (at the vertex of 
the zone), grad>e=-0 and the energy also attains a relative 


maximum (or minimum). 

When calculating the energy of an electron in the vicinity of 
the vertices of the zones by means of the theory of perturbations, 
we have to take into account that the levels at the vertices undegro 
quadruple degeneration. The wave function of the electron at the 
zero approximation near a vertex must be the sum of four 
items with the wave vectors entering the equation of the three 
boundaries intersecting at the vertex. This gives a fourth-order 
equation [similar to equation (2.39)] to determine the energy of 
the electron. 

The energy of an electron is a periodic multiple-valued function 
of momentum, irrespective of the number of dimensions of the 
lattice for any direction in the crystal. The general pattern of the 
momentum-energy relationship for a selected direction is shown 
in Figs. 49 and 50. 


2-6. CONSTRUCTION OF BRILLOUIN 
ZONES 


In Sec. 2-3 of this chapter we have defined the Brillouin zones 
for the simplest one-dimensional model of crystal (see Fig. 42) 
and also the first Brillouin zone for a plane square lattice in a two- 
dimensional case and for a cubic lattice in a three-dimensional 
case. Let us pass over to the construction of Brillouin zones of any 
number for cases of two and three dimensions. 

In order to demonstrate the method of geometrical construction 
of Brillouin zones, we will consider a two-dimensional crystal with 
a simple square lattice having the period a (Fig. 51). The bound- 


aries of the Brillouin zones are the straight lines in k-space on 
which the energy undergoes discontinuities. Therefore, to con- 
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struct the general pattern of the zones, we have first to find all 


these straight lines in k-space. 

Let us turn to the two-dimensional lattice chosen. For a two- 
dimensional periodic structure we can plot various families of equi- 
distant parallel straight lines, what are called “network” lines, on 
which all atoms of the structure are located (Fig. 52). Generally 
speaking, the number of such families may be infinite. The con- 
struction is convenient to be started from the families of “network” 
lines which pass at the maximum distances from each other and 





Fig. 51 Fig. 52 


then go over to families of lines passing closer and closer to each 
other. In the case considered, two families of the first kind are 
possible: the one consists of lines perpendicular to the x axis (the 
distance between the lines aj = a), and the other is formed by 
lines perpendicular to the y axis (solid lines in Fig. 52). It can be 
easily seen that no other families with the period a can exist. 


Then follow two families of lines located at distances aj—=—= 


V2 
from each other (diagonal dotted lines in Fig. 52). 

Next follow four equivalent families of straight lines. One of 
these families is shown in Fig. 52 by dot-and-dash lines. The 
straight lines constituting this family pass at distances of 
a; =F from each other. 

Let us consider one of the families plotted in which the network 
lines pass at a distance a; from each other (Fig. 53). Let an elec- 


tron with the wave vector &; move perpendicular to the lines of 
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this family. At the values of the vector k= +n, the energy 
a; 


undergoes discontinuity (the electron is reflected by the lattice). 
These values of the wave vector determine the position of the 
boundaries of the Brillouin zones in the given direction. 


We choose the origin of coordinates in k- space and draw a line 
through it which is parallel to vector ky. We mark the points an n 


on that line and draw perpendiculars through them (Fig. 54). 
These lines are the lines on which 

S the energy undergoes discontinuity. 

(For all the vectors passed from the 


origin of coordinates in R-space to 
any point on these lines, their pro- 
jection into the chosen direction of 





Fig. 53 Fig. 54 


Ri is equal to + Site Therefore, the component of the velocity of 
ai 


motion of an electron along the direction Ri turns to zero and 
the electron wave is reflected by the lattice.) 

The greater the distance a; between the equi-distant “network” 
lines, the closer the lines of discontinuity of energy are located to 


the origin of coordinates in k-space. Since the first Brillouin zone 


is the area (or the volume in a three-dimensional case) in k- space 
bounded by a combination of straight lines (or planes) of energy 
discontinuities located most closely to the origin of coordinates, 
then it is clear that in order to construct this zone, we have first 
to consider the families of equi-distant straight lines in the initial 
lattice which are at the greatest distance from each other. 

Thus, the construction of the first Brillouin zone for the lattice 
shown in Fig. 51 must be started by using two mutually perpendi- 
cular families of lines with the maximum distances between them 
equal to the lattice period a. Let us consider the wave vectors of 
the electron which are orthogonal to each of these families (vec- 
tors ky, and k, in Fig. 51), 
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We draw straight lines parallel to vectors kz and &, through 
> 

the origin of coordinates in k-space. We draw lines through the 

points corresponding to the values of wave vector ki=tin 


(where n = 1, 2, 3, ...), perpendicular to these lines. Note that 
these latter lines are parallel to the chosen families of “network” 
lines in the crystal lattice, but the distance between them is in- 


versely proportional to a (Fig. 55). 
Xxx] 


w 
XXX] 












Fig. 53 


The next two families of “network” lines with the period equal 
to a/+/2 (diagonal families in Figs. 52 and 56) will give the lines 


of energy discontinuity in k-space located at an angle of 45 de- 
grees to those constructed earlier and passing at distances 
at a2 * n from the origin of coordinates (Fig. 57). 

Similarly, we can construct a set of lines of energy discontinuity 
corresponding to four families of “network” lines having the pe- 


riod a/4/5, ete. 


> 

Continuing the construction further, we can plot in k-space all 
the possible lines of energy discontinuity that are more and more 
distant from the origin of coordinates as the period of engendering 
“network” lines becomes smaller. But, as will be clear later, plot- 
ting of a large number of various families of lines of energy dis- 
continuity has no practical meaning. 

We can now construct the Brillouin zones since the boundaries 
separating these zones have been defined. As has been indicated, 
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the first Brillouin zone is an area bounded by a set of energy dis- 
continuity lines that are located most closely to the origin of co- 
ordinates. The second Brillouin zone is a set of areas adjoining 
the boundaries of the first zone and equal in area to the first zone. 
Similarly, the third zone consists of areas adjoining the boundaries 
of the second zone and is equal in area to the second zone. 

It can be taken conditionally that the first Brillouin zone adjoins 
a zero zone which has degenerated into a point at the origin of 
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Fig. 57 
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coordinates. Under such an assumption, the methods of construc- 
ting each zone become similar. The first four Brillouin zones for 
a two-dimensional square lattice are shown in Fig. 58. The first 
zone is shown shaded at 45 degrees to the axes, the second, by 
vertical shading, the third, by horizontal, and the fourth is left 
unshaded. As can be seen from the figure, all the zones beginning 
from the second become multi-bonded. 

The construction of Brillouin zones for a three-dimensional case 
is similar to that just described and reduces to finding the set of 


the 
planes of energy discontinuity in k-space and to classifying (by 
zones) the regions bounded by these planes. 

Let us construct, as an example, the first Brillouin zone for a 
face-centered cubic lattice [such a lattice have alkali metals at room 
temperature (Fig. 3)]. For this, we first find the families of “ne- 
twork” surfaces located at the greatest distance from each other. 
Such families are formed by diagonal planes, one of which is 
shown in Fig. 59. The distances between these planes are equa! to 


alv2. In the case considered, there may be six equivalent fami- 
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lies of this type (half the number of edges of the cube). The sur- 
faces of one of these families are parallel to the plane passing 
through edges 5 and 7 of the cube (Fig. 59). The planes of the 
second family are parallel to the plane passing through edges 6 
and 8, those of the third, to the plane passing through edges 10 
and 12, etc. 

We draw straight lines through the origin of coordinates in 


h-space in the direction of wave vectors perpendicular to each of 
the six families of “network” surfaces. At a distance ~/2 n/a from 
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Fig. 58 Fig. 59 


the origin of coordinates, we plot the planes perpendicular to these 
straight lines (each pair of these planes is parallel to one of the 
families of “network” surfaces, or in other words, each family of 


“network” surfaces with the period a/+/2 engenders in k-space 
parallel planes of energy discontinuity passing at distances 


a x from each other). 


The intersections of twelve such planes confine the volume of 
the first Brillouin zone which has the form of a rhombic dode- 
cahedron (Fig. 60). Two families of diagonal planes perpendicular 
to the xy plane (in Fig. 59, these are the families passing through 
edges /-3 and 2-4) engender four faces which are shown shaded 
in Fig. 60. The remaining four families of planes located at an an- 
gle of 45 degrees to the xy plane engender eight non-shaded faces. 
Two planes of energy discontinuity located symmetrically relative 
to the origin of coordinates correspond to each family. The centres 
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of all faces of the rhombic ee of the first zone are lo- 
2a 





cated at an equal distance from the origin of coordinates. 


Let us now construct the first Brillouin zone for a face-centered 
cubic lattice (Fig. 4). Such a lattice is characteristic, for instance, 
of gold, silver, and copper. In this case the families of “network” 
surfaces passing at the greatest distances from each other are the 


planes located at distances alV/3 apart (two such planes are 
shown shaded in Fig. 61). Each of such planes includes the diago- 
nals of three faces of the cube with the common vertex. There are 





Fig. 60 Fig. 61 


four families with the period a/4/3. In the wave vector space, 
they will give eight planes of energy discontinuity spaced at 


BEES from the origin of coordinates. 
The second group of families of “network” surfaces is characte- 


. : a a a 

rized by the period SG< re) 
cubes and parallel planes passing through the central atom of a 
face. In k-space, these families will give six planes perpendicular to 


the axes Rx, Ry, kz and spaced at 2a from the origin of coordinates. 


Thus, eight planes of the first type (with the period 23 *) and 


and consists of the faces of 








a 
six planes of the second kind (with the period =), by intersecting 


with each other, confine the volume of the first Brillouin zone of 
the face-centered cubic lattice in the form of a cubo-octahedron 
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(Fig. 62). By selecting the families of “network” surfaces with a 
period smaller than a/2 and constructing the corresponding sur- 


faces of energy discontinuity in k-space, we can plot the second 
zone adjoining the first one, etc. 

Here, as in the two-dimensional case, all the zones beginning 
from the second become multi-bonded. But the sum of all the 
volumes relating to each zone is constant and equal to the volume 
of the first zone. 

To conclude this section, we shall construct the first Brillouin 
zone of a close-packed hexagonal lattice (Fig. 5). Let us recall 





Fig. 62 


that this lattice is characterized by the ratio c/a equal to a/ = ~ 


s 1.633 (see Sec. 1-2, Chapter One). 

Hexagonal crystalline structure is found in many bivalent me- 
tals (beryllium, magnesium, zinc, cadmium) and some trivalent 
metals (yttrium and thallium). The lattices of these metals have 
a c/a ratio close to that indicated for the close-packed hexagonal 
lattice. For instance, according to Barrett [37], for thallium at 
the temperature of liquid helium, c/a = 1.593. Thus, the ideal close- 
packed hexagonal lattice is a sufficiently good model of the crys- 
talline structure of the metals indicated. 

Let us consider the geometry of the close-packed hexagonal 
lattice. The axis of symmetry coinciding with the axis of any of 
the hexagonal prisms in the lattice (Fig. 5) is a spiral axis 63, 
which is usually denoted as the c axis. The planes perpendicular 
to this axis are termed the basal ones. The “network” surfaces pa- 
rallel to one of the basal planes are located at distances c/2 from. 
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cach other. In h-space, these surfaces engender the planet of ener- 


gy discontinuities which are orthogonal to the wave vector k- 
directed along the c axis. The family of such planes of energy dis- 


continuities has the period +. The two planes of the family, 
which are the closest to the origin of coordinates of k-space, bound 


the first Brillouin zone in the &,-direction. 
In order to construct the boundaries of the first Brillouin zone 


s 
in directions perpendicular to Rc, let us consider one of the “net- 
work” surfaces which is paral- 
lel to the basal plane (Fig. 63). 
The atoms located directly on 
the given “network” surface 
are shown in dark circles here, 
while the bright circles show 
the projections onto this sur- 
face of the atoms located on 
the neighbouring “network” 
surfaces. shifted a distance 
+c/2 along the c axis. Shown 
separated in the figure is one 
of the hexagons in the basal 
plane in whose vertices and 
centre are atoms of the lattice 
(shown as dark circles). 

Let us consider various fa- 
milies of “network” surfaces 
parallel to the c axis. Among 
them there are six families 
whose surfaces are located at the greatest distance from each 
other. One of these families passes over into any of the remaining 


five families at rotation through an angle + 5 n, where n = 1, 2, 


3, 4, 5, about the c axis. The period of a family is equal to a/2. The 
dot-and-dash line in the figure shows the lines of intersection of the 
basal plane with the “network” surfaces of two of the indicated 
families, which are directed at an angle of 60 degrees to one another. 

In the wave vector space, the “network” surfaces of each of the 
families described with the period a/2 engender planes of energy 
discontinuity, located at distances of = Six such planes, which 

a a 

are symmetrical relative to the &, axis and the closest to the origin 
of coordinates of k-space, together with the two closest planes per- 


pendicular to &,, form a hexagonal prism (Fig. 64). 





Fig. 64 
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The sides of the right hexagon in the base of the prism are 
equal to Te and the height of the prism is =. 
a 





When considering various families of “network” surfaces di- 
rected at different angles to the c axis (other than zero or 90 de- 
grees), we can easily see that there are no planes of energy dis- 


continuity in k-space that intersect the hexagonal prism construct- 
ed. Thus, the surface of the prism consists of the planes of energy 
discontinuity that are closest to the origin of coordinates, and the 
prism itself is the first Brillouin zone of a close-packed hexagonal 


lattice. The ratio of the height of the prism a to the side of the 
Ss is V3 2 x 1.06. 


Note that the hexagonal prism corresponding to the first 
Brillouin zone is turned through an angle of +30 degrees about 


the he axis relative to the initial hexagonal prism in the crystal 
lattice. 





base 


2-7. THE RECIPROCAL LATTICE. THE WIGNER-SEITZ 
METHOD FOR CONSTRUCTING THE FIRST 
BRILLOUIN ZONE 


Construction of the first Brillouin zone has another geometrical 
aspect. To elucidate it, we first introduce the concept of the recip- 
rocal lattice. 

Condiser a crystal lattice where the principal translations are 


given by vectors a, 6, and c (Fig. 65). A reciprocal lattice will be 


the one with the vectors of the principal translations a*, b*, and ce 
which are determined as follows: 


Fe 2s C2) CE 
(a [6 -¢}) (6 (a -¢}) ” (¢ [a -}) 


As is known from analytical geometry, the magnitude of a scalar 
triple product (a [b-c]) is equal to the volume of a parallelepiped 
constructed on the vectors a, 6, and ¢. The magnitude of vector 
‘product {{0- ‘dl gives the area of the base of the parallelepiped, i.e. 
the area of the face which contains the vectors b and c (see 

[6-2] 


Fig. 65). Therefore, the vector at = a aig a which is perpendicu- 
b 
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lar to the base, is equal in magnitude to 1/h, where A is the height 
of the parallelepiped. 


The faces of the parallelepiped containing the vector pairs a and 


é, b and G or a and c, as also their parallel faces, coincide with 
the planes of the three families of “network” surfaces of the crystal. 


Each of the vectors ar, be and 

> 

c* determining the reciprocal Je... ff 
lattice, is orthogonal to one of 


those families and is equal in 
magnitude to the inverse dis- 
tance between the “network” 
planes of the family. This pro- 
perty of the vector of a recip- 
rocal lattice makes it possible Fig. 65 
to use the following technique 
for constructing this lattice. Let it be explained by an example of 
constructing the reciprocal lattice for a face-centered cubic lattice. 
We consider the atoms located on the faces of a single element- 
ary cell (Fig. 66). Two types of families of “network” surfaces 


ay 





Fig. 66 


with the periods al/-/3_ and a/2 pass through these atoms. Three 
families of planes with a period a/2, which are perpendicular to 
the Cartesian axes, define the three vectors of the reciprocal lattice 
coinciding in direction with the Cartesian axes. Each of these 


~, >. ia . . . . . 
vectors, a, @,, or a:, is equal in magnitude to the inverse dis- 


tance 2/a between the planes (Fig. 67). 
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The four families of “network” surfaces with the period a/+/3, 
which are perpendicular to the four body diagonals of the cube, 


define the four orthogonal vectors of the reciprocal lattice b, b, 
> > 
b;, and 6}. These vectors start at the vertices of the elementary 


> 

aj, and 

> 

a, are directed along its body diagnonals, and end in the centre 
of this cube. Since they thus 
define only one node of the re- 
ciprocal lattice, ie. the centre 
of the elementary cube, it is 
sufficient to use only one of the 


Pe Pe rc rc 
four vectors bi, 53, 53, and 61, 


> > 
for instance, b} = 6* (Fig. 67). 
The construction we have 
made shows that for a face-cen- 
tered lattice with the period a 
the reciprocal lattice is a body- 
centered lattice with the pe- 
riod 2/a. 
Here is another example of 
constructing a reciprocal lat- 
tice. Let the direct lattice be a 
body-centered lattice with the 
Fig. 67 period a. The result can be ob- 
tained without geometrical con- 
struction. It follows from the fact that the formulae for the vectors 
of the reciprocal lattice (2.41) are reversible. The vectors of the 
direct and reciprocal lattices are mutually reversible: if we form 


cube of the reciprocal lattice constructed on vectors a’, 


three combinations of the type etc. from the vectors 
(a* [b*+c* 

ar, b*, and c* and substitute them into expressions (2.41), we 

then obtain vectors a, 6, and c. Therefore, for the body-centered 

lattice with the period a, the reciprocal one will be a face-centered 

lattice with the period 2/a. 

The same result will now be obtained by geometrical construc- 
tion. For this, we consider, as before, the atoms located in the 
vertices of an elementary cube and in its centre. One cell defines 
only two types of families of “network” surfaces with the periods 


alV/2 and 'a/2. The planes of the families with the period a/2 are 
perpendicular to the Cartesian coordinates. One of these planes 
is shown in Fig. 68 as the shaded horizontal plane. The diagonal 
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shaded plane in the figure belongs to one of the families with the 
period a/+/2. 

The vectors a’, a, and a’ corresponding to the three first 
families with the period a/2 are directed along the Cartesian axes 
of the space of the reciprocal lattice. The magnitude of these 
vectors is 2/a; these vectors define an elementary cube of the reci- 
procal lattice (Fig. 69). The six diagonal families of “network” 


surfaces with the period a/4/2 have respectively three different 


/ Mtn | 
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Fig. 68 Fig. 69 


vectors of the reciprocal lattice b, bi, and b:. These vectors are 


directed from the vertex of the elementary cube to the centres of 
the three faces for which the given vertex is the common one. The 
six vectors ai, a3, a; and bi, 63, 6; define the nodes of a face- 
centered lattice with the period 2/a. 2 

These geometrical constructions of reciprocal lattices show that 
the space of a reciprocal lattice is closely linked with the phase 
space or wave vector space. (The space of a reciprocal lattice in 


- 
its dimension is identical to k-space). 

By comparing the construction of reciprocal lattice with that of 
Brillouin zones, which has been described in Sec. 2-6, Chapter 
Two, we can conclude that the surfaces of energy discontinuities 
in the wave vector space are orthogonal to the vectors of the 
reciprocal lattice. It has been found for the one-dimensional model 
of a crystal (see Sec. 2-5, Chapter Two) that the location of ener- 


gy discontinuities in k-space is determined by the equality e (&) = 
= 29) (« += : By a similar calculation of the wave function 
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and energy of an electron for a three-dimensional case, it may be 


shown that the surfaces in k-space on which the energy undergoes 
a discontinuity are also determined by the equalities 


> > > 
2) (k) = 8 (k + Ing) (2.42) 
where Z is one of the vectors of the reciprocal lattice. Since 
20) (2) = LaLa _ it then follows from (2.42) that 
Mo 


|RP=|RP+2-2n(kg) + 4x2] oP 
or 


(k-+ ng, g)=0 (2.43) 


Condition (2.43), which determines the location of the surfaces of 


energy discontinuity in k-space, has a clear geometrical and phy- 

sical meaning. To show this, we construct a vector diagram cor- 

responding to (2.43). For this, we place the origin of calculation 
> 


. wave vector Rk into the point 0 coinciding with the end of vector 


. We draw a plane B perpendicular to vector 2ng through its 
wigs (Fig. ,/9). Any vector lying in this plane is perpendicular 


to vector ng or z. But a vector “lying in the plane B is equal to 
the sum of vectors ng and k, if ek ends in plane B. Thus, the end 
of vector k satisfying equation (2.43) gives all the points of plane 
B. In order to find all the possible values of & satisfying (2.43), 
it is necessary to give all the vectors g of the reciprocal lattice. 
Vectors g are expressed through the basis of the reciprocal lattice 
a*, b*, and c* as follows: 


> > > > 
g =na*+ nb* + nc" (2.44) 


where fy, Me, ng are whole numbers. The combination of the planes 


passing through the middles of vectors ong and perpendicular to 
them gives, therefore, all the planes of energy discontinuities in 


k- -space. Note that the space of the reciprocal lattice differs from 


k-space only in that the scale of axes is changed by a factor of 2n. 

These considerations make it possible to suggest the following 
simple method for constructing the first Brillouin zone. For the 
given lattice, we construct the reciprocal] one, after which the scale 


2-8. Filling the Brillouin Zone with Electrons 11 


of space of the reciprocal lattice is changed by a factor of 2n, 


which allows us to pass over into k-space. Any selected node of 
the reciprocal lattice is then connected by straight lines with the 
nearest neighbouring nodes, 
and perpendicular planes are 
drawn through the middles of 
the sections obtained. The vo- 
lume confined within these 
planes will be the first Bril- 
louin zone. 
This construction of the first 
Brillouin zone, which is essen- ra 


> 

tially a unit cell in &-space 

bounded by the planes of ener- 

gy discontinuity that are the 

nearest to the given node of \————}+——.,—— 

the reciprocal lattice, was first 

proposed by Wigner and Seitz. 

Because of this the first Bril- 

louin zone is sometimes called 

the Wigner-Seitz cell in recip- 

rocal space. Wigner-Seitz cells 

constructed near each node of 

a reciprocal lattice tightly fill 

the whole reciprocal space. Fig. 70 
As will be shown later, the 

geometric frame obtained in 

such manner plays the most important part in the construction 

of Fermi surfaces by Harrison’s method in the scheme of repeat- 

ing zones. 


2-8. FILLING THE BRILLOUIN ZONE 
WITH ELECTRONS 


Having determined the position of surfaces of energy disconti- 
nuity in k- or p-space and the Brillouin zones for lattices of vari- 
ous kinds, we can begin to construct the energy spectrum of elec- 
trons '). Our aim is to find the boundaries of Fermi distribution of 
electrons, i.e. of the Fermi surface, since only the electrons located 
sufficiently. close to this surface can interact with external fields. 


> > 
') and, p-spaces differ from one another only in the scale factor A, 
since p = fk. 
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For construction of the Fermi surface in p-space, it is immaterial 

whether electrons in the metal are a Fermi gas or a Fermi liquid, 

since in both cases they obey the Fermi-Dirac statistics and each 
> 


electron occupies a definite volume in p-space. 

In order to reveal the mechanism of formation of complex cons- 
tant-energy surfaces in the zones, we will carry out a mental ex- 
periment on filling the Brillouin zones with electrons by consider- 
ing, as an example, a plane square lattice with the period a. Con- 
sider how the Fermi surface will change at an increase of the 
number of electrons. 

As has been shown earlier, the first Brillouin zone for a plane 


square lattice is a square of side ah located symmetrically rela- 


tive to the origin of coordinates in “‘p-space. In the centre of the 
first Brillouin zone there is the minimum of energy, since e is 


> 
equal to zero when p = 0. 
We choose two directions from the centre of the zone (Fig. 71): 
1 — to the nearest point c on the boundary (this direction coincides 
with the direction of the axes px and p,) and 2 — to the most dis- 
tant point of the boundary in the direction of diagonals of the 
p 


square. A departure from the parabolic relationship Con, be- 
gins near the zone boundaries, and the earlier, the greater the 
> 


effective potential V(r), ie. the greater the magnitude of energy 
discontinuity at the zone boundary (see Fig. 49). 
On the other hand, at small momenta, near the centre of the 
first zone, the law of dispersion is sufficiently close to the quadra- 
2 
tic law e=a, so that the constant energy surfaces (constant- 


energy curves in the two-dimensional case considered) e(p) = 
== const can be approximated with circles of a radius 


p=~+ Ime 


The distances from the origin of coordinates to the boundaries 
of the first Brillouin zone along the two directions selected, / and 


2 (Fig. 71), are respectively equal to a and V2 oh The rela- 


tionships for e(p) along each of these directions are shown in 
Fig. 72 (curves / and 2). 

In the direction /, the boundary of the zone is located closer by 
a factor /2 = 1.41 than that in the direction 2, owing to which 
the departure of the function e(p) from parabola occurs at smaller 
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velues of momentum in the first casé. In the region of small 
momenta (when p is smaller than a certain value p’ corresponding 
to the energy e’ of an electron), curves / and 2 in Fig. 72 practi- 
2 
cally coincide with one another and with the parabola c=. 
0 
With p > p’, curve J passes below curve 2, so that for the same 
energy (for instance e = e”) the momenta along direction / (py) 


are greater than those along direction 2(p’’). 


é 





Fig. 71 


> 

This means that the constant-energy surfaces e(p) = const, which 
were concentric circles of radius p=—=~/2mpe at e < e’, begin to 
be attracted, as it were, to the middles of the boundaries of the 
Brillouin zone that are located most closely to the centre of the 
zone. The degree of distortion of constant-energy curves is deter- 
mined by how near they are to the boundary of the zone, and also 


by the magnitude of the pseudo-potential Vert (Pr). It is evident 


that with Ver (r) = 0 there will be no distortion, and the boun- 
daries of the Brillouin zones will vanish. 

The size of a constant-energy surface depends on the number 
of electrons. With an increase of this number, the boundary energy 
of Fermi-distribution increases. At the same time, the volume of 
> 
p-space hounded by the Fermi surface e(p)= er also increases, 
since the volume of p-space per each two electron states is a 


constant equal to oa Therefore, when mentally filling the 
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Brillouin zone with electrons, we bring the constant energy surface 
nearer to its boundaries '). 

At an increase of the concentration of electrons, the “projec- 
tions” of the distorted Fermi circle come nearer to the boundaries 
along the four equivalent directions /. Since a Fermi surface can- 
not touch the boundary of the Brillouin zone, then, with a definite 
smal] distance between the “projections” and the boundary in 
points c, the constant-energy curve should undergo qualitative 
reconstruction. As a result of this reconstruction, the normal to 
the curve near the zone boundary becomes parallel to the boun- 
dary, and the curve itself, which has been closed, now breaks and 
crosses the boundary at right angles. There occurs a qualitative 
change of the topology of the constant-energy curve so that the 
closed single-connected curve passes over into a multiple-connected. 
A similar change occurs in a three-dimensional case: a closed 


> 
single-connected Fermi surface in p-space passes over into a mul- 
tiple-connected one. 
The nature of further variation of the Fermi line at an increase 
of the concentration of electrons depends on the magnitude of 
energy discontinuity Ae=2 | en)z| at the zone boundary. The 


problem is no more single-valued, and two different possibilities 
arise: 

1. The energy discontinuity Ae is so great that the minimum of 
energy in the second energy band e!!, is higher than the maximum 


of energy in the first energy band e! Note that the maxima of 


max’ 
energy in the first Brillouin zone are located in its corners, while 
the minima of energy in the second Brillouin zone are in the four 
equivalent points c corresponding to the following values of the 


momentum: pro Th and py=0; p,=0 and py=t—. In 


that case, with an increase of the concentration n of electrons, it 
is profitable from the standpoint of energy that all the permitted 
states in the first zone were filled. 

The total number of permitted states in the zone is twice the 
number of atoms 2N. This can be easily shown, for instance, for 
a simple cubic lattice with the period a. Indeed, the volume of each 


Brillouin zone V+ in p-space is equal to the volume of a cube 


p 
with the side aan i.e. Vea(yY. The volume of one elec- 
a p a 


ony where V is 


tron stale twice degenerated by the spin is 

4) An experiment on filling the zone with electrons is principally feasible. 
The number of valence electrons may be varied by introducing some or other 
amount of an impurity of a greater valence (donor impurities) into the metal. 
For semi-metals Bi, As and Sb, such an impurity may be, Te or Se. 
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the volume of crystal. Thus, the number of electrons filling the 
> 


F V 
zone is 2 ORT or 2-5 = 2N. 


Passing to a unit-volume crystal, it may be concluded that the 
first Brillouin zone must be completely filled with the concentra- 
tion of electrons twice the concentration of atoms in the lattice. 
This condition is satisfied for bivalent substances. In the case 
considered, bivalent substances are dielectrics or semiconductors, 
depending on the magnitude of the interval of forbidden energies 


between the bands, which is equal to the difference el —el. 


Location of the bands at el!) >el. is shown schematically in 
Fig. 73. 


€ 


WLLL: 
WML 


Fig. 73 ; Fig. 74 





min 


2. The energy discontinuity Ae is not large and the minimum of 
energy in the second band lies below the maximum of energy in 
the first zone (Cae <el... Fig: 74). 

In that case filling of the first band proceeds only to the energy 
level e equal to el. At greater values of e, it becomes energeti- 
cally profitable to fill the free states in the second band near the 
points c corresponding to the minimum values of energy (Fig. 71). 
The corners of the first zone then remain unfilled. With such a 
situation, bivalent substances are metals. These conditions are 
realized in all the elements of the group II of the Periodic Table. 
Elementary semiconductors or dielectrics with a valency of 2 are 
non-existent in nature. 


2-9. FERMI SURFACES OF THE ELEMENTS 
: OF GROUP | OF THE PERIODIC TABLE 


At filling the first Brillouin zone with electrons, the analysis of 
variation of constant-energy surfaces which has been made in 
the previous section, is sufficient to predict the most probable 
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shape of Fermi surfaces for the elements of group | of the Periodic 
Table. These include alkali metals (Li, Na, K, Rb) having a body- 
centered lattice at room temperature, and also the metals Cu, Ag, 
and Au having a face-centered lattice. 

Let us start from alkali metals. The first Brillouin zone for a 
body-centered lattice was constructed in Sec. 2-6 of this chapter 
and has the form of a rhombic dodecahedron (Fig. 60) in which 
/2 xh 

a 





all the faces are equal and located at the same distance 


from the centre of the zone, where a is the period of the lattice. 

In alkali metals, N valence electrons fill one half of the volume 
of the first zone. Let us assume that the part of the space of the 
first Brillouin zone which is filled with electrons is bounded by 
a Fermi surface sufficiently close to a sphere, and let us calculate 
its mean radius pr. The latter is found from the equality 


The volume of the Brillouin zone vs (the volume of the rhombic 


dodecahedron) is 2 _ ue whence 


pr= (2)"% = 1.242 at 


The minimum distance between an ideal Fermi sphere of the 
same radius and the boundary of the first zone is 


> 7h LS ahi 
2 — pp~0.172 = 


In other words, the radius of the Fermi sphere pr constitutes 
approximately 88 per cent of the minimum distance from the 
origin of coordinates to the boundary of the first Brillouin zone. 
Since the magnitude of effective potential, generally speaking, is 
not great, we can expect that with such a relatively large distance 
from the Fermi sphere to the faces of the Brillouin zone their 
distorting effect on the shape of the Fermi surface will also be not 
great. 

But the radius of the Fermi sphere is not so small as to make 
completely unnoticeable the distortion of the real constant-energy 
surface in alkali metals at close distances to the zone boundary. 
The expected small deviations of the Fermi surface from the 
sphere should evidently have the form of twelve projections located 
in the directions of the shortest distances from the centre of the 
zone to its faces (Fig. 75). 
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A small deviation of the Fermi surface from the sphere can be 
characterized qualitatively by the anisotropy of this surface 


AS =9 (Smax — Smin) 
S (Smax + Smin) 


where Smax and Smin are the maximum and the minimum areas 
of the section of the Fermi surface with the planes passing 
through the centre of the Brillouin zone. For a sphere, evidently, 
0 

The values of anisotropy of Fermi surfaces for alkali metals, 
found experimentally by Shoenberg [55], are given in the table 
below 














Metal Na K Rb Cs 
+, % | 02] 061 07) 14 














As will be seen from the table, anisotropy of Fermi surfaces 
does not exceed 1.5 per cent, so that replacement of a real Fermi 
surface with a sphere gives only an insignificant error. An in- 
crease of the anisotropy AS/S together with the atomic number in 
the alkali metal row indicates to an in- 


> 
crease of the pseudo-potential Veg (r) 
as a result of more complicated shape 
of atomic structures. The effective mass 
m* of electrons in alkali metals, as 
should be expected, must be close to 
the mass of a free electron. Measure- 
ments have shown that for all alkali 
metals‘) m* ~ (1.0-1.2) mo. 
We now consider the metals of group 
I having a face-centered lattice (Cu, 
Ag, Au). In this case the first Brillouin 
zone is a cubo-octahedron (Fig. 62) 
which is less symmetrical than the 
rhombic dodecahedron. The eight hexagonal faces of the zones 
which are the nearest to the centre extend from the latter at 
aa, Six square faces are at a distance aah 





Fig. 75 


a distance .of 


1) The cause of the slight increase of the effective mass compared with 
the mass of a [ree electron will be discussed later, 
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from the centre. The volume of the cubo-octahedron Ve is equal 
to 4 (4). It also is half filled with electrons. The radius pr 


of an ideal Fermi sphere in this case is (=)" a ~ 1.56 24 and 


20 
differs by only 9.8 per cent from the minimum distance from the 
centre to the zone boundary, which is approximately equal to 


1.73 22. In addition, because of the more complex shape of ionic 


structures, the effective potential Veg (r) of copper, silver and gold 


exceeds substantially V.g(r) of alkali metals. 








Fig. 76 


The greater degree of closeness of the Fermi sphere to the 
boundaries of the Brillouin zone, in combination with greater 
pseudo-potential, suggests that the Fermi surface near the centres 
of hexagonal faces must be substantially distorted. It has been 
found experimentally that the Fermi surface near these points 
opens and adheres, as it were, to the zone boundaries. This results 
in a qualitative change of the topology of Fermi surface, i.e. the 
closed single-bonded surface becomes an open one. Figure 76a 
and b shows the Fermi surface in the first Brillouin zone for Cu, 
Ag, and Au and its section with a vertical plane of symmetry 
passing through the axis p, and the bisector of the angle between 
the axes px and py. 

Since energy is a periodic function of momentum, the Fermi 
surface in first Brillouin zone which has been obtained must be 


translated for the periods of the principal translations in p-space. 
This operatian gives a surface which is open in four directions and 


passes through the whole p-space. The shape of this surface and 
of its section with a vertical plane of symmetry passing through 
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the bisector of the coordinate angle are shown in Figs. 77 and 78 
respectively. 

Thus, the Fermi surfaces of copper, silver and gold form a 
system of spheres connected by thin “necks” in the direction of 





Fig. 77 





Fig. 78 


body diagonals. This structure of the Fermi surface was first found 
experimentally by Pippard [28]. The spherical portion of the surface 
is called-the “belly” in the specialist literature. The diameter of 
the necks between spheres strongly depends on pseudo-potential. 
With the growth of the atomic number in the Cu, Ag, Au series, 
the ionic structure of the metal becomes more complicated, which 
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> 
results in an increase of V.g(r) and diameter of the “neck” of 
the Fermi surface. 

It has been indicated earlier that the body-centered lattice of 
alkali metals is thermodynamically unstable and transforms into 
a face-centered lattice at a reduction of temperature. It may be 
expected at such a transformation, that the Fermi surfaces of the 
body-centered phase which are close to the spheres must undergo 
strong distortions in the directions of the centres of the hexagonal 
faces of the Brillouin zone for the face-centered phase, i.e. in the 
directions of the body diagonals of the cube. 


> 

It is evident that if V.g(r) of alkali metals were the same as 
that of gold, silver or copper, the Fermi surface after such a 
distortion would come so near the centres of faces that the sphere- 
like surfaces would break with the formation of an open surface, 
such as shown in Fig. 77. 

But since the effective potential of alkali metals is lower than 
that of noble metals or copper, it is possible that the Fermi sur- 
face will be strongly distorted without becoming an open surface 
or with the formation of open surfaces with substantially thinner 
necks than with Cu, Ag, or Au. 

Formation of an open surface is most probable for Cs, which 


has the greatest Veg (r) among alkali metals. 


2-10. HARRISON’S METHOD 
FOR CONSTRUCTING FERMI SURFACES 


As has been mentioned earlier (see Sec. 2-3), Harrisons’s method 


is based on that a weak pseudo-potential V.g(r) introduces only 
a small perturbation into the motion of a free electron in the whole 
phase space except the regions near the boundaries of the Bril- 
louin zones. The Fermi surface of electrons is a sphere if it is 
sufficiently far from the zone boundaries. Distortion of the Fermi 
sphere can only be related to the finite discontinuities Ae of the 
energy at the boundaries, which are determined by the magnitude 


of Veg (r). Therefore, if Veg (r) is very low, the Fermi surface 
remains spherical even in the direct vicinity of the planes of 
energy discontinuity. 4s 


In the final result, if V.g(r) is made arbitrarily low, a sphere 
filled with electrons will not practically be distorted at the zone 
boundaries and at an increase of the concentration of electrons 
will grow in its volume without changing the shape. It means 
physically that if an energy discontinuity Ae at the boundary of 
the zones becomes substantially smaller than, for example, the 
energy of thermal oscillations ~A7, then the band nature of the 
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energy spectrum will have no effect on the motion of electrons. 
Because of thermal oscillations, electrons in that case can freely 
overcome the interval of forbidden energies, which actually is 
equivalent to the absence of the forbidden interval. Consequently, 


with an arbitrarily low Veg (r) the Fermi surface can cross the 
boundaries of a number of Brillouin zones without “noticing” the 
structure formed by the planes of energy discontinuities. 


> 

We shall proceed as follows. First we assume that Veg(r) is 

negligibly low. In that case we can describe a Fermi sphere of 

any radius pr from the centre of the first Brillouin zone (i.e. a 

Fermi sphere comprising any number of electrons) which will 
cross without distortion a whole number of zone boundaries. 


> 
Now let Veg (r) be other than zero. This will result in energy 
discontinuities appearing at the zone boundaries and the surface 
of the sphere will be distorted in such a manner that will cross 
the boundaries at right angles. The sphere will then break into 
a number of pieces. Noting the periodicity of energy and translat- 
ing these pieces of the surface, we can construct constant-energy 
surfaces in various zones. This exactly is the principal idea behind 
Harrisons’s method for constructing constant-energy surfaces. 
The main assumption in Harrison’s method is that a Fermi 


> 
sphere constructed at V.g(r)= 0 undergoes distortion at finite 
values of the pseudo-potential only near the boundaries of the 
zones proper, these distortions being the smaller, the lower 
> 
Veg (r) is. 

In other words, it is assumed that we can continuously pass 
over from the state of free electrons to a new qualitative state, i.e. 
the interaction of electrons with the periodic lattice which mani- 
fests itself in the appearance of Bragg reflection of electrons from 
the lattice with the momenta corresponding to the boundaries of 
the zones. 

Notwithstanding this coarse assumption, Harrisons’s method is 
practically reasonable for all monovalent and polyvalent simple 
metals, i.e. for metals in which inner electron shells of ionic 
structures are filled. For these metals, a simple approximation of 
the model of free electrons can be used, which makes it possible 
to determine qualitatively the Fermi surface. This approximation 
is essentially based on the possibility of separation of electrons 
into atomic (i.e. electrons of inner shells which do not contribute 
to metal conductivity) and collective electrons (i.e. those which 
fill the outes shell in a separate atom of metal and are current 
carriers in metal crystals). 

The metals for which this approximation is valid (simple 
metals) relate to s- and p-elements, since their main properties are 
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determined by s- and p-electrons filling the outer shells. In addi- 
tion, the Periodic Table contains three distinct periods of transition 
metals beginning with the elements Sc, Y, and La and ending with 
the elements Ni, Pd, and Pt. These periods correspond to the fil- 
ling of the 3d-, 4d-, and 5d-shells respectively. The free-electron 
approximation is inapplicable for the metals of these periods. 
Some special properties of the transition metals indicated are to 
a large extent determined by d-electrons. 

Note, however, that the group of metals with unfilled d-shells 
also includes such monovalent metals as Cu, Ag, Au, for which 
the Fermi surfaces can be qualitatively constructed within the 
frames of the almost free electron approximation, and bivalent 
metals Zn, Cd, and Hg for which this approximation is also fairly 
applicable. The point is that inapplicability of the model of almost 
free electrons is determined not only by the existence of an unfilled 
d-shell (or of a deeper f-shell, as is the case with the series of 
the rare-earth metals of the lanthanum group), but is also related 
to the metal conductivity of d- (f-) electrons [or else of the con- 
ductivity over the d-(f-) bands]. 

In mono- and bivalent metals with an unfilled d-shell, the Fermi 
level passes in the bands corresponding to s- and p-electrons; 
d-electrons in such metals are fairly well localized, so that the 
wave functions of these electrons belonging to neighbouring atoms 
practically do not overlap and there is no conduction in the d-zone. 
Because of this, there are no specific features which are characte- 
ristic of polyvalent transition metals and related to the peculiari- 
ties of conduction in the d-band. 

The properties of mono- and bivalent metals with an unfilled 
d-shell are mainly determined by s- and p-electrons, as also the 
properties of simple metals. This explains why the model of 
almost free electrons is applicable to them. 

In the case of polyvalent transition metals, the Fermi level is 
almost in the middle of the energy band corresponding to d-shell 
electrons. Their electronic properties (conductivity, electronic 
fraction of heat capacity, magnetic susceptibility, etc.) are practi- 
cally defined completely by d-electrons near the Fermi level. The 
data on complex Fermi surfaces of transition metals cannot be 
explained by means of the almost free energy zone corresponding 
to s- and p-electrons. The latter indicates to that s- and p-electrons 
play no substantial part in the electronic properties of these 
metals. 

The electronic d-states of transition metals, though ensuring me- 
tallic conductivity over the d-band, cannot be related to almost 
free states. The orbits of d-electrons are rather small compared 
with the orbits of other (s- and p-) valence electrons. As a result, 
the d-states behave to a large extent as localized ones, being not 
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greatly perturbed by the lattice potential. The conductivity over 
a d-band corresponds more closely to quantum tunnelling junctions 
of d-electrons between neighbouring atoms owing to a small over- 
lap of the d-wave functions of these atoms, rather than to the 
quasi-free motion of s- and p-electrons which is characteristic of 
simple metals. 

Having made preliminary remarks on the idea behind Harri- 
son’s method and on the causes by which the method is inappli- 
cable for polyvalent transition metals, we shall now discuss the 
particular techniques for constructing Fermi surfaces of transi- 
tion metals. 

First of all, we determine the radius pr of Harrison’s sphere 
which surrounds the volume occupied by electrons in the zero 
approximation: V., (r) == 0. For this, we express pr through the 
volume V> of the Brillouin zone. The volume in the zone per one 
vy 
pan 
2N * = 

Hence the volume of Ap-space occupied by electrons in a metal 
of valence x is 


electron is equal to 


a 7 
A= ar XN => Ve (2.45) 


The volume of the Harrison sphere (F xp?) coincides with A, and 


therefore, pr is only determined by the type and parameters of the 
lattice (through Ve) and the valence x of the metal: 


3xV 5 \'s 
p= (2) 2.40) 


In a two-dimensional case, Harrison’s sphere degenerates into 
Harrison’s circle whose radius is 


|e 
Pr>= a (2.47) 


where S> is the area of the two-dimensional Brillouin zone in 





> 
p-space. 

For more simplicity, let us first construct the Fermi “surface” 
for a hypothetical trivalent metal (x = 3) having a plane square 
lattice of period a. The area S> of the Brillouin zone for such 


a lattice ig (7h) . According to (2.47): 


“3 ( 2nh mh 
pr=a/=( xD.) = 1.386 5 (2.48) 
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From the centre of the first Brillouin zone (Fig. 55), we draw 
Harrison’s circle. Since the radius pr = 1.386 = is smaller than 
the distances to the corners of the first zone, which are equal to 
foe, the part of the surface of the first zone near its corners 


will be outside the Harrison circle (Fig. 79). On the other hand, 
a certain portion of the surface in the second Brillouin zone will 
be inside that circle. 





Fig. 79 


It then follows that the first zone of the “metal” considered is 
not completely filled with electrons, and in addition, that the 
second zone is filled to a low extent. Let us recall that drawing 


> 
Harrison’s circle in such a manner we assume that Ve, (r) = 0. 


Now, we shall assume Veg (r) to be low but not zero. Then, as in 
the one-dimensional case (see Fig. 49), the following will occur: 
(1) energy discontinuities appear at the boundaries of the zones 


[strictly speaking, at Veg (r) = 0 there were no zones, i.e. surfaces 
of Bragg reflection, and they only appear at Veg (7) # 0]; 
(2) energy becomes a periodic function in p-space with the 
, Qn. r naan 
period ——: of main translations along the axes px and py. 


As a result of appearance of energy discontinuities at the boun- 
daries of the zones, Harrison’s circle breaks at the boundaries and 
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forms separate “pieces” of constant-energy curves in the zones, 
as shown in Fig. 80. 

We translate these “pieces” into periods 2nf/a along the axes 
px and py. From the “pieces” of constant-energy curves in the 
first zone, after translation, we may construct closed constant- 
energy curves around the corners of the zone (Fig. 81). Similarly, 
from the “pieces” of curves in the second zone there are formed 
closed constant-energy curves on the sides of the square (Fig. 82). 





Fig. 80 


The set of all constant-energy curves in the first and second 
zones forms a two-dimensional Fermi surface. 

Note that from the pieces of Harrison’s circle in the first zone 
we can construct only a single closed curve, such as shown in 
Fig. 81 (because of the translational symmetry, this curve is natu- 


rally repeated in p-space with the period 2nf/a in the direction of 


the Cartesian coordinates). If the area oho) bounded by this 


curve is divided by the elementary area (=) /ow occupied by 
one electron state, then the total number of vacant places nj 


(unfilled states) in the first energy band will be: 





ni =2 a®N (2.49) 


where N is the number of atoms in the lattice. Since a2N gives 
the total area of a two-dimensional lattice, the number of vacant 
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places per unit area of the lattice is: 





ny 
m= 2N 
or 
__ 28’ (e) 
My = Baye (2.50) 


We can construct two closed curves from the pieces of Harri- 
son’s circle in the second zone, such as shown in Fig. 82. The area 
S’(e) bounded by each of these curves constitutes only one half 





Fig. 81 Fig. 82 


of the area occupied by electrons in the second zone. The number 
of electron states n” in the second zone will be: 


uv — 12S" (8) — 9 25" (e) 
G2) /2 N 2 ~onhy a’N (2.51) 


whence the concentration nz of electrons in the second energy 
band is: 


n 








9 28” (e) 
N= 2 Goh 


Let us see how the shape of constant-energy curves will vary 
in the zones if the valence x of the metal considered is changed 
from three to four. In that case the radius of Harrison’s circle 


will be: _ 
nS af = (22) = 1.6 (2.53) 


The Harrison circle of such a radius completely confines the 
first Brillouin zone and passes through the second, third, and 


(2.52) 
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fourth zones (Fig. 83). Transition from Ve (r) = 0 to a finite 
pseudo-potential causes breaks in the Harrison circle at the boun- 





daries of the-zones and a variation of the direction of the normals 
to constant-energy curves in boundary regions (Fig. 84). 

For constructing closed constant-energy curves in various zones, 
we translate the pieces of Harrison's circle, as before, over the 
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periods 2nf/a along the axes px and py. Since the first zone has 
been completely filled, there are no constant-energy curves in it 
(Fig. 85a). The constant-energy curves in the second, third and 
fourth zones are shown in Fig. 855, c, and d respectively. It is 
easy to verify that only a single closed curve corresponds to each 
zone. 

Assume that the radius pr of Harrison’s circle has been slightly 
increased. The area bounded by the closed curve in the second 
zone will then decrease, and the areas within the closed curves 
of the third and fourth zones, increase. This variation of the areas 


results in an increase of the number of electrons upon increasing 

the radius of Harrison's ¢ircle. The electron-filled areas in the 
LE: 

a 


ae 


1st zone 2nd zone 3rd zone 4th zone 


(@) (8) (c) (a) 
Fig. 85 










third and fourth zones will then increase, while the empty area 
bounded by the closed curve in the second zone decreases. The 
latter fact is connected with that the number of electrons in the 
second zone has increased thus resulting in reduction of the num- 
ber of vacant places. 

This difference in the dependences of the areas bounded by 
curves in various zones on the total number of electrons in the 
metal is of a deep physical meaning and makes it possible to class 
energy zones into two groups, i.e. electron zones and hole zones. 
The first are zones in which constant-energy curves (or surfaces 
in three-dimensional cases) surround the areas (volumes) filled 
with electrons. The second ones are zones in which constant- 
energy curves (surfaces) surround empty spaces. 

Thus, in a quadrivalent metal with a plane square lattice, the 
second energy band is a hole band, while the third and fourth 
bands are electron zones. In the completely filled first band, elec- 
trons do not participate in the physical processes and this band 
may be excluded from discussion. 

Using this classification of zones, electrons will be defined as 
quasi-particles located on constant-energy surfaces of the electron 
type. Quasi-particles located on constant-energy surfaces of the 
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hole type will be called holes. The physical differences in the 
behaviour of quasi-particles in external electric and magnetic 
fields is connected with the difference in the constant-energy sur- 
faces on which they are located. Electron and hole surfaces are 
located in different energy bands, with an energy barrier being 
between them. As a result of this, the quasi-particles located on 
a surface of one type cannot pass into surfaces of another type 
under common conditions. 

The construction of constant-energy curves by Harrison’s method 
described above on the example of a two-dimensional metal can be 
generalized for a three-dimensional case. But determination of 
constant-energy surfaces in real thrte-dimensional metals en- 
counters a large difficulty, since it is required to construct 
preliminarily a number of Brillouin zones and find pieces of 
Harrison’s sphere in these zones. A method exists, however, which 
makes it possible to simplify the construction of a Fermi surface in 
various zones. To explain this method, let us dwell once more on 
the sequence of the main stages of the construction discussed above. 

First of all, the construction was based on an aperiodic picture 


ef the so-called extended Brillouin zones in p-space, i.e. the zones 
built up to each other around the first Brillouin zone. Proceeding 
from such construction of the zones, there were found pieces of 
Harrison’s circle (sphere) in various zones. Transition to a peri- 
odic picture in p-space was made only at the final stage, when 
closed curves (surfaces) were formed in the zones by means of 
translations of separate pieces. This final stage is of principal im- 
portance, since the energy becomes a multiple-valued and periodic 
function of momentum only owing to this stage. But the transition 
to a periodic picture can be made preliminarily. Such an operation, 
as will be shown later, makes it possible to substantially simplify 
the construction of the Fermi surface. 

Instead of considering the initial aperiodic picture of extended 
zones, we can preliminarily translate the boundaries of energy 
discontinuities in the second, third, etc. zones into the first 
Brillouin zone. The result of such a procedure for the first three 
Brillouin zones for a case of a plane square lattice with the pe- 
riod a, is shown in Fig. 86. 

After this procedure, the first Brillouin zone contains not only 
a set of physically different values of quasi-momentum, but also 
all the possible straight lines (planes) on which the energy under- 
goes discontinuity. Thus we pass over in advance to a periodic 


picture in.p-8pace: a periodic repetition of the first Brillouin zone 
with the surfaces of energy discontinuities contained inside it 


fills the whole p-space. 
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second, third, and fourth bands. Similarly, to each quasi-momen- 
tum from the petals of the “rosette” there correspond the values 
of energy of electrons from the first, second, and third bands, etc. 

In order to generalize these rules of classification of constant- 
energy lines for three-dimensional cases, it is sufficient to change 
the words “lines” and “areas” to “surfaces” and ‘“‘volumes” res- 
pectively. But in three-dimensional cases the classification be- 
comes more complicated because the open surfaces formed can 
have regions of both positive and negative curvature relative to 
the volume confined. 





Fig. 88 Fig. 89 


Thus, an open surface cannot be fully referred either to the 
electron or hole type and the above classification is to a large 
extent conditional for it. In that connection it is only adopted 
conditionally that if an open surface surrounds the volume belon- 
ging to k Harrison’s spheres, it is related to the k-th band. At this 
stage, classification of open surfaces is finished. 

Let us now discuss the construction of Fermi surfaces by Har- 
rison’s method for real metals. Consider a particular case of a 
trivalent metal having a face-centered lattice with the period a. 
An example of such a metal may be aluminium. 

The first Brillouin zone for a face-centered lattice is a cubo- 
octahedron (see Sec. 2-6, Chapter Two, Fig. 62), which is a body 
bounded by eight hexagonal and six square faces. 

The families of “network” surfaces that have engendered the 
hexagonal faces of the Brillouin zone are the families of planes 
perpendicular to the body diagonals of an elementary cube of the 


crystal lattice. They are at distances a//3 from each other and 
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make an angle arc cos (1/3) with the plane xy. The hexagonal 
faces of the Brillouin zone in p-space are, therefore, at a distance 
4/ 3xhja from the origin of coordinates and make the same angle 
with the plane pxpy. 

The families of “network” surfaces forming the square faces of 
the Brillouin zone are families of planes perpendicular to the axes 
x, y, and z and removed a distance a/2 from each other. Thus, the 


square faces of the Brillouin zone in p-space are at a distance 
2nh/a from the origin of co- 
ordinates and perpendicular 
to the axes px, py and pz. 
For clarity, let us plot the 
sections of the cubo-octa- 
hedron by two vertical pla- 
nes: a coordinate plane, for 


M 


R 
Fig. 90 





instance, pxp, (Fig. 88), and a plane passing through the axis p, 
and the bisector of the coordinate angle in the plane pxp, (diago- 
nal plane) (Fig. 89). 

Because of the symmetry of the cubo-octahedron, the sections of 
any of the coordinate planes coincide, as well as all the sections 
by any diagonal plane passing through the axes px, py, OF pz. 
The straight lines AB, CD, EF, and GH in Fig. 88 are diagonal of 
the four square faces: two horizontal and two vertical, while the 
lines BC, DE, FG, and HA are the sides of the four hexagons. 
Since the side of the square is equal in length to the side of the 
hexagon, then, denoting it by d, we can write 


AB=CD=EF =GH =~ 2d 
; BC =DE=FG=HA=d 
The ‘straight lines MN and QP in Fig. 89 are the lines of inter- 
section of the square faces with the plane passing through their 


centre and parallel to the sides of the square: MN = QP = d. The 
lines RM, NO, OP, and QR are lines of intersection of the hexa- 
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Let us imagine a mosaic composed of the first Brillouin zones 


Bs 
placed side by side in p-space. This structure has been termed the 
pattern of repeating zones. All neighbouring zones are equivalent 
between themselves. This means that Harrison’s circles (spheres) 
can be described from the centre of each zone. 


Fig. 86 


The result of such an operation for a case of a quadrivalent 
metal with a plane square lattice is shown in Fig. 87. Harrison’s 
circles described from the centres of neighbouring zones intersect 
each other and form closed constant-energy curves. This automa- 
tically gives the same picture as that constructed earlier for the 
same case. 

An analysis of the picture obtained will reveal the following 
regularities: 

(1) the regions bounded by pieces of lines of negative (relative 
to the inner areas) curvature (concave lines) and belonging si- 
multaneously to k or more circles represent the regions bounded 
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by hole-type constant-energy curves in the (k + 1)-th energy band; 

(2) the regions bounded by pieces of lines of positive curvature 
(convex curves) and belonging simultaneously to & or more circles 
represent the regions bounded by electron-type constant-energy 
curves in the k-th energy band. 

Let us illustrate the use of these rules for various curves in 
Fig. 87. Indeed, the region bounded by the closed constant-energy 
curve in the second zone belongs only to one circle described from 
the centre of the first zone. It is bounded by the constant-energy 


J | Us 


Fig. 87 





curve of the hole type (of a negative curvature relative to the 
internal region). The regions shaded in oblique and cross-hatched 
simultaneously belong to three circles and are called “rosettes”. 
They are bounded by lines of positive curvature and include the 
areas belonging to four circles. Their boundary is therefore an 
electron-type constant-energy curve in the third zone. The central 
portion of the “rosette”, which is shown cross-hatched, belongs 
simultaneously to four circles. Its boundary consists of “pieces” 
of curves of positive curvature, and therefore, is an electron-type 
constant-energy curve in the fourth zone. 

It may be clearly seen from Fig. 87 that energy is a multiple- 
valued function of momentum. Indeed, the central portion of the 
“rosette”. belongs to the fourth energy band. At the same time, it 
is included into the whole “rosette” and relates to the third energy 
zone. It also belongs to the second and first bands. Therefore, to 
each quasi-momentum from the central portion of the “rosette” 
there correspond the values of energy of electrons from the first, 
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second, third, and fourth bands. Similarly, to each quasi-momen- 
tum from the petals of the “rosette” there correspond the values 
of energy of electrons from the first, second, and third bands, etc. 

In order to generalize these rules of classification of constant- 
energy lines for three-dimensional cases, it is sufficient to change 
the words “lines” and “areas” to “surfaces” and “volumes” res- 
pectively. But in three-dimensional cases the classification be- 
comes more complicated because the open surfaces formed can 
have regions of both positive and negative curvature relative to 
the volume confined. 





Fig. 88 Fig. 89 


Thus, an open surface cannot be fully referred either to the 
electron or hole type and the above classification is to a large 
extent conditional for it. In that connection it is only adopted 
conditionally that if an open surface surrounds the volume belon- 
ging to k Harrison’s spheres, it is related to the k-th band. At this 
stage, classification of open surfaces is finished. 

Let us now discuss the construction of Fermi surfaces by Har- 
rison’s method for real metals. Consider a particular case of a 
trivalent metal having a face-centered lattice with the period a. 
An example of such a metal may be aluminium. 

The first Brillouin zone for a face-centered lattice is a cubo- 
octahedron (see Sec. 2-6, Chapter Two, Fig. 62), which is a body 
bounded by eight hexagonal and six square faces. 

The families of “network” surfaces that have engendered the 
hexagonal faces of the Brillouin zone are the families of planes 
perpendicular to the body diagonals of an elementary cube of the 


crystal lattice. They are at distances a/+/3 from each other and 


2-10. Harrison’s Method for Constructing Fermi Surfaces 133 


make an angle arc cos (1//3) with the plane xy. The hexagonal 
faces of the Brillouin zone in p-space are, therefore, at a distance 
4/3nhja from the origin of coordinates and make the same angle 
with the plane pxpy. 

The families of “network” surfaces forming the square faces of 
the Brillouin zone are families of planes perpendicular to the axes 
x, y, and z and removed a distance a/2 from each other. Thus, the 


square faces of the Brillouin zone in p-space are at a distance 
2nh/a from the origin of co- 
ordinates and perpendicular 
to the axes px, py and pz. 
For clarity, let us plot the 
sections of the cubo-octa- 
hedron by two vertical pla- 
nes: a coordinate plane, for 


M 


R 
Fig. 90 





instance, pxp, (Fig. 88), and a plane passing through the axis p, 
and the bisector of the coordinate angle in the plane p,p, (diago- 
nal plane) (Fig. 89). 

Because of the symmetry of the cubo-octahedron, the sections of 
any of the coordinate planes coincide, as well as all the sections 
by any diagonal plane passing through the axes px, py, Or pz. 
The straight lines AB, CD, EF, and GH in Fig. 88 are diagonal of 
the four square faces: two horizontal and two vertical, while the 
lines BC, DE, FG, and HA are the sides of the four hexagons. 
Since the side of the square is equal in length to the side of the 
hexagon, then, denoting it by d, we can write 


AB=CD=EF =GH =~ 2d 
; BC = DE = FG= HA=d 
The ‘straight lines MN and QP in Fig. 89 are the lines of inter- 
section of the square faces with the plane passing through their 


centre and parallel to the sides of the square: MN = QP = d. The 
lines RM, NO, OP, and QR are lines of intersection of the hexa- 
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gons with the plane passing through their centres and perpendi- 
cular to their horizontal sides (Fig. 90). It is evident that RM = 
= NO = OP = QP = vV 3d. The points R and O are the traces 
of the side which is common for two hexagonal faces. Location 
of the characteristic points of sections on the cubo-octahedron is 
shown in Fig. 91. 

V3 xh 


a 





Knowing the distance TL = in p-space, it is easy to show 


that the length of the side d is equal to geet and Ree : 


It may be found from Figs. 88 and 89 that the distance from 
the origin of coordinates to any vertex of the cubo-octahedron, for 


instance, AT in Fig. 88, is approximately equal to 2.24 28 while 





Fig. 92 


the distance from the origin of coordinates to the side which is 
common for two hexagonal faces in Fig. 89is approximately equal 


to 2.1222. 
The volume of the cubo-octahedron V3 = 8 +/ 2 d or 


Ves (=Yy 


To calculate the radius pr of Harrison’s sphere, we use for- 
mula (2.46) with the valence x = 3: 


9 \s Qh nh 
pr=(s7) ew 2.26 (2.54) 


This value of the radius pr exceeds the distances from the vertices 
of the first Brillouin zone, which means that the first energy zone 
of a trivalent metal with a face-centered lattice is completely filled 
with electrons. 

To construct constant-energy surfaces in the second and third 
zones, we use the sections through the system of repeating zones 
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by a coordinate and a diagonal plane (Figs. 92 and 93). Since 
the radius pr of Harrison’s sphere only slightly exceeds the dis- 
tances from the origin of coordinates to the boundary points of 
the zone, the spheres described from the centres of neighbouring 
zones pass inside the central zone and cut lens-like volumes (in 
the form of plane-convex lenses) adjoining its faces from it. 

The empty space left inside the central band resembles a cubo- 
octahedron but with concave faces and edges. This space belongs 
to the single central Harrison’s sphere. The closed single-con- 





Fig. 93 


nected constant-energy surface surrounding it is of the hole type 
and belongs to the second energy band. The general shape of this 
surface is shown in Fig. 94. 

In Figure 93, the sections of those volumes which belong simul- 
taneously to three spheres are shown hatched. They have the 
shape of triangular “tubes” of a variable cross-section located 
along all edges of the cubo-octahedron. To the ends of the edges, 
the tubes become narrower. The surface of these “tubes” is an 
electron surface in the third energy band (Fig. 95). 

In the zero approximation, the “tubes” on the edges passing 
from each vertex of the cubo-octahedron are connected with each 
other. Thus the whole network of “tubes” is a single closed system 


> 
in p-space.-Since the volumes of each “tube” are comparatively 
small, we have to discuss the problem of what changes will occur 
in separate portions of the Fermi surface constructed by Harri- 
son’s method in the zero approximation at passing to a finite 
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value of the effective potential and also at subsequent increase of 
this potential. It is evident that such changes are most essential 
for those portions of the Fermi surface which confine small vo- 
lumes. 

The nature of variations of the Fermi surface is determined 
qualitatively by such a transformation of its portions at which 





Fig. 95 


the individual pieces of Harrison’s sphere, which at the zero ap- 
proximation were crossing the planes of energy discontinuity at 
arbitrary angles, begin to intersect these planes at right angles. 
This transformation becomes clear by comparing Figs. 79 and 80 





() 


Fig. 96 


and also Figs. 83 and 84. As a result of this process, electron-type 
surfaces in the zones diminish, and the hole-type ones, increase. 


The quantitative changes of the surfaces are the greater, the lar- 


ger Ves(r) is, since the pieces of Harrison’s sphere begin to be 
distorted at greater distances from the planes of energy disconti- 
nuity in that case. 
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With a sufficiently large V.g(r), small electron-type surfaces 
can break into separate smaller pieces or entirely vanish in the 
zones. Thus, in the case of the electron-type surface of aluminium, 
it can be expected for the third zone that at a finite value of effec- 
tive potential the closed network of “tubes” will be broken near 
the vertices of the cubo-octahedron and will be transformed into 
elongated “loafs” isolated from each other at each edge. 

With an increase of the number of electrons, the cross-sectional 
area of electron “tubes” in the third zone increases, while the 
size of the hole-type surface in the second zone decreases. This 
may be shown by passing over from a trivalent metal with a face- 
centered lattice to a quadrivalent one, for instance, lead. The 
electron surface of lead in the third zone is 
open and consists of thick tubes located act 


- woo™S 
around the edges of all the cubo-octahedrons PS, ae 
filling the whole p-space. A part of such a /’Z)j ‘~ + rs 
surface is shown in Fig. 96a. The hole-type 1 LAs A ! 
surface of lead in the second zone, which is l Me duet 
noticeably smaller compared with the cor- A eg 
responding surface of aluminium, is shown sx bane 
in Fig. 960. See ue 

The electron surface of a trivalent metal 
with a face-centered lattice is not confined Fig. 97 


solely to the surface in the third zone. An 

accurate construction shows that around the vertices of the square 
faces of the cubo-octahedron (around the points A, B, N, C, etc. 
in Fig. 91) there are located small regions belonging simultane- 
ously to four Harrison’s spheres. These regions, resembling tetra- 
hedrons in shape, are bounded by the electron-type surface in the 
fourth energy band. Their volume is extremely small compared 
with that of the first Brillouin zone (of the order of 0.001 V7). 


When passing to a finite value of effective potential, the electron- 
type surfaces in the fourth zone reduce still more and can even 
vanish completely. In the case of a quadrivalent metal, these 
surfaces are substantially greater. They remain at the value of 


> 
Veg (r) corresponding to a real metal. For instance, the existence 
of electron-type surfaces in the fourth zone in lead has been 
proved experimentally by Khaikin and Mina [56]. 
Figure 97 shows electron-type surfaces in the fourth zone for 


a quadrivalent metal with a face-centered lattice at Veg (r) = 0. 
For clarity; these surfaces are shown displaced half the distance 
between the centres of the opposite hexagonal faces of the first 
Brillouin zone along one of the directions of the type TL (see 
Fig. 91). - 
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2-11. THE MODERN SCHEME 

OF CONSTRUCTING FERMI SURFACES, 
TOPOLOGICAL CLASSIFICATION 

OF FERMI SURFACES 


In the earlier sections we have discussed various methods for 
constructing the surfaces of energy discontinuity and constant- 
energy surfaces in phase space. Using them as the basis, it is 
possible to formulate a convenient scheme of constructing Fermi 
surfaces for a given metal. This scheme includes four successive 
operations: 





Fig. 98 


1. For the given metal lattice, we construct the reciprocal lat- 
tice. 

2. Near each node of the reciprocal lattice, we construct a unit 
cell by the Wigner-Seitz method. By varying the scale of the 
axes 2nf times, we pass to a phase space filled with periodically 
repeating first Brillouin zones. 

3. For the given parameters of the Brillouin zone and the va- 
lence of the metal, we determine the radius py of the Harrison 
sphere and describe spheres of this radius from the centres of 
the periodically repeating zones. 

4. The constant-energy surfaces, formed by intersections of the 
Harrison spheres, are classified by the rules given in Sec. 2-10 of 
this chapter, with determination of the type of surface (either 
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electron or hole), its shape and dimensions, and also of the num- 
ber of the energy band to which it belongs. 

The scheme of constructing Fermi surfaces may be illustrated 
on an example of a monovalent metal with a simple cubic lattice. 

The vectors of main translations of the reciprocal lattice are 
perpendicular to three families of equivalent “network” planes 
with the period a. An elementary cell of the reciprocal lattice is 
a cube of side 1/a. Let the origin of coordinates be placed in one 
of the nodes of the reciprocal lattice and be connected by straight 
lines with the nearest nodes. There may evidently be six such 
lines of the length !/a. 

The space scale of the reciprocal lattice is now changed by 
a factor 2xf. The first Brillouin zone will be obtained in the form 
of a cube with the side 2nf/a bounded by six planes orthogonal to 
these six straight lines and passing through their middles. The 
zone is symmetrical about the origin of coordinates. The volume 


of the zone (in p-space) is any, The radius of the Harrison 


sphere (2.46) is: 
pe=(~)" (7) ~0.986 (2.55) 


Since the shortest distance from the origin of coordinates to the 
boundaries of the Brillouin zone is nf/a, Harrison’s sphere almost 
touches the boundaries of the zone. We describe spheres of radius 
pr about the centres of the periodically repeating first Brillouin 
zones and examine the picture in the plane p,p, (Fig. 98). The 
points in the figure denote the nodes of the reciprocal lattice. One 
of the cells of the reciprocal lattice with the centre at point A is 
marked separately in the figure (A is the origin of coordinates 
of reciprocal space). 


> 

Taking into account that the effective potential V.g(r) is other 
than zero, the Harrison spheres should “stick” to the centres of 
faces of the Brillouin zonefThe pictures in the planes pxpPy, PxPz, 
and p,p, are evidently similar to each other. The constant-energy 


surface in the first zone passes through the whole p-space and 
consists of spheres joined in the directions of the axes px, py, and 
p:. A surface of this type has been called “monster” in the spe- 
cialist literature (Fig. 99). 

In our example, the second and subsequent energy bands con- 
tain no electrons. 

For a bivalent metal with the same type of crystalline lattice, 
the radius py of Harrison’s sphere is 2" ~ 1.26 times greater. It 


is approximately equal to 1.2428 and exceeds the shortest dis- 
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tance to the boundary of the Brillouin zone (Fig. 100). The con- 
stant-energy surface in the first zone is the same “monster”, but 
with considerably thicker “necks” between individual spheres. 
The section of this surface by the plane p,p, is shown in Fig. 101. 

The constant-energy surface in the second zone is of the elec- 
tron type. It consists of three isolated closed “pockets” resembling 
lenses in shape. Each “lens” is formed of two halves on the oppo- 
site faces of the zone. The section of the surface in the second zone 
by the plane pxp, is shown in Fig. 102. 





Fig. 105 


To conclude with, let us consider a monovalent metal with the 
lattice in which an elementary cell has the form of a right-angled 
parallelepiped (Fig. 103). The vectors of the reciprocal lattice are 
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A cell of the reciprocal lattice is shown in Fig. 104. 

The first Brillouin zone constructed by the Wigner-Seitz method 
is a parallelepiped with the sides 2nh/a, 2nh/b, and 2nh/a having 
the volume V>= “8” (Fig. 108). 


The radius of Harrison’s sphere (at x = 1) is 


3 \/s Qh nh 
as fe) 0: ——- 2.56 
Pr aa) (a2o)'* 0.984 (a2b)'* ( ) 


With #< a/ 4 ~ 0.98, the following inequality holds true: 


h hi 
ee 
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In this case, Harrison’s sphere crosses the upper and lower 
boundaries of the Brillouin zone, but does not reach the side 
boundaries. 

We now describe Harrison’s spheres from the centres of all 
periodically extended first Brillouin zones. The section of this 





(6) 


Fig. 107 


picture by the plane pxp, is shown in Fig. 106, and the sections 
of the constant-energy surfaces in the first and second zones by 
the same plane, in Fig. 107. In the case considered, the surface 
of the “monster” type in the first zone has transformed into a 
surface of the type of “warped” cylinder (Fig. 108) 


Fig. 108 


The examples considered can show that Fermi surfaces can be 
divided by their topology into two main classes: closed and open 
surfaces. 

A surface is called closed if the lines of its intersection with any 
planes are closed. Examples are the constant-energy surfaces in 
the second zone in Figs. 102 and 107. 

A surface is called open if there exists at least one plane 
section giving an unclosed curve. Examples are the “monster” 
(Figs. 99 and 101) and “warped” cylinder (Figs. 107 and 108), 
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Conclusions. 

1. The energy spectrum of electrons in a metal consists of a 
number of energy zones (bands). It means that different energy 
states may correspond to one and the same value of the quasi- 
momentum of an electron. 

2. The properties of electrons in each band are determined by 
the shape of the constant-energy surface in that zone. The energy 
in the bands is usually counted from the points in which it is 
a minimum (for electron-type surfaces) or a maximum (for hole- 
type surfaces). 

3. A metal may have both open and closed constant-energy 
surfaces. 

4. The concentrations of current carriers in the zones can 
sharply differ from each other. 

The concentration n; in the i-th zone is determined by the 
formula 


2A 
N= Heir (2.57) 
> 

where A; is the total volume of p-space bounded by all constant- 
energy surfaces in the i-th zone. 

If the Fermi surface is an open one, then A; implies the volume 
bounded by this surface within one Brillouin zone (the boundary 
planes of the Brillouin zone are part of the boundaries of this 


volume). 

5. The volumes bounded by Fermi surfaces in various zones can 
overlap each other, but the individuality of each zone is then 
completely retained. 

6. On the basis of the theorem stating that isothermal lines can- 
not intersect, constant-energy surfaces cannot intersect but may 


have common points. 
7. All physical processes involve electrons located on the whole 


set of constant-energy surfaces. 


2-12, MOTION OF QUASI-PARTICLES 
IN A CONSTANT MAGNETIC FIELD 


The motion of an electron in a constant magnetic field A in the 
quasi-classical approximation can be described by the equation 


> 
a (2.58) 


where Pp ds the | classical momentum of the electron. _ The Lorentz 
force Fy=<[o,: Hl exerted by the magnetic ree H on the elec- 


tron is directed perpendicular to its velocity Vg. Because of this, 
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the electron moves in free space along a spiral around a magnetic 
line of force. The radius of its orbit iH projected onto the plane 


perpendicular to the magnetic field H is equal to TH sar where p, 


is the component of the momentum which is perpendicular to the 
magnetic field. Applicability of the quasi-classical approximation 
(see Sec. 2-1 of this chapter) is determined by the inequality 


Ap <ry (2.59) 

Since Ag = et = ooh inequality (2.59) for an electron in 
free space is equivalent to the inequality 

ho < ep (2.60) 


where o is, as before, the cyclotron frequency of precession of the 
electron. 

Variations of the quasi-momentum of an electron in a crystal 
(see Sec. 2-4 of this chapter) are only determined by the action 
of external forces. The equation of motion of an electron in a metal 


will then have the form coinciding with equation (2.58), but D 
now denoting the quasi-momentum of the electron. 


By scalar multiplication of both parts of equation (2.58) by Oy 
and H, we obtain two os as follows: 


> 
Ye om dp 77 ap \ 
(0,42) =0 and (#42) = (2.61) 
The first equality is exactly the law of conservation of energy. 
Indeed: 
= de de ob. 
v, =-—> and (v + =0 
a and (5 B= 


Hence it follows that the electron moves in the magnetic field H 
along a constant-energy surface: 


e(p) = const (2.62) 

dp dp 
Let vector + be Soe into two components: Car), 
which is parallel to H, and (<2 B) , perpendicular to H. The 


> 
second equality in (2.61) implies that (<2 j i) =0, or, in other 


words, . : 
| (GF), | 1H 1=o, ie. |(4P), |=0 
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It then follows that the projection of the momentum of electron 
onto the magnetic field is retained in motion, ice. 


p, = const (2.63) 


Relationships (2.62) and (2.63) describe the path of an electron 
in momentum space. This path is a curve along which a constant- 
energy surface (2.62) is intersected by a plane perpendicular to 
the magnetic field (Fig. 109). Equality (2.63) is the equation of 
secant plane. 

Depending on the topology of constant-energy surface and the 
direction of magnetic field, the path of an electron in phase space 
may be either closed (determin- 
ing a finite motion) or open, 
which passes continuously 


through the whole p-space (and 
determines an infinite motion). 
The particular form of the 


path of an electron: in “p-space 
depends on the shape of the 
> 


constant-energy surface e(p) = 
= const, its orientation relative 
to the magnetic field, and the 
magnitude of the projection of 
the momentum p, onto the di- 
rection of the magnetic field. 
Some various paths along a 
constant-energy surface having the shape of a dumb-bell are 
shown in Fig. 110a and b. The dependence of the path of an elec- 


> 
tron in p-space on py may be explained on an example of a sphe- 
tical constant-energy surface 
pe +p, +P: 
2m 





=e= const 


Let the magnetic field H = H, be directed along the z axis. It 
is then evident that p,=p.= p= const and the electron 


moves along the path described by the equation p,+ p= 
= 2me — p?,, which is exactly the equation of a circle located in 
the plane pz = p.o. The radius a/2me — p?, of this circle reduces 
with an increase of py. At po=—=~/2me, the radius becomes zero 
and the path of motion of the electron degenerates into a point 
Pz = P20, Px = Py = 0. 
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Let us establish the relationship between the path of an elec- 


tron in phase space and its path in a crystal lattice (r-space). As 
can be seen from equation (2.58), the velocity of electron 
> 


= 
ma dr , ? 4 : F : dp. 
Ug =z, in r-space is perpendicular to its velocity Te 






Py 


[ 


nw 


KK 


ees ——s ty 
a, 







ISS 


PoNS 


ALY 


/ KES p 


Se” 


EES 





<a 


Fig. 110 


P-space. Let equation (2.58) be projected onto a plane nerpendicu- 
lar to the direction of the magnetic field: 


> > 
dp e> > e [dr > 
—— = Fees - |= rh [= - ii| (2.64) 
where Pa v, y> and rh are components of the quasi-momentum, 
velocity and radius vector of the electron in the plane of projection. 
> > 
dr > 


d 
The vectors a H, and a form a right-hand screw triple. 


Integration of (2.64) for the magnitudes IP, | and Ir | gives 





> H > 
\P.|= ul Ir. | (2.65) 
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Consequently, the projection | of the electron path in r-space onto 
the plane perpendicular to H coincides in shape with the corres- 
ponding pain of the electron in p- space, but differs in size by 
a factor ——> rear; ; 


Each element of the projection of the path in r-space is per- 


pendicular to the corresponding element of the path in p-space, 
the paths being rotated relative to one another through an angle 


eS) 





(a) 


Fig. 111 


of 90° around the direction of the magnetic field. Thus, knowing 
the path of the electron in p- space (Fig. llla), we can obtain the 
projection of its path onto the plane perpendicular to the field i] 


in r- space (Fig. 1110) by rotating the initial path through 90 deg- 
rees clockwise (rotation by the screw rule, the motion of the screw 


coinciding with the direction Ht) around the magnetic field and 
changing its scale by a factor Wr The direction of motion of 


the electron along the path after this transformation will evidently 
remain the same. 





In a particular case at p,= 0, a closed path in p-space corres- 


ponds to a similar closed path in r-space. In other words, at 


p,= 0, the path of the electron in r-space is completely located 
in a plane perpendicular to the magnetic field. At p, * 0, the path 


closed in p-space corresponds to the motion along a helix in 
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_——+ 


r- space: per each rotation along the path | in D- space during Ty 


the electron is still additionally shifted in r- space along the mag- 
netic field. 


In a case when the path in p-space is open in some direction n, 
> 
the path of the electron in r-space is unlimited in the direction 


> 

perpendicular to n. Consider an example of the motion of an 

electron along the surface of a warped cylinder (Fig. 108) in 
a magnetic field perpendicular to the axis of the cylinder. 

The characteristic dimension of the path of a Fermi arora in 


a crystal lattice is determined by the size of its orbit —— Gor , so 


that the condition of applicability of the quasi-classical descrip- 
tion (2.59) to an electron in a metal has the form 


cp 
Ap < Telit (2.66) 


For an electron on the Fermi surface, pr ~ A/a, and therefore, 
Ap ~ @. Inequality (2.66) is then equivalent to the condition 


H <H,= 7 ~ (10° — 10°) oersteds (2.67) 


sor 7 


The quasi-classical description of the motion of an electron in 
a metal placed into a magnetic field is practically always justified, 
since for magnetic fields of intensities really attainable in labo- 
ratory conditions (H ~ 10° oersted), inequality (2.67) is deliber- 
ately fulfilled. Special cases in which the quantum approach to 
the motion of electron is essential will be considered separately. 

Consider the conditions of a finite motion of an electron in a 
magnetic field. As distinct from a finite motion in an electric 
field which is practically unfeasible because of the enormous di- 
mensions of the path (see Sec. 2-5 of this chapter), the cyclic mo- 
tion of an electron in a magnetic field is more or less common 
phenomenon. 

As has been shown earlier, the characteristic size of the orbit of 
an electron is determined by the dimensions of the area of section 
of the Fermi surface by a plane perpendicular to the magnetic 
field. Orbits of finite dimensions, therefore, correspond either to 


closed Fermi surfaces or to such an orientation of magnetic field i 
relative to an open Fermi surface, at which i makes comparatively 


small angles with the open directions (with H being perpendicular 
to an open direction the length of path is infinite). 
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For the cyclic motion in a magnetic field, the following inequa- 
lity must hold 


L>ry~ (2.68) 


cp, 
Je| 
where / is the free-path length of the electron. 
The meaning of this inequality is clear: an electron must per- 
form at least one cycle of motion along the free-path length. Let 


p, in inequality (2.68) be replaced with pew which is approxi- 
mately of the same order, so that the inequality can be rewritten as 


ch 
I> Je|aH 


Using the definition of H, (2.67), we get an equivalent inequa- 

lity 
H>4. fe =+ H,~4 (10®— 10°) oersteds (2.69) 

This is the condition that a magnetic field must satisfy to 
provide the cyclic motion of electrons in a metal. At low tempe- 
ratures and in sufficiently pure and perfect monocrystal specimens 
of metals the free-path length exceeds tens and hundreds thou- 
sands times the interatomic distances. The cyclic motion in a mag- 
netic field can already be observed principally in fields of an order 
of hundreds oersteds. 

Note that the free-path length / of an electron is not the mean 
distance between successive acts of its scattering. Actually, the 
motion of an electron in a metal is similar to the motion in a vis- 
cous medium during which the electron continuously loses its 
energy. The magnitude of / is essentially the measure of viscosity 
of the medium or the measure of the energy lost by the electron 


along unit length: for the motion along the x axis, / ~(#) &. 


The state of energy e, which is conventionally called an elec- 
tron and corressponds to the given elementary excitation 
near a Fermi surface, attenuates exponentially and continuously 
in time with the characteristic life-time + (relaxation time), which 
is determined by the probability of scattering w ~ 1/t. This time 
via the velocity vr on the Fermi surface, in turn, determines the 
free-path length /. Thus, the inequality Ax < / implies that along 
the length Ax we can neglect the variation of the energy state of 
the electron, i.e. neglect the process of attenuation (scattering) 
and in that sense regard the motion along the path Ax similar 
to the free.motion of the electron in the lattice. 

The periodic motion of electrons is of extreme importance in 
studies of the electron energy spectrum. In such a motion, whole 
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groups of electrons move in synchronism. The contribution of such 
electrons to some or other physical phenomena is of resonant 
nature and can be actually observed in experiments. 

Let us determine the time of motion Ty, of an electron around 


a closed path in p-space. This time evidently coincides with the 
time during which the electron passes along one turn of the spiral 


in r-space. At the motion of the electron in free space, the period 


2 2um,c 
T) of Larmor precession is equal to = Teli” For an electron 





Fig, 112 Fig. 113 


in a metal, Ty is determined by the shape of constant-energy sur- 
face and the orientation of magnetic field H. 

Consider an arbitrary closed constant-energy surface e(p) = 
= const. We give the direction of magnetic field H and the mag- 
nitude of p,, which determines the position of the plane perpendi- 
cular to H, whose intersection iD the surface e(p) = const deter- 
mines the path of the electron in p-space. Let the quasi-momentum 
pD and velocity Ug of the electron be resolved into components 
parallel and perpendicular to the magnetic field (Py # gy Py» and 
v, , tespectively, see Fig. 112). 

The projection of the equation of motion of the electron (2.58) 
onto the secant plane can be written for the magnitudes of 0, ¥: 
and #H as follows: 


sf = 5,:H (2.70) 


2-12. Quasi-particle Motion in Constant Magnetic Field 151 


where dl » is an arc element of the path in p-space. Integration 
of (2.70) gives the expression for the period of rotation 
dl, 


_ p 
Tn = Teh § oni (2.71) 


The integral is taken over the closed contour L of the path in 
> 
the secant plane. Let n be the unit vector of the normal to the 
path in the plane perpendicular to H. The velocity v,, can then 
be expressed as " 
Ug = (grade) =(gradse, n) => 











de 
Pa 
This means that with the energy increased by de, each element of 


the path dl» is shifted along the normal na by a distance 


dp, = . The increment of the area of the sections, dS, 


L 
(hatched portion in Fig. 113) will then be 





dl, 
P de 





a ae dp, or a=) ma 


But the increment de is independent of the position of the point 
on the path and can be taken out from the integral sign. The 


as P 
partial derivative > is then equal to bp. Hence, for the 
e D4 


period Ty we have 


c ~@s an (5 Se ‘ 
Ti = Teh 96 = (2.72) 


By comparing (2.72) with the expression for the period of rota- 
tion To of a free electron, we can see that in the cyclic motion of 
an electron with an arbitrary law of dispersion, the quantity 


a plays the part of the effective mass. This quantity has 
been termed the cyclotron mass of an electron: 
oe ee 
= Bn Ge G73) 


The method of introducing the cyclotron mass discussed above 
can show that this mass is a quantity averaged over the period 
of Larmor precession of an electron or over the path of precession 
per one cycle. It follows from (2.73) that m* is determined by the 
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law of dispersion and the orientation of magnetic field A. If the 
law of dispersion is known, we can establish the relationship be- 
tween the cyclotron mass and the components of the effective-mass 


tensor (see Sec. 2-4) for the given direction of H. Let us illustrate 
this relationship by two particular examples. 
The simplest case is that of a quadratic isotropic dispersion 


2 
law, e=y. The corresponding tensor of effective mass 
* 0’e a: : * ‘ 
mn, = Ba) can be written as m;,—=mé6,,, where 6,; is the 


Kroneker symbol. Let the magnetic field be directed along the z 
axis (HW = H,). The equations determining the path of the elec- 
> 


tron in p-space have the forms: 
Pet Py ; P20 


2m 2m 


(2.74) 
Py = Pap = const 


The area S(e, P.o) of the corresponding section of the constant- 
energy surface by a plane perpendicular to H is 


S(e, po) =n [2m (c es ea) (2.75) 


Differentiating this expression for energy, we find that the 
cyclotron mass m* of electrons (2.73) coincides with m and is in- 
dependent of the location of the secant plane which is determined 
by the magnitude of momentum po. 

Because of the spherical symmetry of the Fermi surface, the 


> 
cyclotron mass m* is evidently independent of the direction of H. 
Thus, all electrons located on the spherical constant-energy sur- 
face have the same cyclotron period and move in synchronism in 
the magnetic field. As has been mentioned earlier, the area of 


the orbit in p-space reduces with an increase of P, = P20 and 


degenerates into a point at po —=-~/2me. The velocity of motion 

of electrons along the orbit therefore reduces with a decrease of 
> 

its radius. Accordingly, the motion in r-space along the spiral 

about the magnetic line of force is the slower, the smaller the 


radius of the spiral. 
Near the reference points (the points where the Fermi surface 


touches the planes perpendicular to Ft) pes py =; pee 
Po= +4/2me, the electrons describe an infinitely small orbit 
with the same frequency as the electrons located in the plane of 
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> 
the extremal section p, = 0. The former move in r-space practi- 
cally with the Fermi velocity in the direction of the magnetic field, 
while the latter describe closed circles in a plane perpendicular 
to the magnetic field. 

As another example, consider the quadratic anisotropic law of 
dispersion 
Py 
2m, 








age oe (2.76) 


E= 


a = 


The corresponding constant-energy surface is described by equa- 
tion (2.25) and has the form of a triaxial ellipsoid with semi-axes 
a/2m,8, /2m,e, and 4/2m,e. The tensor matrix of the effective 

0’e 


mass m),= 5p, 0p, 


-1 
aan) for the main axes of the ellipsoid is of 


m, 0 0 
imy=(« m, 0 ) 
0 0 m, 


Let the magnetic field be directed, as before, along the 2 axis. 
The orbits of electrons will then be determined by the sections 
P, = Px = const. As is known, any section of an ellipsoid by 
a plane is an ellipse. We find the area of the section S(e, pio) cor- 
responding to the plane p, = pro. 

The equation of an ellipse in the secant plane is 


the form: 


eek eee eee) ee 
2m, (e _ pi, |2m,) 2m, (e = py /2m,) 
The area of the section S(e, p20) is 


S(e, P20) = 20 Vm,.m, (. = fa.) (2.78) 


Hence, according to (2.73), the cyclotron mass (m*), correspon- 


ding to any section, with H parallel to p,, can be solely expressed 
through the components of the effective mass tensor mz and my: 


(m*), = ~/m,m, (2.79) 


= 1 (2.77) 





By directing the magnetic field along the axes x and y, we can 
find in a similar way the cyclotron masses (m*), and (m*), rela- 
ting to any sections px = const and py = const respectively 


(m’),=~Vm,m,, (m'),=/m,m, (2.80) 
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It may be finally shown that for an arbitrary direction ny of 
the magnetic field, the cyclotron mass (m*)> can be expressed 


yi 
through the three main components of the tensor mj, and the 


direction cosines of the vector n; relative to the main axes of 
the ellipsoid: 





. a/ Mmymym: 

(m )> = My cos? @ + my cos? B + mz cos? y (2.81) 
where a, B, and y are the angles between nj and axes Px, Py, 
and py. 

It is thus seen that for the quadratic law of dispersion at which 
the constant-energy surface is always either an ellipsoid or a 
sphere, the cyclotron mass m* is in- 
dependent of p, and, in the case of 
ellipsoid, is determined solely by the 
orientation of the magnetic field rela- 
tive to the main axes of the surface. 
In other words, in the magnetic 
field of a given direction, all elec- 
trons on the surface of an ellipsoid 


> 
or sphere in p-space move in syn- 
chronism irrespective of the position 
of the secant plane. For any direc- 
tion, the ellipsoid, as the sphere, has 
two reference points (points A and 
A’ in which the surface touches the 


> 

planes perpendicular to A) near 

Fig. 114 which the electrons describe infinite- 

ly small orbits, but with a frequency 

coinciding with the general frequency of their rotation in any sec- 
tion (Fig. 114). 

In a case of an arbitrary law of dispersion, the cyclotron mass 
m* is dependent on p, and is naturally distinct for different elec- 
trons on a Fermi surface.: For that reason, and as distinct from 
a free-electron gas, a gas of conduction electrons in a metal can- 
not rotate in the magnetic field with a frequency common for all 
the electrons. Different electrons then perform different periodic 
motions. Those which move over open paths in the plane perpen- 


> 

dicular to the magnetic field (in p-space) perform an infinite 
motion. 

With an arbitrary law of dispersion, it may be observed, howe- 

ver, that individual groups of electrons move synchronously in 





2-12. Quasi-particle Motion in Constant Magnetic Field 155 


the magnetic field. Such groups locate near the sections of a con- 
stant-energy surface on which the dependence of the cyclotron 
mass on p, has a local maximum or minimum and oo turns to 
zero. Such sections are usually the extremal ones (minimal or 
maximal) for the given direction of the magnetic field. They may 
include, for instance, a large section by the plane of symmetry 
(central section) of a constant-energy surface, having the form 
of a dumb-bell (Fig. 110a) or two similar maximum sections of 
the same dumb-bell and the minimum section of its “neck” 
(Fig. 1106). 


H 





Fig. 115 


Indeed, near the section corresponding to p,=pj, for which 
Om* 2nc oa 
OP, Ten In 
powers of the difference p,— pj; contains no first order terms. 
Owing to this, there exists a certain vicinity of point p,= pj), ha- 
ving the width Ap,, for which the dependence of the period on p, 


can be neglected. 
The electrons located in the “neck” ~Ap, near pj} form a group 


of quasi-particles moving practically synchronously in the magne- 
tic field (Fig. 115). Such groups of electrons provide a resonance 
contribution to various effects. The contribution of the electrons 
outside the “neck” represents a monotonous (non-resonance) back- 
ground. 

Let us discuss the nature of motion in magnetic fields of quasi- 
particles located on constant-energy surfaces of the electron and 
hole type. It should be recalled that the volumes (and therefore, 
sections S) of the electron-type constant-energy surfaces increase 
with energy, while those of the hole-type one, on the contrary, 


= 0, the expansion of the cyclotron period Ty= 


decrease. For that reason, Ss 0 on an electron-type surface 


and the effective cyclotron mass is positive, while on a hole-type 
surface the mass is negative. The different signes of cyclotron 
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masses imply that precession of quasi-particles on electron- and 
hole-type surfaces occurs in opposite directions. 
With the motion in a magnetic field, the Lorentz force 


> >> 
Fy =—(0,H] sets up a centripetal acceleration to an electron. 


> > > 

The vectors ug, H, and —Fy (since e <0 for an electron) form 
a right-hand screw triple. Consequently, in a magnetic field direc- 
ted away from the observer, a free electron rotates clockwise 
(Fig. 116). The same direction of rotation must be observed when 
the imaging point on Harrison’s sphere moves in the magnetic 
+. field, since this point corresponds 

@" to the free-electron approximation 


> 
Ver (r) = 0. 

The motion of quasi-particles 
(-) located on electron- and hole-type 
constant-energy surfaces will be 
discussed on a particular example 
of a trivalent “metal” with a 
plane square lattice. The constant- 
energy surfaces in the first and 
second zones for such metal have 
been constructed in Sec. 2-10 (see 

Figs. 81 and 82). 
Fig. 116 In a magnetic field perpendicu- 
lar to the plane of lattice and 
directed away from the observer, precession of electrons over 
Harrison’s circle (Fig. 79) occurs clockwise. Application of a 


> 
finite pseudo-potential V.(r) results in that the Harrison circle 
breaks into separate pieces (Fig. 80), but the direction of motion 
of the electron along each piece cannot be changed. 

Let us discuss separately the motion over the pieces of Harri- 
son’s circle relating to the second and first zones (Figs. 117 
and 118). We start, for instance, from the motion over piece / in 
Fig. 117. When an electron on that piece gets into point A at the 
boundary of the Brillouin zone, its quasi-momentum along the p, 
axis changes stepwise (the electron is reflected from the boundary) 
and it passes to an equivalent point A’. Further motion over 
piece 2 occurs continuously up to the next point B’ located on 
the boundary of the Brillouin zone, from which the electron pass- 
es to an equivalent point B. A similar motion is observed on 
pieces 3 and 4 of Harrison’s circle. 

Note that the electrons located on pieces / and 2 remain on 
them all the time (if no scattering occurs at which the quasi-mo- 
mentum of an electron changes arbitrarily) and do not pass over 
onto pieces 3 and 4. The same is true for the electrons located on 
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> 
pieces 3 and 4. Since the real motion of an electron in r-space 
is continuous, it is reasonable to make this motion continuous also 
> 


in p-space by connecting the pieces / and 2 or 3 and # into con- 
tinuous curves (i.e. superimposing the equivalent points A and A’, 
B and B’, etc.). This namely is the physical essence of translation 
of pieces of Harrison’s circle for a period 2nh/a along the axes px 
and p, that has been discussed in Sec. 2-10. 

The idea of mirror reflection of an electron from the boundaries 
of a Brillouin zone becomes more clear if we regard the pieces of 





Fig. 117 Fig. 118 


circle located inside the first Brillouin zone. The diagram in 
Fig. 117 will then have an analogous diagram in Fig. 119, in 
which pieces / and 2 are replaced by equivalent pieces 1’ and 2’ 
after translation into the first zone. It can be seen in that case 
that the quasi-momentum changes stepwise to an opposite one in 
point B’ and the electron passes over stepwise to point B. A re- 
lees reflection from the boundary of the zone is observed in 
point A. 

If, by means of translation of pieces of curves, we eliminate 
jumps of electrons from point A to point A’ and from point B’ to 


Ss 
point B, the motion in p-space will then become equivalent to the 
motion over closed curves (Fig. 120). The motion over electron-type 
curves in the second zone that we have discussed occurs clock- 
wise, i.e. in the same direction as the motion of a free electron. 

Let us return to the motion of an electron over hole-type pieces 
of constant-energy curves (Fig. 118). On each such a piece, an 
electron moves clockwise relative to the centre of Harrison’s circle. 
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Let the electron be present initially, for instance, on piece 5. In 
point B, it is reflected from the boundary and jumps to an equiva- 
> 


lent point B’ on piece 6. The whole cycle of motion in p-space up 
to the return to piece 5 (a complete rotation in the magnetic field) 
is shown by arrows in Fig. 118. 

By translating the pieces of Harrison’s circle over periods 2nf/a 
along the axes p, and p,, we can eliminate jumps of the electron 
between the equivalent points and pass to the motion along a 
closed constant-energy curve having the form of a “rosette” which 


4 


xd 





Fig. 119 Fig. 126 


surrounds one of the corners of the first Brillouin zone (Fig. 121). 


The motion over the “rosette” gives an orbit in p-space which 
corresponds to the projection of the orbit of real continuous mo- 


> > 

tion of electrons in r-space onto a plane perpendicular to A. This 
indicates once more that the procedure of translating and com- 
bining various pieces of Harrison’s circle into a continuous closed 
curve has a deep physical meaning. 

As can be seen from Fig. 121, precession over the “rosette” 
occurs counter-clockwise, i.e. in the direction opposite to the pre- 
cession of a free electron. Such direction of precession has a posi- 
tively charged particle (e >0) with a positive effective mass 
(m* > 0) or a negatively charged particle (e << 0) with a nega- 
tive effective mass (m* <0). The duality of the concept of a 
quasi-particle located on a hole-type constant-energy surface is 
linked with that the nature of motion of a charged particle in elec- 
tric and magnetic fields is determined not by the signs of its 
charge e or mass m* separately, but by the sign of the ratio e/m*, 
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which does not alter when the concept of e < 0, m* < 0 is changed 
to that of e > 0, m* > 0. 

Both concepts are entirely equivalent for the description of 
dynamic effects in external fields. The problem of whether they 
really differ physically and how it can be revealed will be discuss- 
ed in Chapter 3 when analysing the contribution of hole-type sur- 
faces to electric conductivity and Hall effect. Here, we have only 
to note that quasi-particles located on electron- and hole-type con- 
stant-energy surfaces really differ from each other in their physical 
properties, which is revealed 
in their interactions with ex- sf S 
ternal magnetic and electric @H 
fields. 

The motion of quasi-parti- 
cles located on open cons- 
tant-energy surfaces in a 
magnetic field has some spe- 
cific features which must be 
discussed separately. 

As has been mentioned in 
Sec. 2-10 of this chapter, 
open surfaces can be related 
neither to electron nor hole 
type. Classification of surfa- 
ces into these two types is 
strictly applicable only for 
closed surfaces. Quasi-partic- 
les on open constant-energy surfaces can move along certain 
closed orbits of either electron or hole type depending on the orien- 
tation of magnetic field and the position of the plane p,; = const. 
In other words, the direction of motion of a quasi-particle in a 
magnetic field over separate closed orbits located on open sur- 
faces may coincide with the direction of motion of either an elec- 
tron or a hole. On the other hand, such open surfaces are possible 
on which orbits of only one type are observed. Let us explain this 
by means of examples. 

Let us take the Fermi surface of such metals as Cu, Ag, or Au 
and regard it in the scheme of repeating zones. It consists of sphe- 
res connected by “necks” in the directions of body diagonals 
(Fig. 78a). If there were no “necks”, this Fermi surface would be 
a closed one and could be related, without doubt, to the electron 
type. But the presence of “necks” makes this conclusion unfounded. 
This is confitmed by the existence of orbits of different types in a 
magnetic field. 

Indeed, with the magnetic field orientated along the directions 
equivalent to [100] or those close to them, electron orbits are ob- 


xo 


Fig. 121 
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served corresponding, for instance, to the extremum sections of 


> 

a “belly” of the Fermi surface in each cell of p-space. With the 
field orientated along [110], in addition to the same electron orbit 
around a “belly” and a small electron orbit around a “neck”, there 
appears a hole-type orbit of the “dog’s bone” type, which bounds 
the empty space between four spheres and corresponds to the ex- 
tremal hole section. 

A “dog’s bone” type orbit is shown in Fig. 78a and 6. The syn- 
chronous motion of a group of electrons along this orbit can be 
observed experimentally. If, apart from extremal sections, we con- 
sider any section of the Fermi surface in Cu, Ag or Au, then 


> 
hole-type orbits can be practically found for all directions of H. 
They are of the same nature as a “dog’s bone” orbit: each of them 
bounds an empty space between four spheres. 

Electron- and hole-type orbits are observed for all Fermi sur- 
faces of the “monster” type. The electrons moving in a magnetic 
field on different orbits contribute differently to some or other 
physical effects. In some effects the motion is of electron nature, 
and in others, of hole type. Because of this, such Fermi surfaces 
and that of the “monster” type, cannot be referred to a definite 
type, as has been indicated earlier. 

Another example of an open Fermi surface is that of the 
“warped cylinder” type (Fig. 108). Electron-type orbits are ob- 
served in this case for a magnetic field directed at an angle 0 to 
the axis of the cylinder in all sections. They become elongated as 
the angle © approaches 90 degrees. But, for any orientation of the 
magnetic field, hole-type orbits are non-existent. Thus, a surface 
of the “warped cylinder” type can be related to the electron- 
type surfaces. 

Note that for open paths the natural concept of effective mass 
in a magnetic field, connected with the period of rotation on the 
orbit, is inapplicable. At a passage to an open path, the period 
becomes infinite. Substantially earlier, when the path has become 
sufficiently elongated, the cyclic nature of the motion of electrons 
is disturbed owing to the processes of scattering. With every act 
of scattering, an electron passes over from one section to another. 
Because of this the single-valued relation between the motion of 
the electron and the geometry of the Fermi surface vanishes, 
though the latter completely determines the nature of motion of 
electrons during the relaxation time. 

To conclude this section, let us dwell upon a new method of in- 
troducing the cyclotron mass of electrons in a metal, which is 
directly connected with the construction of Fermi surfaces accord- 
ing to Harrison. The method is based on calculation of the period 
of cyclic motion of an electron in a magnetic field along a path 
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located on pieces of Harrison’s sphere between Bragg reflection 
planes. With the zero approximation of the magnitude of effective 
potential, an electron will move in the magnetic field over a sphie- 
rical constant-energy surface with the period T)= ae F 

If we now pass over to a finite effective potential and account 
for Bragg reflections, the period Ty of rotation of the electron be- 
comes equal to Ty multiplied by the ratio of the total angle des- 
cribed by the quasi-momentum of the electron between the planes 
of energy discontinuity to the total angle 2m (this angle is des- 
cribed by the momentum of a free electron during the same pe- 
riod). It can then naturally be assumed that the effective potential 
is small and the motion of the electron over an individual piece 
of the Harrison sphere separated by the boundaries of the Brillouin 


zones does not practically differ from the motion of a free electron 
> 


over the same piece of the sphere at Vg (r) = 0. 
As in the first method of introducing the cyclotron mass, the 
magnitude of m* is now determined by the period Ty of rotation 


of the electron on the orbit in p-space: m= ele T,. Thus, the 


ratio of the cyclotron mass to the mass of a free electron, equal 
to the Ty/To ratio, is correlated with the geometry of the path of 
the electron on Harrison’s sphere. Let this be explained on the 
example, given earlier, of a trivalent “metal” with a plane square 


lattice placed into a magnetic field H perpendicular to the plane 
of lattice. For this, we again apply to Figs. 117 and 118. 

The path of the electron in the metal considered consists of four 
pieces /-4 of Harrison’s circle (Fig. 117), which differ from the 
four pieces 5-8 constituting a hole-type path (Fig. 118). During 
the period of motion, the quasi-momenta of the electron and hole 
describe the angles equal to 4Ag. and 4Aqnq. respectively 
(Fig. 122). The cyclotron masses of the electron m?, and hole m,., 


will then be: 
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In a three-dimensional case, the cyclotron mass is determined 
by constructing Harrison’s sphere and finding all its intersections 
with the planes of energy discontinuity, as has been done for the 
construction of Fermi surfaces. Then the projection of these lines 
onto a plane perpendicular to the magnetic field is found. 

The projection of the electron momentum onto this plane moves 
along a circle and undergoes jumps at reaching the projections of 
the lines of intersection of Harrison’s sphere with Bragg planes. 
The cyclotron mass corresponding to an orbit is obtained by summ- 
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ing up all the angles between Bragg reflections and multiplying 
this sum by =. 

It can be shown that the cyclotron masses exceed mo for some 
orbits. This is related to the fact that the period of precession of 
electrons on Harrison’s sphere is independent of the position of 
the plane p, = const on which the orbit of the electron is located. 
In other words, the period of pre- 7 
cession over the small circle corres- ® 
ponding to a non-central section of 
Harrison’s sphere coincides with the 
period of precession over the circle 





Fig. 122 Fig. 123 


of the central section. Owing to this the total angle described by 
the projection of the quasi-momentum of the electron onto the 


corresponding secant plane perpendicular to the magnetic field H 
may exceed 2n, and therefore, the cyclotron mass related to this 
orbit may exceed po. 

Figure 123a, for instance, shows a hole-type orbit consisting of 
arcs of four contacting circles which correspond to sections of four 


> 

Harrison’s spheres by a plane perpendicular to H. The quasi-mo- 

mentum of the hole describes an angle of 2m during motion along 

this orbit, 'and therefore, the related cyclotron hole mass is mo. 
Figure 1236 shows a hole-type orbit consisting of arcs of six 

contacting circles which are formed by intersection of six neigh- 
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bouring Harrison’s spheres with a plane perpendicular to H. The 
corresponding cyclotron mass is evidently 27. 

Using this method, we can determine all masses on the Fermi 
surface, calculate the number of the electrons dN on the Ferini 
surface whose cyclotron masses are within the interval from m* 
to m*-+dm*, and find the function of distribution of cyclotron 

> 
sae (m") for the given orientation of the field H. 

Figure 124, according to Harrison [26], gives the results of cal- 

culation of an for aluminium in the direction of the magnetic 


field along the crystallographic axis of the type [110]. The values 


masses 
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of m* obtained fill almost the whole interval from 0 to 1.6 mp. The 


dN a F : 
curve Sar Fm’) in the figure is normalized so as to equate 


™ max 
mg 


j (mt) to unity. The singular points on the curve relate 
n) 


0 
to the extremal masses which correspond to the paths of quasi- 
particles on the hole-type surface in the second zone (peak III at 


a 0.8) and on the electron-type surfaces in the third zone 


(peaks 1, II, and IV at“ =0.1, 0.17, and 1.0 respectively). 


0 

The experimental values of cyclotron masses m* for aluminium 
found by Moore and Spong [58] exceed the corresponding calculat- 
ed values 1.3 times. The calculation made by Harrison has shown 
that such a large discrepancy in the masses cannot be removed 
by introducing first-order corrections accounting for the non-local 
nature of pseudo-potential and second-order corrections for the 
wave function of an electron (i.e, under account of the second- 
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order terms in the expansion of the function over orthogonalized 
plane waves). These corrections, as a rule, give only a slight va- 
riation of the parameters of electrons. As follows from the calcu- 
lation, the use of any number of orthogonalized plane waves to 
represent the wave function of an electron cannot remove this dis- 
crepancy. 

There are two likely sources of error in the masses. One is the 
use of a self-consistent-field approximation, i.e. a single-electron 
approximation. But, according to Fletcher and Larson [59], the 
correction factor is estimated as approximately 1.1. Another source 
of error is neglecting the motion of the ions. It is known, as elec- 
trons move in the lattice, the ions are displaced. The process may 
be thought of as an alternating emission and reabsorption of pho- 
nons, i.e. as the result of the electron-phonon interaction. This 
results in renormalization of the energy and velocity of an elec- 
tron, and therefore, in a sizable variation of the effective mass. 
Under certain conditions the electron-phonon interaction may 
cause attraction between conduction electrons and thus give rise 
to superconductivity at low temperatures. 

An analysis of the known experimental facts has shown that 
the electron-phonon interaction is responsible for the increase of 
the effective mass of electrons on the Fermi surface and also near 
it in a layer whose thickness in terms of energy is a few tenths 
of hwp, where wp is Debye frequency. Calculations by the theory 
of perturbations for a system of many particles, made by Migdal 
[60], have shown that the mass of electrons m* near a Fermi sur- 
face is subject to renormalization: m** = (1 +4)m* (m** being 
the renormalized mass). The non-renormalized quantity m* has 
been termed the band mass. The parameter 1 of renormalization 
is determined by the integral a= 2\ PU) 62 (0) do, where D(w) 

0 
is the spectral function of phonons introduced in Chapter 1, and 
a(w) is a phonon-frequency dependent constant of electron-phonon 
interaction. The calculated values of 4 for Na, Al, and Pb are 
0.19, 0.50, and 1.6 respectively. 

The additional account of the Coulomb repulsion of electrons 
gives the following expression for a renormalized cyclotron mass 
in non-superconducting metals: m**=(1-+A-+ )m*, where 2 
and pw account respectively for the electron-phonon interaction and 
Coulomb interaction of electrons. The magnitude of pu is still not 
known exactly, but it may be expected that it is small (for alu- 
minium, for instance, approximate calculations have given 
w= 0.01). 

It should be emphasized that the electron-phonon interaction 
does not change the size of the Fermi surface and only manifests 
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itself in corrections to the effective mass. In addition, this effect 
has no influence on the kinetic properties of metals, for instance, 
their electric and thermal conductivities. 

The renormalization of the effective mass on the Fermi surface 
results in the variation of the specific heat C, of the electron gas 
(1+A-+ 4) times. Later, when discussing the various effects in 
metals, we shall indicate the physical characteristics that vary 
because of the electron-phonon interaction. 
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The energy distribution of electron states is one of the most 
important characteristics of the energy spectrum of electrons. This 
distribution can be described by introducing the concept of the 
density of states. Let N(e) be the number of states with an energy 
not exceeding e. The differential dN(e) will then give the number 
of states within an interval of energies from e to e + de. The den- 
sity of states is a function v(e) equal to the ratio of dN(e) to the 
width de of the interval. This function is evidently linked closely 
with the law of dispersion of electrons. 

Let us derive an expression for the density of states of an elec- 
tron system for a particular case of the quadratic dispersion law. 

Using this simple dispersion law, we can determine the main 
peculiarities of the function v(e) in dependence of the number of 
variations of the system. The dimension of the system will be 
marked by superscripts III, I], or I at the corresponding functions 
N(e), v(e), etc. [for instance, N™(e), v™l(e)]. The expression for 
the density of states will be first derived for a three-dimensional 
case. 

As has been derived earlier, the number of electrons in a unit 
volume of a three-dimensional phase space (or, in other words, 
the density of electrons in a three-dimensional phase space) is 


EF , where V is the volume of crystal. The number of electrons 
dN» in an elementary sae oe of p-space will then be 


dN! = ae dp, dp, dp, (2.82) 


With the quadratic dispersion law ee it is reasonable to 


pass from the Cartesian coordinates pz, py, pz to the spherical p, 
8, m, since the coordinate and constant- energy surfaces in the new 


variables-cdincide. The expression for aN in the spherical co- 
ordinates takes the form: 


dNp | = yr P? dp sin 8 d0 dp (2.83) 


Tear 
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Integrating by angles, we find the number of electrons in the 
layer located between p and p + dp: 


dN! —92 4nV 


Passing from the variable p to e=e, we get for the number 
of electrons de" in the energy interval from e to e+ de: 


ut 872 av 
OMe oany 


Thus, the density of states vi1(e) of the three-dimensional elec- 
tron system with the quadratic dispersion law is: 
On| = BW2aV yy 
de (anh . 
The shape of the function v!I(e) is shown in Fig. 125. 
Expression (2.86) for the density of states has been obtained 
for the quadratic isotropic dispersion law. A similar expression 
can be found for an anisotropic quadratic dispersion law which is 
associated with ellipsoidal constant-energy surfaces. For this, it is 
n sufficient to find the number of 
vie) electrons N@!(e) with an energy 
not exceeding e. This number coin- 
cides with the number of elec- 
trons inside the ellipsoid given by 
equation (2.25). The semi-axes 
of the ellipsoid are ~/2m,e, 


V2m,e, and V2m,e and its vol- 
ume A> is: 


m'"e"" de (2.85) 





vill (g) = (2.86) 














Fig. 125 Ao = 4 22/3 (m,mym,)"" 6 (2.87) 
Hence the number of electrons N@™!(e) is: 
16/2 nV Vp Jy 
Nu (2) = vay (m,mym,)" e" (2.88) 


Differentiating by e, we find the density of states vi%(e) for the 
case of ellipsoidal constant-energy surfaces 


ylll (g) = Suiat (m,mym,)"* e? (2.89) 


As will be seen, at the passage from a spherical Fermi surface 
to an ellipsoidal one the nature of the dependence of v!!! on e has 
not changed. Let (m,m,m,)'* be denoted as mg. This quantity has 
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been termed the effective mass of density of states. In an isotropic 
case it simply coincides with m. The introduction of the effective 
inass of density of states makes expressions (2.86) and (2.89) 
formally identical to one another. The passage from an isotropic 
case to an anisotropic one thus reduces solely to changing the 
magnitude of mag. 

As has been mentioned earlier, ellipsoidal constant-energy sur- 
faces are observed in the vicinity of maxima and minima of ener- 
gy. These surfaces are of the electronic type near a minimum of 
energy and bound the filled part of p-space. A minimum of energy 
in an energy band is otherwise , 
called its bottom. Thus, the den- %) 
sity of states of electrons, vi, |» 
has the form of (2.89), where e 
implies the energy of an elec- 
tron state & calculated from 
the bottom &, of the zone up- 
ward:e = & — &,. 

The constant-energy surfaces 
are of the hole type near a 
maximum of energy and bound 


an empty part of p-space in a 
corresponding Brillouin zone. 
A maximum of energy is other- ; 
wise called the top of an ener- Fig. 126 

gy band. Thus, the density of 

states of holes also has the form of (2.89), where the energy e 
implies the energy of the unfilled electron state & corresponding 
to a hole calculated from the top &, of the zone downward: 
6= 6,—6. 

Note some properties of the density of states v!(e) of a three- 
dimensional system: 

(a) the density of states v¥!(e) is zero at the boundary of an 
energy band (in the minimum or maximum of energy in the band) 
and increases monotonously with energy; 

(b) the density of states v'Z(e) has no singularities at any va- 
lues of ¢; 

(c) the density of states v!(e) is proportional to the effective 
mass mg of electrons (or holes) to the power of 3/2. 

Until now, we have discussed the density of states of an elec- 
tron system, obtained without account of the interaction between 
electrons“and also without account of the electron-phonon interac- 
tion. As has been shown in the previous section, these two factors 
result in renormalization of the effective mass of the carriers near 
a Fermi surface, the electron-phonon interaction providing the 
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greatest contribution. A change (increase) of the effective mass 
of electrons and holes, in turn, causes an increase of the density 
of states on the Fermi surface. 

Thus, the expression (2.89) obtained for v!1(e) describes a non- 
renormalized density of states, which is differently called the band 
density of states. Qualitatively, the dependence of a renormalized 
quantity v!l*(e) on energy is shown in Fig. 126. The “peak” of 
density of states near ¢ = er corresponds to a layer of “heavy” 
electrons or holes formed through the electron-phonon interaction. 

Let us derive the density of states for a two-dimensional electron 
system with a quadratic dispersion law. An analytical expression 


ve 
ye) 





Fig. 127 Fig. 128 


for the band density of states v'l(e) can be obtained by the same 
method as has been used in deriving the expression for v'l(e). 
For a two-dimensional crystal of unit area the number of elec- 


trons dN> in an element dp,dp, of phase space is 


u_ 2 
> (20h)? 


dp, dp, (2.90) 


Passing to cylindrical coordinates and integrating by angle q, 
we get the number of electrons dNp in the “neck” extending from 
ptop+dp: 

4 
dNp = aap PAP (2.91) 


From the dispersion law e=- it follows that pdp=md e. The 


expression for the band density of states vl!(e) can then be writ- 
ten as 


4 
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The band density of states of a two-dimensional system is con- 
stant and proportional to the effective mass of the carriers. The 
renormalized density of states v!l*(e) has a peak corresponding 
to the Fermi energy. A qualitative curve of v!*(e) is shown in 
Fig. 127. 

For a one-dimensional system of unit length, the number of 


electrons dN} in an element dp of phase space is 





1 2dp _ dp 
Np => = aA (2.93) 
Hence the band density of states v!(e) is as follows: 
‘le 
La 
vl (e) DET € (2.94) 


The function vi(e) (Fig. 128) increases with a reduction of e and 
has an infinite singularity at e = 0. This characteristic feature of 
the density of states of a one-dimensional system v!(e) plays a 
principal part in the distribution of electrons over energy levels 
in a quantizing magnetic field. 


2-14. QUANTIZATION OF THE ENERGY 
OF AN ELECTRON IN A MAGNETIC 
FIELD 


Because of the cyclic nature of the motion of an electron in a 
magnetic field H, its energy related to the motion in a plane per- 


pendicular to H becomes discrete, or as it is said, is quantized. 
This was first indicated by Landau [61] in 1930 when determining 
the energy levels of an electron in a constant homogeneous mag- 


netic field H. 
Let us recall that the energy « of a free electron is a continuous 
quantity and can be expressed through the components of its mo- 
> 


mentum p: 
D) 2 2 
Pytpy,+Pz 
e=e(D,, Py» mee ae 


Let the magnetic field be directed along the z-axis. As has been 
found by Landau, the motion of an electron in a magnetic field 
can be resolved into two components: the motion along the field 


H and that“in a plane perpendicular to H. The magnetic field does 
not change the longitudinal component, i.e. this part of the mo- 
tion is not quantized. The energy of electron related to it, 4, as 


with H = 0, is equal to p?/2m,. 
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The motion in the plane perpendicular to H is similar to the 
motion of a linear harmonic oscillator which oscillates about an 


equilibrium position y) = 7—>*- 





The energy spectrum e, of 


the transverse Sioneiel of motion coincides with the spectrum 
of the linear oscillator and consists of discrete levels: 


e,=(n +7) ho, where n=O, 1, 2,... 


Thus, the energy of the electron in the magnetic field without 
account of its spin is as follows: 


e=e(n,p.)=(n-+ 5) hot f 


Quantization of the energy of electrons in a magnetic field is 
the physical basis of diamagnetism of electron systems. 

The motion of a quantum particle differs from that of a classical 
one in that the energy of cyclic motion is discrete. This distinction 
can be clearly interpreted by using the quasi-classical concept of 
the path of motion of an electron in a magnetic field. 

Thus, for the classical motion, any values of the energy e, re- 





(2.95) 


2m 


lated to the motion in a plane perpendicular to the field H are 

allowable. The magnitude of e, is then expressed through the 

frequency w of rotation and radius r of the electron orbit: e, = 
oP mor? Je|H 

= =— 7 - The cyclotron frequency o = ae is independ- 

ent of the size of the orbit. Thus, each value of the energy e, has 


a corresponding definite value of radius r, both values varying 
continuously. 
For a quantum motion, only discrete values of the energye, = 


= (n - 5) ho are allowable. 


We shall use, as before, the quasi-classical concept of the path 
of an electron'!). The values of radius r of the path can be found 











1) A quantum particle moves freely in a magnetic field along the z axis 
and also performs motion within a limited region 


w—a/ <i<mta/se 


in a plane perpendicular to the magnetic field. The motion in that region cor- 
responds to the classical motion of a charge around a circle with the cyclo- 
tron frequency, 
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by the correspondence principle, used in quantum mechanics to 
establish the relation between classical and quantum quantities. 
For this, we correlate the classical and the quantum expressions 
for the energy e,: 


1__ _myo?r? _ ae 
sS=— and e747 =(n+ 5 ho 


Hence it follows that only discrete values of the radii r, of orbits 
are allowed: 

2h I 2Qch 1 
a definite value of r, corresponding to each value of the quantum 
number n. 

To pass from one orbit to any other of greater radius, it is re- 
quired to spend an energy multiple of Aq. 

Thus, the energy spectrum of an electron in a magnetic field is 
determined by the quantum number n and the magnitude of the 
projection of its momentum pz & 
onto the direction of the magnetic 
field which is retained during mo- 


tion. Such a spectrum can be de- 
picted by a combination of para- 
2 





z 





bolae or shifted relative to one 


another along the energy axis by 
ho (Fig. 129). 

Each parabola corresponds to 
its own value of the quantum 
number n. These parabolae have Fig. 129 
been termed Landau levels. The 
numbering of these levels is made by means of the quantum num- 
ber n. 

The energy states on each Landau level, corresponding to diffe- 
rent values of p,, are degenerated in yo, which actually determines 
the position of the centre of orbit of an electron along one of the 
Cartesian axes on a plane perpendicular to the magnetic field. 
Note. that the coordinate of the centre of orbit x) along the other 
Cartesian axis has no definite value simultaneously with yo, since 
the quantum operators corresponding to these values do not com- 
mutate with one another. 

Let us find the degree of degeneration of each energy level 
(2.95) in a case when the motion of the electron in a plane per- 
pendicular to the magnetic field is restricted within the limits of 
a finite area S with dimensions L, and L, along the axes x and y. 
With this restriction, the components p, and p, of the electron 
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become discrete and multiple of the minimum values of the mo- 


menta: 


Ap, = and dpy = (see Sec. 2-3) 


We assume that the radius of the electron orbit is small compar- 
ed with L, and L,. The minimum distance Ayo between neighbour- 
ing orbits along the y axis is 

__ cApy ___2nch 
Avo= TelH = Tel Aly 


The number of allowed orbits on the area S is determined by the 

number of different values of yo satisfying the condition 0 << y< 
L H 

<L,. It is evidently equal to the ratio a L,L,. Then, 

the number of different states along yo for the given n and p, (de- 

gree of degeneration) is aE S; it is proportional to the area S 

and the first power of the magnetic field. 

On each Landau level in a state with the given p, there are 
electrons with opposite spins. Thus, each energy state is, in addi- 
tion, twice degenerated by spin. 

As is known from quantum mechanics, an electron possesses 
its own magnetic moment (eigenmoment) p which is related to 


the spin and is equal in magnitude to Bohr magneton p,= Leth ; 
0 








The eigenmoment ib of the electron in a magnetic field can be 
orientated either in the direction +A or in —H. Account of the 
energy of the eigenmoment up of the electron in the magnetic field, 


which is equal to —(wH), results in removal of spin degeneration 
of Landau levels. Each Landau level then splits into two sub- 


levels corresponding to two orientations of tL. The lower of the 
two sub-levels is evidently that on which the magnetic moment 


of the electron coincides in direction with H. 
With an account of the energy-level spin splitting, the expres- 

sion for the energy of an electron in a magnetic field can be writ- 

ten as 

Pz 

2m, 


1 
e=eln, 5, p.)=(n+7)ho-+ suel-+ 


where s is the spin quantum number, acquiring the values +1. 
With the account of the spin of an electron, the Landau levels 

are numbered by means of two quantum numbers n and s. The 

values s = +1 and s = —1 are usually written as “+-” and “—” 





(2.97) 
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signs at the corresponding number n. With such a notation, the 
lowest level is 0-. 

Note that for a free electron in the magnetic field the magnitude 
of spin splitting of levels, equal to 2usH, coincides with the dis- 
tance fw between the Landau levels obtained without account of 
electron spin '). 

The situation arisen is very peculiar: spin splitting removes de- 
generation of the Landau levels with the same value of n, but the 
degeneration of the levels corresponding to the quantum numbers 
(n, S=+1) and (n+1, s= 
=-—l) is formed. The passage 
from a system of Landau levels 
without account of spin to a sys- 
tem of levels accounting for spin 
splitting can be clearly illustrated 
on an energy diagram correspond- 
ing to the states with p,=0 
(Fig. 130). As will be seen from 
the diagram, the degeneration re- 
lated to spin is only absent on the 
0- level. 

In expression (2.97) for the 
energy of an electron, the depen- 
dence on quantum numbers n and 
s can be formally replaced by the dependence on a single num- 





p 
ber n’:¢ =n’ho as where n’ can take on a series of values: 
J 


0,1,2,.... 

A circumstance of importance should be emphasized. The ener- 
gy of an electron in a magnetic field is dependent in a continuous 
manner only on one projection of the momentum, p;. Because of 
this, the system of electrons in the magnetic field possesses many 
features of a one-dimensional system. This peculiarity has the most 
substantial effect on the density of states of electrons in the mag- 
netic field. 

Quantization of the energy of a free electron in a magnetic field 
is a consequence of its cyclic motion. For the same reason, the 
energy of an electron in a metal placed into a magnetic field is 
also quantized. But quantization of electrons in a metal can only 
occur when the free-path length / exceeds the size of the orbit of 

cp 


eit in a plane perpendicular to the magnetic field. 





the electron 


1) Since the formation of Landau levels is connected with the motion of 
an electron on its orbit, the distance iw between the Landau levels is sornctimes 
called orbitai splitting. 
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Because of this the magnitude of a quantizing magnetic field is 
limited from below by a definite value H, at which the characteris- 
tic size at becomes of the same order as I. 

Let us recall that estimation of this value of the magnetic field 
has been done in Sec. 2-12, Chapter Two: 


H,~ + Ha = + (10%10°) oersteds 


According to this feature, magnetic fields are usually classed as 
strong and weak: for strong fields H > H,, and for weak ones 
H<H.. 

Let us consider purely qualitatively the variations occurring in 
the energy spectrum of current carriers under the action of a 
quantizing magnetic field, taking for example the quadratic dis- 
Sn: + Tae +32. The frequency of cyclic motion 
of an electron can be expressed through its cyclotron mass m*. For 
the quadratic dispersion law, m* at H = H, is related with the 
main components m, and m, of the effective mass tensor: (m*),= 
=/m,m, [see (2.80)]. The transition from a quasi-continuous 
energy spectrum e = &€(px, Py, Pz) to the Landau levels can be 
made similar to what has been done for free electrons. The energy 
of an electron in a magnetic field, depending without account of 
spin on the quantum number n and the projection of momentum 
P:, can be written as: 





persion law: e= 


je|hH I p, 
aye (8+a) tae (2.98) 


e=e(n, pz) = 


An energy state with the given n and p, is twice degenerated 
Lele or 
2Quhe ~*~ 
by the positions of the centre of orbit of the electron in a plane 
perpendicular to the magnetic field (here L, and L, are dimensions 


of the crystal lattice of the metal in the plane perpendicular to H). 

For quantization of the energy of an electron in a metal, ac- 
count of the spin cannot be made in the same manner as for a free 
electron. Analytical computation of the magnitude of spin splitting 
(Ae)* of Landau levels on the basis of the zone structure of a par- 
ticular metal is a rather complicated problem that has not been 
solved completely. In particular, it has not still been explained 
theoretically why the magnitude of spin splitting (Ae)s in some 
metals exceeds orbital splitting ho. 





by spin, and is also degenerated with the multiplicity 
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Spin splitting (Ae)s is usually expressed in the units wsH: 
(Ae)’ == gugH (2.99) 


the proportionality factor g being termed g-factor. For a free elec- 
tron, g = 2. 

For metals, g-factor may substantially differ from 2 in either 
side. Note that g-factor may be different for different groups of 
current carriers even in the same metal. In each particular case, 
g-factor can also strongly depend on the direction of magnetic 


field H. 

Thus, g-factor is a new characteristic of current carriers in me- 
tals and has to be determined experimentally together with other 
characteristics, such as cyclotron mass, the size and shape of the 
Fermi surface, etc. 

Upon introduction of the g-factor, the expression for the energy 


of an electron in a metal placed into a magnetic field H, with 
account of spin splitting of levels, can be written in the form simi- 
lar to (2.97): . 

le|hH 1 1 p2 
e=e(n, Ss, p)= a(n +5) +5seu.H + a 


where s = +1, as for a free electron. 

The expression for spin splitting (Ae)* can be written in a 
different way. For this, we introduce a quantity ms, having the 
dimension of mass, and relate it to the g-factor as follows: 





- (2.100) 


z 


Mo 


g= mn (2.101) 


ms has been termed the spin mass. Using it, (Ae)* can be formally 
written as for a free electron: 
(Ae)’ = 9 -Le Lae 


2msc 





=u (2.102) 


The spin mass ms’ here determines the magnetic momentum 1, 


which is called the effective magneton. 

The use of the spin mass is very convenient for comparing the 
values of the spin and orbital splitting. With ms = m*, the spin 
splitting evidently coincides with the orbital splitting. The system 
of Landau levels is then similar to the system of levels for a free 
electron. 

Figure I3la, b, and c shows diagrams, similar to that of Fig. 130, 
for threé’cases: ms > m*, ms = m*, and ms < m*. With ms < mi*, 
the spin splitting exceeds the orbital splitting, which results in 
disturbing the order of sequence of levels. In particular, with the 
magnitude of spin splitting shown in Fig. 13lc, the energy of 
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- 


state with p, = 0 on the level n* becomes greater than the energy 
of state on the level (n + 1)-. 

Let us discuss the quantization of the energy of quasi-particles 
in the vicinity of a maximum of energy in a band, i.e. the quanti- 
zation of the energy of holes. Note that the cyclic motion of holes 





Fig. 131 


occurs in a direction opposite to that of electrons, and that the 
cyclotron mass of holes is negative. As has been indicated, the 
energy of holes is counted from the top of a band downward. 
Accordingly, the Landau level of holes 
with the number n is located above the 
level with the number n+-1. 

But the g-factor and spin mass of 
holes are usually positive quantities '). 
Hence it follows that in a system of 
hole-type Landau levels the uppermost 
level under account of spin splitting 
will be that with 0-. An energy diagram 

Fig. 132 of hole levels at p, = 0 is shown in 

Fig. 1382. The diagram corresponds to a 

case when the orbital splitting exceeds the spin splitting. By com- 

paring Figs. 131 and 132, it can be seen that the corresponding 

energy diagrams for electrons and holes differ from one another 
only in the direction of counting of energy. 

The expression for the energy of a hole in a magnetic field un- 
der account of spin splitting of levels is identical with expression 
(2.100) for the energy of an electron, but e, (m*), and m* now 
denoting the magnitudes of energy, cyclotron mass and effective 
mass of holes. 





1) In rare'cases, g-factor of electrons and holes may be negative. The sign 
of g-factor can be decided by means of magneto-optical measurements by the 
nature of optical junctions between the Landau levels from neighbouring bands. 


> 
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If, in quantization, we regard the energy band as a whole, the 
following circumstance must be accounted for. The quasi-particle 
states near the bottom of the band have a positive effective mass 
and are called electrons, whereas the states near the top have 
a negative effective mass and are termed holes. 

At a departure from the bottom of the band, the effective mass 
of electrons increases and tends to plus infinity in the middle 
oi the zone. With a departure from the top of the band downward, 
the effective mass of holes also increases in magnitude and tends 
to minus infinity in the middle of the band. The passage from 
the minimum of energy at the bottom of the band, surrounded by 
closed constant-energy surfaces of electron type, to the maximum 
at its top, surrounded by closed constant-energy surfaces of hole 
type, is performed through constant-energy surfaces of open type 
(corresponding to the energies near the middle of the band). 

When electrons approach the open paths, the cyclotron frequen- 
cies of motion of electrons and holes in a magnetic field tend to 
zero, the periods of rotation in the orbits increase.to infinity, the 
motion ceases to be finite, and quantization of the energy is dis- 
turbed. Consequently, it is impossible to quantize the energy of 
all the states in a band, beginning from the bottom and up to the 
top. With moving farther from the bottom (or top), the Landau 


levels condense infinitely (to = leVaH — 0 at any H) and the 


energy spectrum of current carriers corresponding to the motion 
in a plane perpendicular to the magnetic field is transformed into 
a quasi-continuous one. 

Thus, the behaviour of quasi-particles on electron- and hole-type 
constant-energy surfaces in a magnetic field has remained diffe- 
rent. This means that the introduction of electrons and holes is 
connected with a stable physical feature which does not change at 
quantization of the energy in a magnetic field. 





2-15. DISTRIBUTION OF ELECTRONS 
IN p-SPACE IN THE PRESENCE 
OF A QUANTIZING MAGNETIC FIELD 


Let us discuss how the distribution of electron states in p-space 
varies under the action of a quantizing magnetic field. For simpli- 
city, we shall analyse the case of a one-zone metal with a spherical 
Fermi surface and neglect spin splitting. At H = 0, the allowed 
states -afe ‘distributed uniformly inside the Fermi sphere and corre- 
spond to the elementary volumes (2nf)*. For clarity, these volumes 
can be denoted by points spaced a distance 2nf from each other 
along the axes px, py, and pz. 
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Figure 133 shows the section of the Fermi sphere by the plane 
pz = 0. The allowed states fill the circle of maximum radius pp = 


= +/2me, in that plane. In any section p, = const the filled states 
also fill a circle whose radius is a/ D3: — p2. As p, increases from 


zero to pr, this radius decreases and becomes zero in the re- 
ference points: p, = +p 

A uniform filling of ihe Fermi sphere by the points depicting the 
allowed states corresponds to a quasi-continuous energy spectrum 
& = €(Px, Py, P2), where px, Py, and p, run through quasi-continu- 
ous sets of values from 0 to pr. 


es 


a 
— 


Fig. 133 Fig. 134 








Application of a magnetic field does not change the total num- 
ber of electrons in the metal. But the magnetic field can change 
the distribution of electrons and, as a consequence, cause redistri- 
bution of electrons between bands. In the example considered, only 
the first band is partly filled, whereas the other bands are empty. 
The filled states are located around the minimum of energy in the 
first zone (near its bottom). In that case the number of electrons 
in the first zone, which coincides with the total number of electrons 
in the metal, does not change, as well, at application of a magne- 
tic field. 

Let the magnetic field be directed along the 2 axis. The discrete 


levels (n + >) hw then become the allowed values of the energy 


e, related to the motion in a plane perpendicular to the magnetic 
field. These energy levels determine the discrete allowed orbits 


of electrons in the planes p, = const of p-space. The radius p, of 
the orbit relating to a level with a quantum number n is found by 
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the correspondence principle which can be written as 


2 
1 
Pa (n+) ho n=0, 1,2,... (2.103) 


i a/ amho (n+ +) (2.104) 


All the states which at H = 0 were located in the plane p, = 
= const between the orbits of radii p, (n = 0, 1, 2,...), become 
the forbidden ones upon application of magnetic field. In other 
words, application of the magnetic field results in that all the 
allowed states in the plane p, = const are drawn onto the nearest 
orbit (Fig. 134). It may be definitely assumed that the states from 
the total area of the central circle of radius po are drawn onto an 
orbit with n = 0, all the states from the area located between the 
circles of radii po and p; are drawn onto an orbit with n = 1, etc. 

It can be easily seen that the areas located between any two 
neighbouring orbits coincide with one another and with the area 
np; of the orbit with nm =0 and are equal to 2nmha. Because of 


this, each allowed orbit contains the same number of states 


2 which is determined by the number of states on the area 


2Qnhom at H =0 (the factor 2 accounts for the double degenera- 
tion of each state by spin). Thus, the degree of degeneration of 
each allowed orbit of radius p, in the magnetic field is proportion- 
al to the first power of the magnetic field. 

The orbits considered are entirely identical to each other in all 
planes p, = const. This means that all allowed states in the 
Fermi surface in the magnetic field are condensed on the surface 
of coaxial cylinders parallel to the axis p, (Fig. 135). The radii of 
cylinders are determined by expression (2.104). The total number 
of states on each cylinder is proportional to its length in the 
direction of the p, axis within the limits of the Fermi sphere. It 
decreases with the growth of the radius p, of the cylinder. The 
number of cylinders inside the Fermi sphere is limited to a num- 
ber Mmax, which is found from the following inequality: 


p 1>Pp>P 


whence 


Ninax + Nmax 


whence, noting (2.104), we get 
Qmafio (max +1 +4) > mee > 2mho (‘max -+ +) 


ho 


ep 7 
Mnax +1 > he > Max (2.105) 


or 
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It follows from (2.105) that the number of cylinders nmax de- 
creases with strengthening of the magnetic field. 











no 















Fig. 135 


The lower graph in Fig. 135 shows the dependence of the energy 
of states on each cylinder in the plane p, = 0, on the radius of the 


cylinder. These energies represent a discrete series (n+) ho. 


The right-hand curve is the relationship between p, and the energy 
of state on each cylinder, counted relative to the magnitude of 
energy at p, = 0. The length of each cylinder along the p, axis 


-> 
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is determined by the difference between the Fermi energy er and 
the energy (n + >) ho corresponding to that cylinder. 

Let us define the total number of states N, on a cylinder of 
the number n. The length of the cylinder along p, is determined as 
2 a/p2. — p?. The number of states along p, on the cylinder is 
2a/p% — p? 


eer Saat The product of this value by the number of states 


condensed onto the cylinder in the plane p, = const is Ny. Thus 


Qnmhio 2 a/ 0 —p. 








Na=2- (Qxh)? °~  (2xf) 
or finally 
1 
8xmfio a/ 2m [e, _— (n+5) ho| 
N,= OSe ae =? aie ss (2.106) 


As can be seen from (2.106), with (n + 5) ho =e, the number 


of electrons on the cylinder with the number n turns to zero. At 
that moment the radius of the cylinder p, attains pr and goes 
outside the Fermi sphere. This passage of the cylinder beyond the 
Fermi sphere is accompanied with it being freed from the elec- 
trons that have been present on it. These electrons are redistributed 
onto cylinders of a smaller radius which are located inside the 
Fermi sphere. As the number of the cylinders freed from electrons 
becomes larger, the degree of degeneration of the cylinders re- 
mained inside the Fermi sphere increases. At a certain value of 
the magnetic field all electrons will be condensed on the last 
cylinder, having the number n = 0. This situation can only be 
considered qualitatively, since fiw in its order of magnitude at- 
tains eg at H = 0 and the quasi-classical approach becomes inap- 
plicable. This problem will be discussed in more detail in the next 
section. 


> 

Let us see how the distribution of electron states in p-space will 
be changed at quantization of the energy in a magnetic field in a 
case of an arbitrary dispersion law. This question can be cleared 
out by means of the Bohr-Sommerfeld quasi-classical quantization 
which is applicable under the same conditions as the quasi-clas- 
sical description of the motion of electrons we have used. Accor- 
ding to.the quantization principle, an integral of the generalized 
momentum of an electron.taken over the closed contour of its 
orbit of cyclic motion is equal to (n+ y)2n4, where n is a whole 
number and y is a phase addition (with the quadratic dispersion 
law, y = 1/2). The generalized momentum of an electron in a 
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magnetic field is of the form p+ A, where p is the quasi-mo- 


> 
mentum, and A is the vector potential of the magnetic field. The 
Bohr-Sommerfeld principle of quantization in our case should be 
written for the projection L of the orbit onto a plane perpendicular 
to the magnetic field: 


b, (p ae A) dr=(n-+ y)2nh (2.107) 


For a magnetic field along the z axis, the vector potential A can be 


taken in the form A = {—H-y,0, 0}. Substituting A into (2.107) 
gives 


f, (pxde t+ pydy—<Hydx)=(n+y) 2nh (2.108) 


In order to transform (2.108), we use the equation of motion 


“dt cldt 
whence F P 
PE EY 
aE 71 H (2.109) 





It can be found from (2.109) that px = Hy and dy =—5- dp,. 
The integral in (2.108) will then be re-written as 


— } , Py dps =(n +) Qnh (2.110) 


where integration is done over the contour & of the orbit in 
p-space. Since §, p,dpx equals the area S of the orbit in p-space 


(or the area of the section of the Fermi surface by a plane perpen- 


dicular to A), equation (2.110) implies that the areas of electron 
orbits are quantized in the magnetic field. The discrete area S, 
of an orbit depends on the magnetic field H and quantum num- 
ber n: 


eee. 


S,= (n+ y) (2.111) 


The electron states located uniformly in the plane p, = const 
inside the Fermi surface are drawn at application of a magnetic 
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field onto the allowed quantum orbits whose areas are determined 
by expression (2.111). Since S, in independent of p,, the electron 
states in the volume bounded by the Fermi surface are condensed 
into tubes whose areas of section by 
all planes p, = const are constant and 
equal to S, (Fig. 136). 

The degree of degeneration of each 
tube is proportional to fw. For a sphe- 
tical Fermi surface, these tubes are 
transformed into circular cylinders con- 
sidered earlier. The shape of a cylin- 
drical tube having the number n is de- 
termined by the shape of the section of 
the Fermi surface by a plane p,=const, 
the area of this section being equal in 
magnitude to S,. With strengthening 
of the magnetic field the dimensions of 
allowed orbits and the distances be- 
tween them increase. Because of this, 
the tubes begin to lose electrons and Fig. 136 
pass beyond the Fermi surface. The 
picture thus obtained is quite similar to the motion of circular 
cylinders in the case of quadratic isotropic law of dispersion con- 
sidered earlier. . 





2-16. THE DENSITY OF STATES 
IN A MAGNETIC FIELD 


Let us come back to the picture of Landau levels in the form 
of parabolae over p, shifted relative to each other by hw (see 
Sec. 2-14, Chapter Two, Fig. 129) and consider the set of states 
with different p, on each parabola. These states are spaced a dis- 
tance 2x from each other along the p, axis (Fig. 137). The points 
at e <( er of the parabolae depict filled states. The energy spec- 
trum on each parabola is quasi-continuous. 

The parabola with the number n crosses the Fermi level at a 
definite value of p,. The greater the number n of a parabola, the 
smaller p, corresponds to the energy equal to ey. The maximum 
number fmax of the parabolae located below the Fermi level is 
evidently determined by the same double inequality (2.105) which 
determines the maximum number of cylinders inside the Fermi 


sphere in p- space (see the previous section). 

An energy state with the given value of p, on a parabola with 
the number n corresponds to all the states on the discrete orbit 
with the same number which is located in the plane p, = const 
(see Fig. 134). This means that the state with the given p, on 
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each parabola has the degeneration multiplicity equal to 2 ene : 


Note that the length of the cylinder with the number n within the 
limits of the Fermi sphere coincides with the size of the correspond- 
ing parabola along the p, axis between two symmetrical points 
of intersection with the Fermi level (for instance, between points 
A and A’ in Fig. 137). Therefore, the total number of states on 
the n-th parabola, which is located below the Fermi level, coin- 
cides with the total number of the states N, on the n-th cylinder 


& n=3 
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Fig. 137 
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within the Fermi sphere [see expression (2.106)]. This number of 
states reduces as the parabola moves upward with strengthening 
of the magnetic field, and the filled portion of the parabola between 
the points of intersection with the Fermi level becomes shorter. 

If each Landau level is considered separately, then the energy 
of electrons on it is only dependent on p,, as in the model of a 
one-dimensional electron gas. In order to describe the density of 
states on each parabola, we can use formula (2.94) for a one- 
dimentional system (see Sec. 2-13, Chapter Two). We then only 
have to take into account that the formulas were applicable, the 
energy of electrons on a Landau level with the number n must 


be made not from zero, but from the value (n + 5) Aw correspond- 


ing to the energy of state with p, = 0 on the n-th parabola. This 
means that the argument in formula (2.94) will now be the diffe- 


rence @&— (n + 5) ho. 
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Thus, taking into account the degeneration multiplicity of each 


state, equal to 2 ae the density of states v,(e) on a parabola 


with the number n can be written on the basis of (2.94) as 


_ 4amho mis l —'h 
Then, in order to obtain the total density of states vy(e) of the 
electron system in the magnetic field for the given value of energy 
e, it is sufficient to sum up the expressions for vj(e) over all 


parabolae for which the argument e — (x + 5) ho is positive. For 


instance, for the value of energy e =e’ in Fig. 137, only the 
states located on two parabolae with n = 0 and n = | contribute 
to the total number of states dN(e’) within the energy interval 
from e’ to e’ + de. The total density of states vy(e’) can therefore 
be obtained by summing up only vo(e’) and v;(e’). 

Consequently, the total density of states vy(e) of the electron 
system with the quadratic isotropic dispersion law placed into 
magnetic field H can be written as 


v ye = ton > [e =: (n ae 3) ho} (2.113) 


The maximum value of the number n, of the parabolae over 
which the summation is made is determined from the double 
inequality: 


te< ao <t%e +1 (2.114) 


The density of states vy(e) on the n-th parabola has an infinite 
singularity at p,= 0, or else, at e=(n + 5) how. The functions 


vn(e) for n = 0, |, 2, etc. are shown in Fig. 138. The total density 
of states vy(e) is given in Fig. 139. The dotted curve in the last 
figure illustrates the dependence of the band density of states 
vUl(e) on energy at H = 0 (see Fig. 125) '). 

Since the total number of electrons in a magnetic field cannot 
change, the areas below the curves vy(e) and vUl(e) within the 
limits from 0 to er must be equal [it is to be recalled that the 

ep 


total number of electrons v=| v (e) de]. With a weakening of 
0 


1) In the analysis of density of states in a magnetic field the effect of 
renormalization of the effective mass i§ disregarded for simplicity, 
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the magnetic field H the density of Landau levels increases. It is 
evident that in the limit at H +0 we must again pass from the 
discrete Landau levels to the quasi-continuous spectrum of the 
three-dimensional system ¢ = &(pPx, Py, Pz). The density of states 
of such a system is described by formula (2.86). 

Let us show that the limit transition at H — 0 in the expression 
for the density of states vy(e) (2.113) actually gives expression 
(2.86) for vili(e). At low values of H, the Landau levels come very 


v,(€) 


n 





Fig. 138 


near to each other, so that in formula (2.113) we can pass from 
summation over n to integration over a continuous variable u: 


a=" n 


Y [e—(n+ 4) mo] "> [fo (+ F) no] “te 
=—<[e—(4+5) to]" 


With u = ng, the difference ¢ — (u + 5) fiw does not exceed fw 


(see Fig. 137). We now write this difference as afw, where 0< 
<a<l. The limit transition from vyz(e) at H—0 has the form 
as follows 


2m’! ho Yo 4, 
ny e) = lim —= {(e-y) ee 
x ( ) H>0 2 wh? neh? 9 ( ) 
VE nil iy VTA a al 


i i (anh)? 


ne 
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The expression obtained coincides with formula (2.86) for v'll(e). 
Let us see how the density of states at the Fermi level will change 
at an increase of the magnetic field. 

As can be seen from Fig. 139, the infinite singularities of the 
density of states correspond to the values of energy equal to 


nts fo atn=0, 1, 2,.... With an increase of the mag- 


netic field the distances fw between the singularities grow and the 
infinite maxima (“peaks”) on the curve va(e) pass in succession 
through the Fermi level. Each time the bottom of a next Landau 
parabola coincides with the Fermi 
level, an infinite singularity of the 
density of states appears on the 
latter, which in turn causes a sin- 
gularity of all the thermodynamic 
and kinetic characteristics of the 
electron system which depend on 
the number of electrons on the 
Fermi level. 

The periodic repetition of these 
singularities at an increase of H 
is physically the cause of the 
oscillating effect of the magnetic 
field on such parameters as elec- 
tric and thermal conductivity, 
magnetic susceptibility, specific Fig. 140 
heat, etc. In real cases, owing to 
that the lifetime + of quasi-particles is finite, each Landau level is 
blurred by a value Ae, which can be estimated from Heisenberg’s 
uncertainty relationship: Ae >A/e. In addition, at a finite tempe- 
rature T the boundary of Fermi distribution is also blurred by a 
value ~&T (Fig. 140). Because of these reasons the singularities 
of the density of states at a Fermi level become more or less pro- 
nounced peaks. 

In order to observe oscillatory dependence of physical quanti- 
ties in a magnetic field, it is evidently required that the widening 
of Landau levels ~A/t and blurring of the Fermi level ~&T 
were substantially smaller than the energy state Aw between the 
singularities. For this, the following inequalities must be satis- 
fied: 


kT 





ha > kT, ha or ot > 1 (2.115) 


Oscillations of the density of states at the Fermi level in a 
magnetic field cause oscillations of the position of the Fermi level 
itself. When the bottom of a next Landau level reaches the Fermi 
level, the latter tends to move upward: the Fermi sphere expands. 
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After the given Landau level has emerged beyond the Fermi level 
and lost electrons, the next level is still sufficiently deep and the 
Fermi sphere contracts. 

This motion of the Fermi level occurs since the total number 
of electrons in the metal at any value of the magnetic field (17) 
is a constant value. From this condition, it is possible to find the 
dependence of the Fermi energy er of electrons on magnetic field. 

Let it be illustrated by calculating ep for certain values of H 
on an example of a one-zone metal with the quadratic isotropic 
dispersion law. For this, we determine the concentration n of 
electrons by integrating over energy the expression (2.113) for 
the density of states vyz(e) in the magnetic field. Note that the 
integration of each term in (2.113) must be done from the value 
of the energy on the bottom of a corresponding parabola 


e= (x + 5) ho to ¢ = er. The integration gives 


hy n="nax , i 
— 2 A en y [er (H)—(n+ 5) ho| (2.116) 
n=0 
where fmax iS determined by the double inequality (2.105). 
It can be easily shown that, in the limit at H —0, expression 
(2.116) gives the formula for the concentration of electrons in 
a one-zone metal with the quadratic isotropic dispersion law: 


n= aN m'" (ex) (2.117) 
where e) is the Fermi energy at H = 0. 


At any H, the sum (2.116) contains a finite number (max + 1) 
of terms. This expression determines the dependence of ey on the 
magnetic field. It can be shown that at fw < e?. the relative vari- 





e@- (H) — ef 


ation of Fermi energy in the magnetic field is an 


effect proportional to the second power of a small parameter 
i ”* For that reason, in magnetic fields for which ha < e@, the 


Feri energy can be assumed practically constant and equal to 
e°. But with fo ~e?. the periodic variation of the Fermi energy 
in the magnetic field becomes a rather noticeable effect which can- 
not be disregarded in calculations of the quantities dependent 
On EF. 

With an increase of the magnetic field H, the number of the 
Landau levels located below the Fermi level reduces. The Landau 
levels cross in succession the Fermi level and lose electrons. At 
the exit of a next Landau level, the electrons on that level pass to 
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lower levels. The last level which principally can be freed from 
electrons is that with n = 1. After its exit, only a single Landau 
level with n = 0 remains under the Fermi level. All electrons in 
the metal condense on that level. 

The region of magnetic fields at which electrons condense onto 
the last level is called the ultra-quantum region. In that region the 
quasi-classical approximation is no more applicable, in particular, 
the concept of the path of an electron loses sense. The description 
of motion of quasi-particles in the ultra-quantum region requires 
the apparatus of quantum mechanics. 

Let H, be the value of the magnetic field at which the n-th Lan- 
dau level crosses the Fermi level, and let w, be the cyclotron 
frequency at H = H,. We shall calculate er at the exit from 
several first levels, i.e. at H = A, Ao, etc. 

At H = H, the bottom of a parabola with n = | coincides with 
the Fermi level. Consequently, at this value of the field, er(H,)= 


=(1+ fon (see Fig. 137). 

In a magnetic field exceeding H, by a small magnitude 6, only 
one parabola with n = 0 is under the Fermi level, and accordingly 
the sum entering the expression (2.116) has only one term 

@o 


ep (H) — fo left. In fields smaller than H, by 6 the same sum 


contains two terms 


In the limit at 6-+0, H tends to H, from the right in the for- 
mer case and from left in the latter. With 6=0O (H =4H,) the 
sum of the two terms equals the single one: 


A/ er(Hy) — 3 hoy + A/ er (Hi) — Fhe, ho: = A/ er(Hy) — tho, 


Hence it follows that 


n( Hy) = 22 Pes A /e9(4H,) — 2 
or 
4m’? [ep (H,))"* 
: 34/3 2h? 
Comparing the expression for n(f,) with expression (2.117) 
for n(0) we find that e,(H,)= (=)"e = 1.146e}. 


3 
er(H)) = > hoy, n(H,)= 
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Similarly, it can be shown that 


ae 
&, (Hy) = 24. 0), = 1.05802 


(VT + 2)" 


The general formula for er(Hn) is 
1 
PN 2\7/s (n+35) 
ep ( )=(5) — 2/3 
(VI + V2 + +++ +n) 


Consider expression (2.116) for the concentration of electrons 
n(H) in the ultra-quantum region of magnetic fields H > M: 


a ieee 
n= Ve hom” |e, (Hy — (2.119) 


The Fermi energy in that region of fields increases rapidly 
with H: 


e. (2.118) 


o 4 F642 2 
er (H =p +“ (Fe) (2.120) 
and tends to an asymptotic expression er —>fw/2. The dimension 
along p; of the last parabola under the Fermi level then decreases 
continuously, similar to l/Ao, at the degree of degeneration of the. 
state with each p, on that Lan- 
dau level increases proportional 
with fo. 

The dependence of Fermi 
energy er on magnetic field in 
a one-zone metal with the qua- 
dratic isotropic dispersion law 
is shown in Fig. 141, from 
which we can see that the va- 
riation of ey in a magnetic field 
should be essentially accounted 
for in the region of fields 
H >(H,— Hs). 

Fig. 141 In weaker fields, ex can be 

considered, with a satisfactory 

degree of accuracy, independent of H and equal to e%. Strictly 

speaking, this approximation is valid with H < A, or with suffi- 

ciently large values (n >> 1) of the quantum numbers of the Lan- 
dau levels crossing the Fermi level. 

Let us use the approximation e,(H)=e,=const to determine 
the period of oscillations of the density of states at a Fermi level. 

The singularity corresponding to the level with number a ap- 
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pears at such value of the bee field H, for which 





(n+) eee eo, (2.121) 
whence ' 
te(nt te amy 


Similarly, for the singularity corresponding to the level with 


number n + 1: 
lelfi 








eo OT) pee, (2.123) 
Subtracting (2.122) from (2.123) we get: 
1 1 jelh 
-f5- Sa 2.124 
Hiei Ag MERE ( ) 


It can be seen from (2.124) that the interval between two con- 
secutive singularities of the density of states in a reciprocal mag- 
netic field is independent of the number n and is a constant under 
the assumption adopted. This means that singularities are formed 
periodically in such a field. The quantity a ~ 4 is called 
the period of oscillations in reciprocal field and is denoted as 


A (=z): The period of oscillations is 
1 

A(z)= 

Knowing it, we can find the product m*er which determines the 

area of an extremal section Sex, of Fermi sphere: S,,,,= 1p? = 


= 2nm*e,. Expression (2.125) can be written for an extremal sec- 
tion as follows: 





(2.125) 


Ges Qn \e|h 1 

extr — C . 1 
\(z) 
Formula (2.126), obtained for the particular case of a Fermi 
sphere, is valid for any law of dispersion if S..1, implies the area 
of an extremal section of the Fermi surface by a plane perpendi- 
cular to the direction of the magnetic field. In the general form 
it is called the Lifshits-Onsager formula and follows from the 
formula for quantization of areas S, of orbits in a magnetic field 

(2.111). 

Indeed, the singularity of the density of states on a Fermi level 
is observed when a next tube goes beyond the Fermi surface and 
its section by a plane p, = const attains an ‘extremal value Sextis 
Denoting the magnitude of the magnetic field at the moment of 





(2.126) 
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singularity by H,, formula (2.111) can be written in the form 


= Pah lel Hn (q+ y) (2.127) 


Sextr = 


In order to -pass from (2.127) to (2.126), we have to assume that 
the extremal section of the Fermi surface Sex, is independent of 
the number of singularity. This is equivalent of assuming that the 
Fermi level is constant, which is only true at fw < ep. Thus, the 
region of applicability of formula (2.126) is also limited by the 
values of fields H < H, or the values of larger quantum numbers 
n > 1. With a reduction of the number n, the interval ion — + 
ceases to be constant and the positions of singularities are shifted 
towards greater fields relative to the ree 7 H,, calculated 


at e, (H) =e? =const. Indeed, H, = cans ae es) 


e-(H,) is related to e% and n through expression (2.118). 
At all values H = Ap, er(H,) > 2. 

It is not difficult to calculate the position of singularities 1/Hn 
in a reciprocal magnetic field for the first numbers of Landau 





e-(H,), where 











levels n = 1, 2, 3, 4. In the units Lele , the values of 1/H, are 
m cer 

ee le| fi a 8 

aa (n+—) Pn (2.128) 


The factor B, accounting for oscillations of a Fermi level is equal 
to 0.872, 0.945, 0.966, and 0.977 for n = 1, 2, 3, and 4 respectively. 
Thus, the position of the first singularity 1/H, in the reciprocal 
magnetic field is shifted by approximately 13 per cent towards 
smaller 1/H compared with the theoretical value 1/H, at 
@,(H,)=e}. The distance between the two first singularities 
a exceeds approximately 1.05 times the distance A(z) 

2 I 
from expression (2.125). 

Let us find the expression for the density of states of electrons 
in a metal with the account of spin splitting of the Landau levels. 
In that case each parabola in Fig. 137 is splitted into two para- 
bolae shifted relative to the initial one upward and downward by 


5 guzH.- The density of states on each of the new parabolae is 


described, as before, by formula (2.94) for a one-dimensional 
electron system, with taking into account the reference point of 
energies on the parabola. 
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Thus, the density of states vn, ;(e) on the Landau level corres- 
ponding to the quantum numbers n and s, by analogy with for- 
mula (2.112), can be written as: 


2Qnham mia 
a Gero ak Tra | —(n Re >) ho — — > Seal” (2.129) 


Let us interprete geometrically the distribution of electrons in 


> 
p-space in the presence of a magnetic field and with an account of 
spin splitting of levels to verify this analogy. For this, we consider 
the structure of expression (2.100) for the energy in a magnetic 
field accounting the spin splXtting. Let us recall that at H-0 
the energy levels (2.100) form a quasi-continuous energy spectrum 
&€ = e(Px, Py, Pz), each state of which is twice degenerated by spin. 

The first term in expression (2.100) (n+ '/2)fw, as the first 
term in (2.98), describes discrete levels of the energy of orbital 
motion. This component has a classical analogue in the form of 
the motion of an electron on an orbit in a plane perpendicular to 


the magnetic field H, because of which it can be interpreted by 
means of the correspondence principle. 
According to this principle, the allowed quasi-classical orbits in 


a plane p,= const of p-space are circles whose radii pn are 
determined by expression (2.104). Without account of spin split- 
ting, each state on the orbit of pants pn in the plane p, = const 


has an energy e=(n + ho + Pe Sas for both orientations of the 


spin. The combination of all states with the given n has a corres- 
ponding Landau cylinder of radius pny. 
Under account of spin splitting, the energy of each state with 


the given n and p, becomes by 7 GusH greater for the one orien- 
tation of spin and by the same magnitude lower, for the other. The 
energy addition + Sug related to the magnetic eigenmomentum 


of an electron, has no classical analogue, and therefore, cannot 
be interpreted by the correspondence principle. But the concept of 
Landau cylinder that we have introduced earlier, can be retained 
with an account of spin splitting, if we introduce a new variable 


having the dimension of energy =e—+ sgusl and by 


means of-it’write expression (2.100) in the form coinciding with 
(2.98) 


194 Ch. Two. The System of Valence Electrons 


As before, we assume by the correspondence principle that at 


application of a magnetic field the allowed states in p-space are 
drawn onto the discrete Landau cylinders with radii p, determined 
by formula (2.104). As earlier, the number of states with the given 
projection of spin which are condensed onto the cylinder in a plane 
p, = const is determined by the area between neighbouring orbits 
and is equal to ee . This value is independent of p, and 
characterizes the degree of degeneration of the states on the cylin- 
der. Then, for each value of the quantum number n, one and the 
same Landau cylinder of radius p, and one and the same value 


of the variable at the given value of p, correspond to the 


states with either orientation of the spin. 

Thus, relative to the variable p,, each cylinder is, as before, 
twice degenerated by spin and formally is absolutely identical 
with the Landau cylinder introduced without account of spin split- 
ting. But the actual values of the energy e of the electron states 
on the cylinder corresponding to the quantum numbers s = +1 


differ from & by + + gual. Therefore, the geometrically iden- 


tical Landau cylinders differ from one another in the magnitude 
of the energy of the electron states with the same n and p,. This 
means that each value of s can be correlated with its own system 
of cylinders. 

The distinction between the two systems of cylinders consists 
in the magnitude of energy determining the boundary of filled 
states on the cylinders and the number of cylinders on which 
electrons are present. For the system corresponding to s = +l, 


the boundary energy is =E- — + gus, whereas for the 


s=+1 
system corresponding to s = —1, it is pace OR + > GipgH. 


The filled states on the cylinders of the first system (s = +1) 
are confined within the sphere of a _ smaller radius 


| A/ 2m (e, — - gal) and the cylinders inside the 
sphere are shorter along p,. The corresponding radius of sphere 
for the second system is pf__,=”/ 2m (e- + gurl) and the 
cylinders are longer along p,. The maximum number nmax(s) of 
cylinders of a system relating to the given value of s is determined 
by the double inequality: 
ep — FOF sou git 
Max (8) <———45-——— < tna (8) +1 (2.131) 
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Thus, account of spin degeneration has resulted in formation of 
two systems of Landau cylinders corresponding to two projections 
of the spin of an electron onto the direction of the magnetic field. 
The two systems of cylinders geometrically coincide, but each of 
them is inserted into its own “Fermi sphere” whose radius depends 
on the orientation of spin and the magnitude of magnetic field H. 
In this connection, the exit of the n-th cylinder of one system 
beyond its own “Fermi sphere’ does not occur simultaneously 
with the exit of the n-th cylinder of the other system. 





t 
phw 





Fig. 142 


The spin splitting of Landau levels can be given a quite ana- 
logous interpretation by means of an energy diagram correspond- 
ing to p, = 0 (see Fig. 13la, b, and c). With an increase of the 
magnetic field the levels with different n and s cross the boundary 
of Fermi distribution « = er (Fig. 142a) in a certain sequence 
depending on the ratio between spin and orbital splitting, the 
parabola passing out from the Fermi level being each time libera- 
ted from electrons which flow over onto lower levels. But instead 
of it we can construct a single diagram of levels (n + '/2)ho, and 
to introduce for each value s = +1 its own boundary of Fermi 


F 
distribution ae 
field. soe 

Singularities of the density of states appear when the levels 
cross both boundaries. 

This method of interpretation is sometimes mare convenient for 
the analysis of oscillational dependences of various characteris- 


mee FF ele depending on the magnetic 
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tics of a metal on the magnetic field and will be employed later in 
the book. 

At a passage to the ultra-quantum limit, under the Fermi level 
there remains one Landau 0- level on which all electrons con- 
dense '), 

The motion of the 0- level over the scale of energies is determi- 
ned by the ratio between the spin and orbital splitting. For in- 
stance, at ms = m* the energy of that level is zero at any magni- 
tude of the magnetic field. 

This analysis of energy levels of an electron in a magnetic field 
makes it possible to generalize formula (2.113) for the total den- 
sity of states vy(e) in the case of spin splitting of Landau levels: 


n=n, (s) 


“O= Tra D », [e—(n +4) to —$ seustt] 
(2.132) 


where ne(s) for each value of e and s is determined by the 
double inequality 


ho 1 
Sag Seb pi 
ne (s) < ——==——_ <n, (8) +1 (2.133) 


We have noted earlier that the magnetic fields in which ho in . 
its order of magnitude attains e% for normal metals correspond 


to practically unattainable values of H ~ (108-10°) oersted. 

But this does not mean that the ultra-quantum limit in a mag- 
netic field is inaccessible for experimental studies and that it is 
practically meaningless to discuss the phenomena in this region 
of fields. The point is that the estimation obtained for magnetic 
fields H, is an average one and actually relates to the majority 
of normal metals, in which the size of the Fermi surface is of the 
same magnitude as the characteristic size of the Brillouin zone. 

But, as can be shown by constructing a Fermi surface by Har- 
rison’s method, in many metals there also exist, apart from large 
electron- and hole-type surfaces, little surfaces whose size is 
smal] compared with the characteristic size h/a (see, for instance, 


1) When a Landau level corresponding to the given direction of spin is 
freed from electrons, they pass onto lower levels; this passage being possible 
either onto the levels with the same direction of spin or onto those with the 
opposite direction. . 

But in the second case, the spin of the electron must change its direction 
at the passage. This process can be forbidden with a sufficiently large magni- 
tude of spin splitting. Then two Landau levels 0* and O- remain in the ultra- 
quantum limit below the Fermi level, since electrons cannot pass from level 
Ot to level 0-. The last among the passing levels is then that with 1I-, from 
which electrons flow over onto level 0-. 
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Fig. 97—the electron surface of lead in the fourth energy band). 
Quasi-particles located on these surfaces represent small groups 
of carriers whose effective mass is, as a rule, several orders of 
magnitude smaller than mo. The corresponding Fermi energy er 
is also rather small compared with the value (5-10) eV characte- 
ristic of large groups of carriers. 

Small groups of carriers are present in bivalent metals, such as 
Be, Mg, Zn, Cd, trivalent metals—Al, Ga, In, Tl, and also in semi- 
metals As, Sb, and Bi, in which the concentration of electrons 
is 10-4-15-5 per atom. Various alloys of these metals with each 
other also possess these properties. Finally, the substances with 
a degenerated electron system, similar to a one-zone metal, include 
high-alloyed semiconductors in which the boundary of Fermi dis- 
tribution is determined by the degree of alloying and may be made 
rather low. 

The Fermi energy of small groups of carriers in the substances 
indicated lies within the interval from a few MeV to | eV and their 
cyclotron masses equal (10-!-10-%)mp. In accordance with these 
values, the ultra-quantum limit is attained in magnetic fields of 
strength from a few kilo-oersteds to approximately 108 oersted, 
which are now easily obtained experimentally. Thus, for certain 
groups of carriers, it is practically possible to observe the passage 
of the last Landau levels, and also the process of condensation of 
carriers onto the single level 0-. 


2-17, A TWO-ZONE METAL 
IN A MAGNETIC FIELD 


Our discussion will be stated from the simplest case of an 
isotropic quadratic spectrum of electrons and holes. This approxi- 
mation is sufficiently accurate for studying the main peculiarities 
of the behaviour of a two-zone metal in a magnetic field. For 
definiteness, we shall consider a bivalent metal in which there is 
an overlap between the first and the second energy bands. The 
concentration of electrons n in the second band is equal to the 
concentration p of holes in the first. Let us recall that the existence 
of free carriers in a bivalent metal is only connected with overlap 
of the bands, i.e. with the circumstance that the minimum of energy 
in the second band is lower than the maximum of energy in the 
first. This makes a partial filling of the second band energetically 
reasonable, while the first band remains unfilled. 

Let the origin of coordinates be placed for convenience into the 
point ofsminimum energy in the second band (conduction zone). 
The law of dispersion of electrons can be written in the form 


- 


poe (2.134) 





198 Ch, Two. The System of Valence Electrons 


where &, is the magnitude of energy in the minimum and m}, is 


the isotropic effective mass of electrons. 
Let the maximum of energy in the first band (valence band) 


be displaced relative to the origin of coordinates by a vector G. 
The law of dispersion for holes is of the form 


> > 
ene eee eal (2.135) 


where &, is the maximum magnitude of energy in the valence 
band and mj, is the absolute value of the isotropic effective mass 


of holes. 





Fig. 143 


The distribution of electrons between the zones occurs as with 
a liquid in communicating vessels. The Fermi level determining 
the boundary of filling must be the same in both bands. A diagram 
showing symbolically the energy spectrum of a two-zone metal is 
given in Fig. 143. The shaded areas are the regions of filled states 
below Fermi level. The sum of 82 and ete! is the energy of 


overlap eo, of the bands. The value of Fermi energy in each band 
is determined from the condition of equality of the concentrations 
of electrons n and holes p. 

The concentration of current carriers in the absence of magnetic 
field can be calculated by formula (2.117). The concentrations n 
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and p may be written as 


BAD 7 a aks 
n= 292 (mee!) (2.136) 


OAD op 
P= soaps (Myo 8h”)” 


Equating n = p, we get 








ef my L 

oO 
Soa (2.137) 
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e (2.138) 


mit + Mot = 

Let the metal be placed into a magnetic field. Systems of Lan- 
dau levels for electrons and holes are formed as a result of quan- 
tization of the energy of carriers. The corresponding energy dia- 
gram of the levels is shown schematically in Fig. 144. With an 
increase of the magnetic field the electron- and hole-type Landau 
levels pass across the Fermi level, causing oscillations of the den- 
sity of states. 





Fig 144 


The mechanism that causes singularities ‘of the density of states 
on the Fermi level for each group of carriers is completely iden- 
tical with the similar mechanism in a one-zone metal which has 
been described in the previous section.- Because of this in a two- 
zone metal placed into magnetic field H al] thermodynamic and 
kinetic characteristics depending on the number of carriers of the 
Fermi level also oscillate. But this process in the two-zone metal 
has a new qualitative singularity related to the presence of two 
groups of carriers of different types. The point is that the-concen- 
trations of electrons n and holes p vary under the action of the 
magnetic field. 
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This singularity is not found in a one-zone metal, since the 
total number of filled electron states in all the bands does not 
change in a magnetic field. Quantization of the energy of carriers 
in the magnetic field in the presence of two overlapping bands can 
cause redistribution of the filled electron states between the bands, 
retaining, naturally, the equilibrium between them, which is ex- 
pressed by the equality n = p. 

There are two different causes of variation of the concentration 
of electrons and holes in a two-zone metal under the action of 
a magnetic field. They will be considered separately. 

1. The first is the variation of the energy of overlap of the bands 
under the action of the magnetic field. It is directly determined by 





Fig. 145 


the ratio between the spin and orbit splittings for electrons and 
holes, so that we have to introduce the spin masses of electrons 
m§, and holes mj, for further analysis. 

To begin with, we assume that ms,> mi, and mj,,>mj,,,, ie. 
the spin splittings of electrons and holes are small compared with 
the corresponding orbital splittings. The minimum energy of elec- 
trons in a magnetic field is determined not by the level of energy 
& = 6, corresponding to the bottom of the conduction band at 
H = 0, but by the bottom of the Landau 0- level. 

Using expressions (2.100) and (2.102), it can be shown that 
this energy Ae,;, calculated from the level & = &,, is 


bee = 2 a, (2.139) 


Aa= (Ge : ) 
Mey Mey 
Since there are no electrons below the 0- level, the bottom of 


the conduction band in the magnetic field coincides with the Lan- 
dau O- level, rather than with the level & = &,. As can be seen 





where 
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from Fig. 145, with ms, > m%,, the edge of the conduction zone 
moves upward along the energy scale with an increase of the mag-. 
netic field. Since variations in the system are determined by dis- 
placements of various levels relative to each other, let us consider 
the motion of the edge of the valence zone for holes. 

The maximum energy in the valence zone is equal to the energy 
on the top of the parabola 0- (n = 0, s = —1). This energy Agno, 
calculated from the level € = &, corresponding to the edge of 
the valence zone at H = 0, is 

A __ je|hH 
&hol =~ —95 


I 1 
Anot aa ( a: "Se ) 
Mol Mol 
There are no holes in the magnetic field above the Landau 0- level. 


Thus, the edge of the valence zone in the magnetic field coincides 


with the O- level. With ms, > mj,,,, the 0- level moves downward 


along the energy scale with an increase of the magnetic field. 

The energy of overlap of the zones, @o,, equal to the energy 
distance between the edge of the valence zone and the bottom of 
the conduction zone in the magnetic field, can be written as 


e,, (H) =e, — Ae, (2.141) 





Anot (2.140) 
where 








Here e), is the energy of overlap at H = 0, and Ago» is the vari- 


ation of the energy of overlap in the magnetic field which is 
equal to 

















Mego = Ate + Ati = LM B (2.142) 
where 
1 I 1 1 
B= Agt Ari=( = ee ) 
Mey Met Mhol Mol 


When B is positive, the overlap of the zones in the magnetic 
field decreases, the conduction zone moving upward along the 
energy scale relative to the valence zone. With an unvariable fil- 
ling of the zones, this process would result in that the boundary 
of filling (Fermi level) in the conduction zone exceeded the boun- 
dary of filling in the valence zone. In fact, the boundary of filling 
in both zones remains at the same level, and the motion of the 
zones causes the excess electrons to flow over from the conduction 
zone into the valence zone (Fig. 146). 

A decrease of overlap of the bands in the magnetic field should 
result in that the energy of overlap e.,(H) at a definite value 
H = Hy, becomes zero. The edge of the 0- parabola for electrons 
then coincides with the edge of the O- parabola for holes 
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(Fig. 147). The value H =H, is found from the condition 
e,, (47) = 0 or Ae, =e), and is equal to 


2c0° 


He= eRe (2.143) 


With a further increase of the magnetic field, the bottom of 
the 0- parabola for electrons turns to be higher on the energy 
scale than the edge of the 0- parabola for holes; an interval of 
forbidden energies eg, termed the energy gap (Fig. 147), is then 
formed in the energy spectrum. Thus, at H = H,, the system is 
transformed from the metallic state into the semiconductor state 





Fig. 146 


in which a work equal to eg is to be done in order to generate 
electrons and holes. 

Note that the monotonous reduction of overlap of the bands in 
a magnetic field and continuous transition to the state with an 
energy gap, as has been described above, can evidently take place 
only when there is no qualitative change of the energy spectrum 
of electrons of the system, at which the concept of boundaries of 
the bands loses sense. This qualitative change of the spectrum 
near a metal-semiconductor junction is connected with the forma- 
tion of a new state of the substance, which has been called the 
stationary phase of exciton insulator. An exciton insulator is a 
system in which electrons and holes form bound states, i.e. elec- 
tron-hole pairs, or excitons. Because of neutrality of the electron- 
hole pairs the system of excitons cannot conduct electric current 
and therefore is an insulator. 

Let us briefly discuss the properties of an exciton insulator and 
the conditions under which it can be formed. 

The formation of excitons in a semiconductor or a two-zone 
metal can be explained by Coulomb attraction between negatively 
charged electrons and holes which behave as positively charged 
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particles. The forces of Coulomb attraction in a system of two 
particles—an electron and a hole—can result in the formation 
of a bound state which is similar to the bound state of an electron 
and a proton in the atom of hydrogen. Such bound states can 
freely move over the crystal and behave as quasi-particles. 

The energy of bonding eo of an electron and a hole in an exciton 
and the effective radius ro of exciton can be estimated by the well- 
known Bohr’s formulae, noting that Coulomb interaction of two 





Fig. 147 


charges in a crystal is inversely proportional to the dielectric 
constant « of the medium: 


1 me xb? 
= 7° “eh? To = nte® (2.144) 





Here m*=(1/m;,+ 1/m},,)' is the reduced effective mass of an 
electron or hole. Typical values of 9 and ro for the known metals 
and semiconductors are (10-?-10-!) eV and (10-®-10-7) cm. Thus, 
the energy of bonding an exciton is two or three orders lower 
than the characteristic energies in the metal (for instance, Fermi 
energies) and their radii are many times the interatomic distances 
in the crystal. It may be visualized that the orbits of an electron 
or hole at their rotation around the common centre of masses in 
an exciton envelop tens or hundreds of thousands of atomic cells. 
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‘For that reason, expression (2.144) contains an averaged macro- 
scopic value of x. 

The formation of excitons in metals with equal numbers of 
electrons and holes (nm = p) is prevented by the effect of screening 
of Coulomb interaction by free carriers, which consists in that 
the electric potential of an individual electron or ion in the metal 
becomes short-acting [see expression (2.2) in Sec. 2-3]. 

‘The effective radius rp of Coulomb interaction, which is termed 
the Debye radius of screening, is determined by the quantities x 
and m* and the concentration of free carriers n: 


rp = A/ ee nm no het nnn 


Since at distances r > rp the attraction between an electron 
and hole becomes weak, no formation of bound states occurs at 
ro > rp. Therefore, to form an exciton insulator in a metal with the 
equal number of electrons and holes n = p, the concentration of 
carriers must be limited to n4 at which rp becomes of the same 
order as ro. Thus, the condition for the formation of an exciton 
insulator in a two-zone metal at the temperature of absolute 
zero is in the form of the inequality 


e? 
n=p<ng=(Z5) (2.145) 
The concentration of electrons and holes in a two-zone metal 
is related to the magnitude of overlap ey of the bands. Thus, con- 
dition (2.145) determines the minimum overlap of the bands at 
which the metallic state is still stable against electron-hole pairing. 
For the semiconductor state with an energy gap é,, the minimum 
energy to be spent in order to form an exciton is eg— eo. At 
&g — & > 0, the bound state of an electron or hole is unstationary. 
Such states, formed, for example, by means of irradiation of 
a semiconductor with a light of the quantum energy Av exceeding 
the difference eg — eo, have a certain mean lifetime t- and vanish 
through recombination of electrons and holes. But with reduction 
of the energy gap, beginning from eg = &o, formation of excitons 
becomes energetically reasonable, i.e. excitons in a stationary state 
must appear in a system. In that case the semiconductor is trans- 
formed into an exciton insulator. 
Thus, the condition for the formation of an exciton insulator in 
a semiconductor with an energy gap eg at the temperature of ab- 
solute zero is 
&, < & (2.146) 


An increase of temperature results in destruction of a part of 
electron-hole pairs in the exciton insulator and the formation of 
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free electrons and holes. The concentration of free (non-paired) 
e 


carriers n = p is then proportional to the factor e *? At the 
critical temperature T =T7,,, which coincides in the order of 
magnitude with eo/k, a phase transition from the state of exciton 
insulator to that of the initial metal or semiconductor occurs. 

Because of this, with condition (2.145) fulfilled for a metal, or 
condition (2.146), for a semiconductor, an exciton insulator can 
only be formed at temperatures 7 satisfying the inequality 


T<Ti~ Ze (2.147) 


The conditions of formation of an exciton insulator depend sub- 
stantially on magnetic field. The point is that the energy of bon- 
ding of the exciton in a strong quantizing magnetic field increases 
compared with eo, while its effective size in a plane perpendicular 
to the magnetic field decreases compared with ro. 

At H = 0, the effective dimensions of an exciton are the same 
in all direction: the exciton represents a spherically symmetrical 
formation of an electron and a hole. With an increase of the mag- 
netic field the exciton contracts in a transverse direction: it becomes 
an ellipsoid of rotation around a magnetic line of force with the 
anisotropy increasing with H. In the limit of very strong magnetic 
fields, excitons acquire the form of thin “cigars” elongated along 


the direction of H. The centres of masses of the electron and hole 
in such a “cigar” are located on the same magnetic line of force. 
Hazegawa [65] has shown theoretically that in strong magnetio 


fields for which the inequality ho" > e[o* = LL , m* being 


the reduced mass of an electron or hole, see (2.144)]}, holds the 
energy of bonding e(H) and effective radius r(H) of an exciton 
can be written as 





e(H) ~e9[In ey 


to 
ho*® 7 
[tn a ] 
For substances of a small cyclotron mass m* and a sufficiently 
high dielectric constant x the factor fw*/eo becomes rather high in 
really attainable magnetic fields. This makes it possible to increase 
noticeably the energy of bonding of excitons in the magnetic field. 
In addition, a strong magnetic field reduces the harmful effect 
which the anisotropy of the initial energy spectrum and the im- 
purities inevitably present in real crystals have on the formation 
of the exciton insulator phase. For these reasons, the formation 


Pe (2.148) 
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of the exciton insulator phase can only be observed experimentally 
in strong magnetic fields. Transition into the state of exciton 
insulator under such conditions was first established in 1970 [66]. 

Thus, in the region of sufficiently low temperatures, a continuous 
transition from the metallic state into semiconductor state under 
the action of a magnetic field H attaining a value H ~ H,,, is 
unfeasible. A monotonous decrease of the overlap of the bands and 
of the concentration of carriers in a magnetic field occur only to 
a certain value H’ (H’ < H,,) at which condition (2.145) becomes 
valid and bound states of electrons and holes are formed in the 
system. The concentration of free carriers in the point H = H’ 


lelhit ape 
c Mot ™ hot 








Fig. 148 


drops stepwise down to an exponentially small value proportional 
&(H) 

to e *? , and the energy spectrum of the metal consisting of 

Landau 0- levels of electrons and holes is recombined into the 

energy spectrum of an exciton insulator. 

An exciton insulator can exist in a wide interval of fields from 
H’ < H., to H” > H,,, H” being the value of the magnetic field 
at which the inequality eg(H)< e(H) is not true. Electron-hole 
pairs are destroyed in that point and the spectrum of exciton in- 
sulator is recombined into a semi-conductor spectrum consisting 
of Landau 0- levels for electrons and holes separated by an 
energy gap e,(H’’). 

Let us now analyse the case when the spin splitting exceeds the 
orbital splitting in both bands: m3, <m‘,, m$,,<m,,, The po- 
sition of 0- levels for electrons and holes for that case is shown 
in Fig. 148. As can be seen, the edge of the conduction band (0° 


level) has lowered by ela ales E ) relative to the level 
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& =6., while the band edge of the valence zone has lifted by 
a elnl. A ae relative to the level & = @,. The over- 

2c Le my, 
lap of the bands hae therefore increased by the sum of these 
values. 

An increase of overlap of the bands is equivalent to the conduc- 
tion zone moving in the magnetic field along the energy scale 
onto the valence zone. The concentration of electrons n and the 
equal concentration of holes p increase owing to the flow of the 
excess electrons from the valence zone into the conduction zone 
(Fig. 149). The growth of concentration occurs quicker than it 





Fig. 149 


would be determined solely by an increase of overlap of the bands, 
since the degree of degeneration of Landau levels increases simul- 
taneously. This will be discussed later in the analysis of the 
second cause of variation of concentration of current carriers in 
magnetic fields. 

Thus, the direction of motion of the band edge of the conduction 
zone in the magnetic field is determined by the sign of A, in 
expression (2.139): at Ae > 0, the edge of the band is displaced 
upward, and at Aj. < 0, downward. The magnitude of the velocity 
of displacement is 


oN 
aa l= | Aer | (2.149) 


Similarly, the band edge of the alates zone moves downward 
along the energy scale in the magnetic field if Ano is positive in 
expression (2.140), and upward if Aj: is negative. The magnitude 
of the velocity of displacement of the edge of the valence zone is 


on h 
art |= ic | Ap, | (2.150) 


lel 
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Relative motion of the bands in the magnetic field, which can 
cause the energy of overlap €., to increase or decrease, is deter- 
mined by the magnitude and sign of the sum Ae + Agno, which 
in turn depends on the magnitude and sign of B [see (2.142)]. 

As has been shown, a decrease of overlap of the bands in the 
magnetic field corresponds to the case B > 0. On the contrary, at 
B <0 the overlapping increases. The magnitude of the velocity 
of variation of overlapping in both cases is 


_ lelh 


O8on 
~~ Qe 


OH 





|B (2.151) 








We have considered the cases when the boundaries of the con- 
duction and valence zones are displaced in the magnetic field in 
opposite directions. Under such conditions, the overlap either dec- 
reases (at B > 0) or increases (at B <0), the signs of Aj and 
Ano coinciding each time between one another and with the 
sign of B. 

Cases are possible however when the signs of Ae: and Ano are 
unlike. For instance, the spin splitting of Landau levels for elec- 
trons may exceed the orbital splitting (A-.< 0), and for holes, 
be smaller than the latter (Ajo. > 0). The variation of overlapping 
of the bands is then determined, as before, by the magnitude of B. 

The boundaries of the zones then move in the same direction, 
either upward or downward, but their velocities may be different. 
When moving upward, for instance, the edge of the conduction 
zone may lag behind the edge of the valence zone (A, > 0, 
Anot <0; Ae <[Anou|, and B <0), and therefore, overlap of the 
zones will increase (B <0). If, on the contrary, the edge of the 
conduction zone moves swifter than the edge of the valence zone 
(Ae > 0; Anos <0; Ae: >|Ano:|, and B > 0), overlap of the zones 
will decrease and at a definite value of the magnetic field H, 
the transition into a semiconductor state will occur'). A similar 
analysis may be made for the motion of the zone boundaries down- 
ward. 

Thus, the ratio between the spin and orbital masses of electrons 
and holes (B) determines mutual position of the bands along the 
energy scale at each value of magnetic field. This position remains 
invariable if only B =O, the energy of band overlapping being 
independent of magnetic field. With B = 0, three different cases 
are possible: 

(a) the bands move upward with the same velocity (A. and Ano 
are other than zero but have unlike signs, with Ae =|Anoil); 


1) With observance of the conditions discussed above, a stationary phase 
of exciton insulator can be formed in a certain interval of fields near H = Her. 
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(b) the bands move downward with the same velocity (Aa 
ae not are Other then zero but have unlike signs, with |A.|= 
= Ano); 

(c) the bands are immovable: A, = 0, Ano = 0. 

Let the last case be discussed in more detail. If A and Ang 
become zeros, this implies that the spin splittings of Landau le- 
vels for electrons and holes are equal to the corresponding orbital 
splittings. For Ae; = 0, the Landau 0- level for electrons in any 
magnetic field coicides with the edge of the conduction zone at 
H = 0. It is then said that the 0- level is “frozen in” into the edge 
of the conduction zone. Similarly, at A,.. = 0, the Landau 0- leve: 
for holes is “frozen in” into the edge of the valence zone (Fig. 150). 
This situation is of interest, because it makes it possible to exclude 


& 





Fig. 150 


the influence of the motion of zone boundaries onto the variation 
of concentration of carriers in the magnetic field and to elucidate 
the role of other factors, apart from the motion of zone bounda- 
ries. 

II. The second cause of variation of the concentration of carriers 
in the magnetic field is a continuous growth of the degree of 
degeneration of Landau levels for electrons and holes. In the ab- 
sence of motion of the zone boundaries this results in an increase 
of the concentrations n and p. 

In order to see into the physical aspect of this problem, we 
simplify it by excluding all additional factors that can vary in 
the magnetic field. First of all, we exclude the influence of motion 
of the zone boundaries by assuming A, = Aj = 0. Further, we 
assume for simplicity that the electron and the hole zones are 
similar, fe. m3,—=m),,, =m. In the absence of magnetic field, 
the Fermi level in such a system is located exactly half-way bet- 
ween the edge of the conduction zone and the edge of the valence 
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zone, so that e7/= ef" =e)=e,,/2 [see expressions (2.137) and 
(2.138)]. The concentrations of electrons and holes at H = 0 are 





3 l 3), 
= P= BPRS ae 2 (me )" = aaa (ep) (2.152) 


The concentration of carriers in a magnetic field can be obtained 
by integraling over energy the expression (2.132) for the density 
of states vy(e), in which spin splitting is taken into account. 
Integration of each term in the sum is done from the edge of the 
corresponding Landau level 


e=e,,,—=(n +7) ho +4 sgusH 


to the Fermi level « = ey, giving the expression for the concentra- 
tion of electrons 





n=Nmax (S) 
=e feu —(0 + bao F ate] 0.189) 
n=) 


where the whole number Mmax(s) is determined by double inequ- 
ality (2.131). Expression (2.153) takes into account that m},= 
=m’s,—=m, whence gus = ho. 

Since the effective masses of electrons and holes are equal, the 
corresponding expression for p will coincide with (2. 153) if 
e2'(H) is changed to e#°'(H). The unknown quantities e? (H) and 
eto! (H) for each ealne. of the magnetic field are found fot two 
Siu one: n = p and e@! (H) + ef?! (H)=e,,. It follows from these 
equations that the Fermi level, as at H = 0, remains exactly half- 
way between the edge of the conduction zone and the edge of the 
valence zone (Fig. 15la) and 


ag! (H) = el! (H) = 0} = “2 





In order to simplify the analysis of expression (2.153) for the 
concentration of carriers, we pass to the ultra-quantum limit of 
magnetic fields. Then only one term, corresponding to s = —1, 
Nmax(—1) = 0, will remain in the double sum: 


ho- mt 1 
n=p ey er (e7)'" (2.154) 

It may be seen from (2.154) that though the Fermi energy is 
constant, the concentration of carriers increases proportionally to 
the growth of the degree of degeneration of Landau 0- levels for 
electrons and holes, 
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Let us show that an increase of concentration occurs, as befote, 
owing to the flow of electrons from the valence zone into the 
conduction zone. As will be seen from Fig. 15la, all filled electron 
states of the second zone (conduction zone) in the ultra-quantum 
limit are located under the Fermi level on a parabola which is the 
last Landau O- level. The elec- : 
tron system is perfectly one- 
dimensional, the energy of each 
state being dependent only on 
quasi-momentum p,. The hole 
states are also located on the 
Landau level and occupy the 
part of the parabola above the 
Fermi level in the first zone. 
The first (valence) zone under 
the Fermi level is filled with 
electrons. 

The increasing degeneration 
of each state in the magnetic 
field at the O- level implies that 
the capacity of the conduction 
zone increases continuously at 
the constant geometric dimen- = 
sions of the parabola O- in 
Fig. 15fa (the dimensions of 
the parabola O- are specially 
fixed in the case considered). If o 0 
the number of electrons in the gw 
conduction zone were not reple- Fig. 151 
nished, the boundary of filling 
of that zone, i.e. the height of the Fermi level, would come lower, 
since, with an increase of the capacity of each state along pz, a 
constant number of electrons would fill ever smaller part of the 
electron parabola. 

But the Fermi level in one zone cannot be lower than in the 
other. Its lowering in the conduction zone would result in that 
part of the electrons in the valence zone near the Fermi level 
were in energetically unprofitable position (Fig. 1516). These 
electrons would immediately flow into the conduction zone, which 
would equalize the levels in both zones. 

Actually, no lowering of the Fermi level occurs in the conduction 
zone: at an increase of the capacity of that zone in the magnetic 
field, electrons flow continuously from the valence zone, corres- 
ponding exactly to the increase of the capacity of the conduction 
zone and thus compensates the variation of the boundary of its 
filling. It is then natural that the number of electrons under the 
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Fermi level in the valence zone decreases as a result of dimini- 
shing of the mean density of states, but the number of vacant 
places (holes) increases in full correspondence with this and 
always remains equal to the number of electrons in the conduc- 
tion zone. The magnetic field acts as a pump which controls the 
degeneration of states and pumps the electrons from one band 
into the other. 

This is the mechanism of the second cause of variation of con- 
centration of carriers in a magnetic field. It differs in its nature 
from the mechanism related to the motion of zone boundaries. 

In the general case both mechanisms act simultaneously caus- 
ing electrons to flow from one band into the other. The total num- 
ber of filled states in the bands in either case does not change. 

In conclusion, let us show that in a two-zone metal with the 
quadratic isotropic energy spectrum of electrons and holes, there 
is no oscillational dependence of the concentrations n and p on 
magnetic field. This is valid in the general case for different va- 
lues of the effective masses of carriers: m3, mj). 

We shall proceed from that, for a two-zone metal at any value 
of magnetic field H: 


n(H)=p(H) and et! (H)-+el"(H)=e,, (H) 
For simplicity, we initially neglect spin splitting of electron 


and hole Landau levels. In that case the expressions for the 
concentrations of carriers in a magnetic field will be 


*\), n=(Amax)el 1 
na? (Reet (mes) [ed —(2 +4) tow |" 
n==0 
a * \y, n=("max)p f 1 
pa elias (riot) SY Latet () —(n +4) (dae 
: (2.155) 


Here the quantities (Mmax)e: and (Mmax)no are determined by 
inequalities (2.105) written for electrons or holes respectively. 

As is known, the effective mass, which enters the expression 
for the quadratic isotropic dispersion law, coincides with the iso- 
tropic cyclotron mass and the mass of density of states. Then 
we have. 

* * e h-A 

(he), 12, = (A@q1) Moy = delet 
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Equating expressions (2.155) for n(H) and p(f) to one ano- 
ther and cancelling the common multipliers, we get 
n=("max)el 


[m wee (H) — (n +>) tee Loe = 


n=("max)hol 


ee mueetn (+4) EET e8 


n=0 


n=) 


where, according to inequalities (2.105), (Mmax)e: and (fMmax)hnot 


ef! (H) eet (H) 


jaat . F r ‘ 
are determined by the ratios nes and [holicr respectively. 


Hence it follows that 
m?e¢! (H) =m men (H) (2.157) 


and therefore, the relationship of the form (2.137) and (2.138) are 
valid at any value of the magnetic field: - 


ef! “ 
F(A) __ hot 
eT es (2.158) 


* 





eff (H) = et oo (Hl) 


el T Mpg 


etol (H) = a ftaias Boy (H) (2.159) 
mer + Mot 


It can easily be verified that these expressions are also true 
with the account of spin splitting, provided that 


Met __ Mhol (2.160) 


s s 
Met hol 


The dependence of the energy of overlap on magnetic field is 
related to monotonous motion of the zone boundaries and is de- 
termined by formulae (2.141) and (1.142). Thus, expressions 
(2.159) show that e(H) and eto!(H) are monotonous functions 
of magnetic field. 

The absence of oscillations of the Fermi energy of electrons 
and holes and, as a cosequence, the absence of oscillations of 
concentrations n and p, can be related to that, conditions (2.158) 
and (2:160) being satisfied, the Landau levels for electrons and 
holes move in opposite directions in the magnetic field and cross 
simultaneously the Fermi level. 
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Under these conditions, the diagrams of Landau levels for elec- 
trons and holes (see, for instance, Fig. 144) are geometrically 
similar to one another and differ only in scale by a factor e¢/ero’, 
But the levels for electrons and holes with the same number n 
travel the distances in the magnetic field that are connected by 
the same ratio. 

The magnitude of reciprocal magnetic field 1/H, at which the 
n-th Landau level intersects the Fermi level, is determined by 
expression (2.122). By equality (2.157), the values of 1/H, for 
electrons and holes coincide: 


(z-) ee >7(q a) 65 os GIy 
A, el me 18% (4,) hol myer ‘(H,)e 


As the next Landau levels for electrons and holes approach si- 
multaneously the Fermi level from above and below, the latter 
neither lowers nor moves upward, as was the case with the one- 
zone metal. 

In a two-zone metal with an anisotropic spectrum, crossing of 
the Fermi level by the electron and hole Landau levels is no more 
simultaneous. Such a metal may serve to demonstrate that the 
dependence of the Fermi energy of electrons and holes on magne- 
tic field is of non-monotonous nature. 

Consider a case of an anisotropic quadratic spectrum of elec- 
trons and holes whose general form coincides with expression 
(2.76). The spectrum of each type of carriers is characterized by 
the three main components of the effective mass tensor: (yet, 


(7 ))er (Mor ANd (Me nor (MH )por (Menor The main axes pz, 
Py, and p, of the electron ellipsoid may be not coincident with the 
main axes p,,, Py» Py of the hole ellipsoid. The concentrations 


of carriers n and p are now determined by the masses of the den- 
sities of states of electrons (mj),, and holes (m4),_: 





(rma) = [ter (1724) e1 (122) 1] 
(m4)not = [(e)not (Mynot (1122/Ynoll ” (2.162) 
Using formula (2.88) to determine the concentrations of electrons 
nor holes p at H = 0, and also the equality n = p, we can find 
the ratio of e7’(0) to eto! (0) at H=0: 

ad (0) — Drot (2. 163) 

ep? (0) (mide 
But in the general case the cyclotron masses of electrons and 


holes for an arbitrary direction of magnetic field H do not coin- 
cide with the corresponding masses of the density of states. For 
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{hat reason, with the anisotropic spectrum of current carriers, the 
equality of the ratios 
ef (H) (ho) 


ehh (Hy (fw) nop 





which would generalize (2.157) for that case, is non-existent. This 
can be strictly shown by means of the expressions for n and p 
which are equivalent to formulae (2.155): 


V2 (fw),) (mj)? "=("max)et ; 
1 ONE Sgn (044) 0m] 
n=0 
VE (ho)not (maf, ““Cmerrno ; 
—_ oS [ev (H) — (n + 3) (Ao)por (2.164) 


n=0 


Thus, in the general case with an anisotropic spectrum of cur- 
rent carriers, the quantum levels of electrons and holes pass across 
the Fermi level not in synchronism with each other. The ultra- 
quantum limits for electrons and holes can be attained at different 
values of magnetic fields. 

To simplify calculations, we shall discuss a two-zone metal in 
which only electrons have the anisotropic nature of the spectrum. 
This is sufficient to describe the effects related to anisotropy. Let 
{he following designations be introduced: 


(Mx \not = (My’)pot = (M2 not = 
(m)ep= 1; (tye = My, (Mz)e1 = Ms 
(ma)er = Ma (2.165) 
Then, obviously, (™m3),,,=M. 
For real substances, the inequality mg < M is usually valid. We 


assume that it is satisfied. In addition, we assume a strong aniso- 
tropy of the electron ellipsoid, i.e. my. <« m, and m3 < m,. The 


discussion will be made for the magnetic field H orientated along 
the main axis of the first electron ellipsoid. The cyclotron mass m* 


of electrons then is +/m m, and obeys the inequalities 
m<m, m<M (2.166) 





The cyclotron mass of holes coincides with M at any orientation 
of the fietd! 

It is convenient to start the discussion for fixed zone boundaries, 
assuming the spin masses of electrons m* and holes Ms coinciding 
with the corresponding cyclotron masses. The result obtained can 
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es 


be generalized for the case of an arbitrary motion of zone boun- 
daries. 

Thus, we initially assume that the band overlap e,, is fixed 
(Ae = Ano: = 0). Re-write relationship (2.163) in the new sym- 
bols: 


el 
ep M 
She pe (2.167) 
F d 


In our case, m,< M and eho! < ef, 





Fig. 152 





The diagram of the band spectrum at H = 0 coincides with that 
shown in Fig. 143. The condition m* << M implies that (ho)e > 
>(f®)no So that, in magnetic fields for which (ho),,< ef! at 
H = 0, quantization of energy of holes can be neglected and their 
energy spectrum regarded as quasi-continuous (because of extre- 
mely small distances between Landau levels for holes). In other 
words, the numbers nz, of Landau levels for holes crossing the 
Fermi level exceed substantially the numbers of Landau levels 
for electrons, Nho >> ne. A diagram of Landau levels in such fields 
is shown in Fig. 152, 
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Under these conditions, the position of the Fermi level in the 
magnetic field depends mainly only on the motion of electron 
Landau levels. When a next Landau level for electrons approaches 
the Fermi level, it moves upward and the Fermi ellipsoid expands. 
After the Landau level has been freed from electrons, the Fermi 
ellipsoid contracts and the Fermi level approaches the next quan- 
tum level. This results in oscillations of Fermi energy of electrons 
es’ and, because of the equality 
ef! + ehol=-e =const, also of 
Fermi energy of holes. 

When the Fermi level moves 
upward, ef?! decreases. The con- 


centration of holes p and that of 

electrons n, which is equal to p, 

then diminish (more exactly, n 

and p pass through a local mini- | 

mum): the electrons from the Lan- | 

dau level which has been freed | 
\ 
| 


n=p 


flow over into the valence zone. 

Then, when the quantum level is 

completely freed of electrons and | 

crosses the Fermi boundary, the H H 
Fermi level begins to lower rapi- 
dly toward a next quantum level Fig. 154 

onto which the electrons flow back 

from the valence zone. Thus, oscillations of n and p are related to 
the periodic flow of electrons from one zone to the other at which 
their total number is not changed. 

Consider the transition to the ultra-quantum limit for electrons, 
which is accompanied by passing out of the last quantum level Ot. 
The corresponding diagram of Landau levels is given in Fig. 153. 

After passing out of the 0* level, the Fermi ellipsoid for elec- 
trons begins to contract quickly, and the Fermi level lowers to the 
last O- level which has been left. This causes the Fermi energy 
of electrons to decrease and that of holes to increase. The elec- 
trons from the valence zone begin to flow over onto the electron 0- 
level, causing an increase of the concentrations n and p. 

While at H = 0 the ratio between e¢/ and ef was determined 


by the ratio M/mq (2.167), now e-—>0 as [I/(fe),,]? and ef! 


approaches the value of fixed overlap e,, of the bands. The concen- 
tration of carriers, which initially increases sharply after the 

passage of-the electron 0* level because of the sharp lowering of 

the Fermi level, is further determined only by increasing degene- 

A the O- level and becomes proportional to the magnetic 
e ‘ 
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A qualitative curve of the dependence of concentrations n = p 
on magnetic field at the transition to the ultra-quantum limit for 
electrons is shown in Fig. 154, where Hy, denotes the magnetic 
field at which the level 0* passes out. 

If the motion of zone boundaries is taken into account, the slope 
of the curve in Fig. 154 may slightly change on each of its sections. 
For instance, if the band overlap increases in the magnetic field, 
the curve will rise more steeply. On the contrary, at a smaller 
overlap, the curve passes lower and, beginning from a certain 
magnitude of the field, becomes dropping. At a large speed of 
decreasing of overlap (2.151), the curve will have no rising sec- 
tion. Cases of various ratios between the spin masses and cyclo- 
tron masses of electrons and holes require more detailed analysis 
which is beyond the scope of the book. 


CHAPTER THREE 
ELECTRIC CONDUCTIVITY OF METALS 


3-1. PHENOMENOLOGICAL DESCRIPTION 
OF ELECTRIC CONDUCTIVITY 


In the absence of temperature gradients and diffusion of cuit 
carriers the relationship between the electric current density j in 
a conductor and the electric field strength E in sufficiently weak 


fields is established “by Ohm’s law: j = oE, where the proportiona- 
lity factor o is termed the electric conductivity. 


In an isotropic metal, the direction of current ] coincides with 

that of the external field E and o is here a scalar quantity. Aniso- 
> 

tropy of a metal makes the vectors E and j non-collinear (in an 


anisotropic case, collinearity of E and j is observed with E di- 
rected along the main axes of symmetry of the crystal). Transfor- 


> > 
mation of vector E into vector j is made by means of a second- 
rank symmetric tensor: the tensor of electric conductivity o;; which 
has six independent components. 
The expression for Ohm’s law ') 


Ji=OrEr (3.1) 
E, = Pirie (3.2) 


where the components of electric field E can be expressed through 


the component of current density j by means of resistivity 
tensor pir. 

The resistivity tenzor o;, is an inverse of the conductivity 
tensor oj,. The components oj, and pi, are related as follows: 


can be inverted 


O1ePej = 94; 


where 6;; ‘are Kroneker delta-symbols. The resistivity tensor 
pi; is also symmetrical: pj; = ej;. Its components can be found 


4) Summation is to be made over repeating indices. 
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by measuring the electric field along the axes 1, 2, and 3 when 
a current flows along one of these axes. For instance, if the current 
flows only along the axis 1(j =7,), then 


Ey = Puli E,= Pah, E3= Paiht (3.3) 


Measurements of fields £;, Ez and E3 give the components of the 
tensor, p11, P21, Psi. If the current is now directed along the axis 
2(j = je), we get three new expressions: 


E, = Pjojo, E2=Popf2, Es = Psofe (3.4) 


which are used to determine pio, poe, P32, etc. 

A cubic crystal possesses no anisotropy of electric conductivity. 
For it the non-diagonal components of the tensor p;; are equal to 
zero, and the diagonal ones are equal to each other. In such a 
crystal, pi; = p05;;. With uniaxial crystals (those with prevailing 
direction 3), pi; = Pez ~ Paz. 


3-2, ELECTRIC CONDUCTIVITY 
AND ENERGY SPECTRUM OF ELECTRONS 
IN A METAL 


According to the concepts developed in the previous chapters, 
a metal may be regarded as a potential box containing various 
groups of current carriers and a phonon gas. The effective mass 
and nature of motion of the i-th group of carriers are uniquely 
determined by the shape of the corresponding constant-energy 


surface and the dispersion law: el =e! (p). Constant-energy sur- 


> 
faces in p-space may have very diverse shape and may be regarded 
as rigid structures on which the gas of current carriers is con- 
centrated. 

Each group of carriers is characterized by its concentration 


= Gabe where A; is the volume bounded by the set of con- 


stant-energy surfaces in the i-th band. Note that each energy band 
(each group of carriers) retains its individuality even when the 
zones are overlapped. 

The current carriers representing an ideal gas of quasi-excita- 


tions are diffracted by phonons in their motion in an electric field E. 
The processes of electron scattering on phonons will be discussed 
in the next section from the standpoint of their contribution to 
electric conductivity. Here, it should only be noted that each group 
of current carriers is characterized by its free-path length /;. The 
mean frée time (or relaxation time) 1; is connected with J; by the 
relationship +t,—=J/,/oL, where of is the velocity of electrons on 


Fermi surface in the i-th band. 
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Consider a group of current carriers in an external electric field 
> 
E assumming its constant-energy surface differing not strongly 


> 
from an ellipsoid. Let the electric field E be directed along one 
of the main axes of this surface, for instance, along p, (Fig. 155). 
The electrons inside the volume bounded by the constant-energy 
surface cannot be accelerated by the electric field, since all the 
states are filled. Only the electrons located near the Fermi surface 


can be accelerated. Under the action of the force —|elE, the mo- 
menta of these electrons vary in accordance with the equation of 


4 


E 
——_— 





Fig. 155 Fig. 156 


motion (2.20), the variation Ap, of the momentum during the re- 
laxation time tx being equal to 


Ap, =|e |E,t, (3.5) 


Since all the electrons on the surface in the external electric 


field E have acquired an additional mean momentum Ap,, the 
constant-energy surface is displaced as a rigid structure by Apx 


in the direction opposite to the electric field vector E (Fig. 156). 


There was no electric current before application of the field E, 
and the distribution of electrons was symmetrical relative to the 
origin of coordinates in the momentum space. This means that for 


each electron with a momentum +p we could always find an elec- 


> 

tron with —p. 
As a result of displacement of the Fermi surface, the central 
symmetry of distribution of electrons is disturbed. In volume 1 
(Fig. 156), there appear electrons whose total momentum has a 


non-compensated component in the direction aps Simultaneously, 
in volume 2, there disappear the electrons whose motion has com- 
pensated the flow of electrons present in volume 3. 
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Thus, the displacement of the Fermi surface gives rise to the 
appearance of non-compensated electrons in volumes / and 3. 
Since the displacement Ap, is small compared with the Fermi mo- 
mentum py, the volumes / and 2 are practically equal to one ano- 
ther. 

For electrons in volumes / and 3, the projections of momenta 


> > 

along the axes p, and p, are mutually compensated. In other 

words, for an electron with the momentum components +p,, +p, 

along these axes we can always find an electron with the corres- 

ponding components —p,, —p.. For electrons in volumes / and 3, 
> 


only the component of momentum in the direction —p, remains 
uncompensated. 
The effective mass m* of quasi-particles on an electron-type sur- 
> 


face is positive, and therefore, the direction of momentum p coin- 


cides with that of the velocity vy of quasi-particles. 
Thus, electrons in volumes / and 3 give rise to a flow of negati- 
vely charged particles with velocities close to Fermi velocity in 


> 
the direction of the electric force —|e|E. 

This can be explained in a different way. In the volume bounded 
by the Fermi surface displaced by Apx, we isolate a portion sym- 
metrical relative to the origin of coordinates. In Fig. 156, it is the 
internal volume A-A bounded from the left and right by dotted 
lines. Electrons in this volume do not contribute to electric conduc- 
tivity because of the symmetry of their distribution over momenta: 

The remaining portion of the volume (volumes / and 3) located 
asymmetrically relative to the origin of coordinates, forms a non- 
compensated flow of electrons (electric current) in the direction 


> 
—p,. At an increase of the electric field E, the displacement of the 
surface increases, the non-compensated volumes / and 3 become 
larger, and therefore, the number of particles contributing to elec- 
tric conductivity also increases. 

Consider now a hole-type Fermi surface bounding unfilled states 


> 
(Fig. 157). Let the electric field be again directed along the px 
axis. The variation of the momentum of quasi-particles on a hole- 
type surface can also be described by the equation of motion 
(2.20). Then, under the action of electric field, as in the earlier 
case, the surface will be displaced in the direction of the force 


—|e|F (Fig. 158), the magnitude of displacement Ap, being again 
determined by expression (3.5) where tx should now be understood 
as the relaxation time of holes. 

Displacement of the Fermi surface disturbs the central symmetry 
of distribution of particles over momenta. There appear particles 
in volume J (Fig. 158) whose total momentum has a non-compen« 
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> 
sated component in the direction +p,. In volume 2, particles 
vanish whose motion has compensated the flow of particles con- 
tained in volume 3. Thus, as in the earlier case, displacement of 
the surface gives rise to the appearance of particles with non- 


compensated components of momenta in the direction +p, in vo- 
lumes I and 3. But the effective mass m* of particles on a hole- 


type surface is negative, so that the direction of velocity Dy of a 
> 


particle is opposite to that of its momentum p. 
Thus, negatively charged particles in volumes / and 3 move 


with velocities near the Fermi velocity in the direction —Prx, i.e. 


4 


E 
-_oo 





Fig. 157 Fig. 158 


form an electric current of the same direction as the electrons do. 
Hence it follows that in metals having constant-energy surfaces 
of both hole and electron type the total electric current is composed 
of the currents formed by the carriers of both types. Electrons and 
holes have an additive contribution to electric conductivity. Let us 
see whether the phenomenon of electric conductivity makes it pos- 
sible to reveal differences between the two concepts of quasi-parti- 
cles on hole-type constant-energy surface that we have introduced 
in Sec. 2-12, Chapter Two. 

As has been just shown, regarding a hole as a negatively 
charged particle (e< 0) with a negative effective mass (m* < 0) 
gives an electric current coinciding in direction with that formed 
by electrons (e <0, m* > 0). 

Measuring the electric conductivity of two-zone metals with 
equal concentrations of electrons n and holes p corresponds to 
that the current of electrons and holes add together. If these cur- 
rents were.subtracted from one another, then it would turn out 
in particilar that a two-zone metal in which electrons and holes 
have the same kinetic properties possesses no condictivity. But 
this contradicts all the known experimental data. 
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Thus, only such presentation of a hole is correct at which the 
contribution of holes to electric conductivity is additive to that of 
electrons. 

From this standpoint, let a hole be regarded as a quasi particle 
with a positive charge (e >0) and positive effective mass 
(m* > 0). 

We again recall that the negative effective mass of quasi-parti- 
cles located on constant-energy surfaces of hole type is a conse- 
quence of expansion of their energy into a series over momenta 


near the points p= Do in which the maximum values of the ener- 
gy e are observed in the band. For instance, for the simplest case 
of a spherical constant-energy surface we have near the maximum 
point 


| de 72 p” zy EG 
= —-—>p’ =e,+-——~. where =p— 
e=et > apt Te io Pp =p—Po 
and 
1 078 > 
m*)" =—>, atp’=0 
( ) Op” p 


Since e < & and e — & <0 near a maximum of energy, then 
m* is also negative. This only means in essence that the really 
existing electrons in a metal lattice are under such conditions at 


> 

which their energy reduces with removing from the point po. 
If, however, we introduce imaginary particles with m* > 0 (and 
e > 0) to describe such electrons, then we have to change the 
direction of energy counting and the value e — eo must be positive. 
This in turn means that with these new particles (m* > 0, e > 0) 


their energy in point Po is at the minimum and increases with 


moving away from this point. Since filling of p-space with quasi- 
particles always begins in the points where the energy of particles 
is at the minimum, then we have now to assume that the region 


> 
of p-space that has been empty, is now filled with imaginary quasi- 
particles with m* > 0 and e > 0. 

A hole-type constant-energy surface then becomes entirely simi- 
lar in its properties to an electron-type surface to an accuracy of 
the sign of charge of quasi-particles. In other words, quasi-particles 
with m* > 0 and e> 0 fill a constant-energy surface of the hole 
type, while quasi-particles with m* > 0, e <0 (electrons) fill a 
surface of the electron type. 

Thus, the transition from one concept of a hole to the other con- 
sists not only in the change of sign of charge and mass, but also 


in a different nature of filling of p-space with quasi-particles: par- 
ticles of negative mass are located beyond the corresponding con- 
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stant-energy surface which in this case bounds an empty part of 
the space, whereas particles of positive mass are located within 
the constant-energy surface. 

It can be easily shown that holes, if regarded as particles with 
m* > 0, e > 0, also give a contribution to the electric conductivity 
which is additive to that of electrons (m* > 0, e <0). Let a sur- 
face similar to that shown in Fig. 155 be filled with quasi-particles 


with m* > 0, e > 0. As before, the electric field E, is directed along 
a 
the +p, axis. The force acting on 


> 
particles is then equal to +le|E 
and coincides in direction with the 
electric field. 

Under the action of the electric 
field the constant-energy surface 
will be displaced by a distance 
Ap, =|e|Ext, in the direction 


+p, (Fig. 159). Particles with 
m* > 0, e > 0, having a non-com- 
pensated component of momenta Fig. 159 


> 
along the +p, axis, will then 
appear in volume /. Simultaneously, particles whose motion was 
compensating the current of particles in volume 3 will vanish in 
volume 2. 

Thus, the resultant current is determined by the particles in 
volumes J and 3. We now note that at m* > 0 the directions of 
momentum and velocity of a particle are coincident. The current 
of particles therefore corresponds to the transition of a positive 





a9 
electric charge in the direction of the electric field E, which is 
equivalent to the transition of a negative charge in the opposite 
direction, i.e. to the current of electrons. 

The conclusion we have come to is of deep sense. The sign of the 
effective mass of a particle, irrespective of the sign of its charge, 
is only determined by the sign of the curvature of the constant- 
energy surface relative to the volume filled with charge carriers. 
If a closed surface is empty then it has a negative curvature rela- 
live to the external filled volume and the particles on that surface 
possess a negative effective mass. If however a closed surface is 
filled, then its curvature is positive relative to the internal volume 
and the particles filling it, of a charge of any sign, have a positive 
effective mass. 

As regards the contribution of particles to various physical phe- 
somena, it is entirely equivalent whether we consider a particle on 
a filled surface with m* > 0 or on an empty one, but with m* < 0, 
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provided we have changed the sign of charge at the transition 
from m* > 0 to m* < 0. In that sense, negatively charged quasi- 
particles on electron-type (filled) surfaces (i.e. simple electrons 
with m* > 0, e <0) can also be replaced by quasi-particles with 
m* <0, e > 0, but located on a hole-type surface, i.e. filling the 
space around electron-type surface that has been empty before. 

Considering this analysis, the transition from the concept of a 
hole with m* < 0, e <0 to that of a hole with m* >0, e >0 is 
the transition from a real hole to a certain equivalent analogue of 
the positron. 

The first concept of a hole, evidently, corresponds to the physical 
reality, since the maxima of energy really exist in bands, and there- 
fore, real quasi-particles in the vicinity of maxima behave as par- 
ticles of negative mass. In this region of momentum space, the 
reaction of a quasi-particle on the action of an external electric 
field is namely of this nature. 

In addition, the concept of a hole as a particle with m* < 0, 
e <0 follows logically from the general concept of construction 
of the energy spectrum in metals. The concept of a hole as a par- 
ticle with m* > 0, e > 0 is, however, a conditional one and holds 
true only for closed constant-energy surfaces surrounding the 
points of maxima of energy. 

Namely for that reason the second concept of a hole has bese 
firmly implanted in the physics of semiconductors, which deals 
only with small closed constant-energy surfaces. 

Note that the use of particles of positive effective mass is much 
more convenient in practice. Indeed, regarding a particle assumed 
to have a negative effective mass, we have always to operate with 
a constant-energy surface surrounding an empty space, since these 
two concepts are inseparable. A particle of a positive effective 
mass is however similar qualitatively to a particle in free space 
moving under the action of external fields. In some cases this 
particle may therefore be separated from the corresponding con- 
stant-energy surface and regarded as an isolated particle in the 
field of external forces. 

For that reason, in order to visualize various phenomena, we 
shall later regard a hole as a particle with m* > 0 and e > 0. 

Let us derive the formula of electric conductivity. For this, we 
write down expression for the vector of density of electric cur- 

—_> 


rent j. 

As has been shown earlier, both with electron-type and hole-type 
constant-energy surfaces, an electric current is formed by Fermi 
quasi-particles present in volumes / and 3 (see Figs. 156 and 158). 

Let us recall that for simplicity we consider constant-energy 


surfaces close to ellipsoidal, with the electric field E directed along 
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one of the main axes De. Because of this the current density vec- 
> 


tor j also coincides in its direction with the Ds axis. Vector j can 
be written as the following sum: 


j=—lelD Ors (3.6) 


where (u-)> is the projection of Fermi velocity of a quasi-particle 


> 

Px 

on the-px axis, and the summation is done for all particles present 
_> 

in volumes / and 3 of p-space in Figs. 156 and 158. We have ob- 


tained an analytical expression for current density j and electric 





(@) 


Fig. 160 


conductivity o for a particular case of a spherical constant-energy 
surface. This simplest case, to which the scalar quantity o corres- 
ponds, makes it possible to establish the parameters on which the 
electric conductivity of a metal depends. 

For definiteness, let us consider a spherical constant-energy sur- 


face of the electron type in an external electric field E. We intro- 
duce a spherical system of coordinates whose polar axis is directed 


opposite to vector E (Fig. 160a). 
Let quasi-particles on the surface be characterized by the iso- 


tropic relaxation time t. Under the action of the electric field E 
the surface is displaced a distance Ap =|e|Et in the direction of 
the polar axis giving rise to an electric current which is deter- 
mined by quasi-particles in volumes / and 3 (Fig. 1600), 
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Since Ap < pr, the velocity of any particle in volumes / and 3 
> 


is directed along the radius vector p and practically coincidles in 
magnitude with the Fermi velocity vr. 
The expression for current density (3.6) includes the projection 


of velocity of particles onto the direction of the vector —E, equal 
to ur cos 6 in the given case. 

At Ap < pr, the volumes / and 3 are equal to one another to 
an accuracy of the values of the second order of Ap, so thatt it is 
sufficient to calculate the current formed by particles in volume I 
and then to double the value obtained. 

According to formula (2.57), an element of spherical volume 


2daV 
dV, = p*sin 0 dpd 6 dq contains Dati electrons. When this ele- 


ment is inside volume /, the contribution of particles contaimed in 

it to electric current is 

2p? sin 8 dp d8 do 
(20h)* 

Noting all the earlier remarks, the total current produced by 


particles in volumes I and 3 can be written in the integral form 
as follows: 


dj=|e| vp cos 8 (3.7) 


PptApcos6 


Sieioo oe 
j= 2a \ 40S do \ p?sin@cosOdp _—(3.8) 
0 0 DF 


The limits of integration for p correspond to the boundariies of 
volume / over the radius vector whose direction is given by the 
angles @ and qg. After some calculations, we have 


_ 8xlelo,p; Ap 
3 (2ahi) (3.9) 
The quantity 4ap2 equals the area S, of the constant-ener- 
gy surface of the given group of current carriers. Replacing 


Ap by |e Es. expression (3.9) is transformed as follows: 


2 lel S el 3 
I= 3° —Gam = - (3.10) 


Comparison with Ohm’s law j = oF gives the electric conducti- 
vity o related to the given group of ‘current carriers as follows: 
2 le|S,l 
o= y ‘ “Qnty (3.1 1) 
Expression (3.11) for electric conductivity has been first derived 
by Lifshits [80], [13] and is called Lifshits’ formula. It is valid for 
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any arbitrary law of dispersion at which the dependence of the 
energy of electrons on momentum is of the general form e=f(p?), 
where f(p?) is a continuous function of its argument. The con- 
stant-energy surfaces corresponding to this dispersion law are 


concentric spheres with the centre at point p = 0. 
2 
The expression a= for the quadratic isotropic law of dis- 


persion is a particular case of the law e = f(p?). Another particu- 
lar case, for instance, is a linear law of dispersion e=-—+ a-~/p’, 


> 
a = const, for which the point p = 0 is conical. 

It is of interest to compare Lifshits’ formula for the quadratic 
isotropic dispersion law with the formula of electric conductivity 
obtained in the Drude-Lorentz theory on the basis of the model 
of free electrons. 

Let us recall that according to the Drude-Lorentz theory a metal 
is regarded as a potential box filled with the gas of free electrons 


that obey Boltzmann’s statistics. In an electric field E, each elec- 
tron acquires an additional velocity Av = eLet during the re- 
laxation time + in a direction opposite to E. The quanity Av has 
been termed the drift velocity, since the whole ensemble of elec- 


trons drifts with this velocity under the action of the electric field. 
The density of the electric current produced by drift of electrons is 


j=|e|n Av(E) (3.12) 


where n is the concentration of electrons. Substituting Av(E) into 
(3.12), we can re-write the expression for j as follows: 


jolie (3.13) 


Mog 
whence we get the Drude-Lorentz formula for electric conductivity: 


oe Lele (3.14) 


Mo 
The Lifshits formula will now be transformed by using the ex- 
pression for the quadratic isotropic dispersion law e= F. To 
do this, we express the area Sp of the Fermi surface through the 
volume Ar it bounds in p-space and the magnitude of Fermi mo- 





A 4 
mentum pp: Sp-=3-—". (Indeed, S,=4np}, Ap =z np?,). Sub- 
Pr 


stituting this quantity into (3.11) and noting that the relationship 
pr = m*up holds true for the quadratic isotropic dispersion law, 
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we obtain : | 
_ le? 2A, 1 = e|?t 2p 
Oe iF (2nfi)8 i: oe m*  ° (2nh)? (3.15) 
F 2a, , P 
According to (2.57), Gan is the concentration n of electrons 


in the given group, including both the electrons located on the 
Fermi surface and those in the volume bounded by that surface. 
Then the Lifshits formula (3.11) for the quadratic isotropic dis- 
persion law can be written as 


geese (3.16) 


m 


which coincides in the form with the Drude-Lorentz formula (3.14). 
The process of conduction in this particular case may be thought 
> 


of as if all the electrons in p-space were accelerated in the electric 
field, and not only those located on the Fermi surface. For the 
quadratic dispersion law, the product of the small number of elec- 
trons located in volumes / and 3 near the Fermi surface (i.e. those 
really contributing to electric conductivity) by the Fermi velocity 
is equal to the product of the total number of the electrons present 
in the volume of the sphere by the small addition of drift velocity 
Av(E). 

In other words, in the case considered the small number of fast 
Fermi electrons produces the same current as would be produced 
by all the electrons inside the sphere which drift slowly under the 
action of the electric field. 

Thus, having considered electric conductivity for the isotropic 
case, we can conclude that o is mainly determined by the area of 
Fermi surface Sp and the free-path length of current carriers. 

With a closed anisotropic Fermi surface the current density vec- 


tor j in the general case does not coincide in direction with the 


electric field E. Electric conductivity then becomes a second-rank 
tensor o;; (i, j = 1, 2, 3), but the diagonal components of tensor 
o;; for the main axes of Fermi surface px, Py, pz, are again deter- 
mined by the area Sp of the surface and the free-path lengths J,, 
Ll, and Ll, along the corresponding axes. 

Let us discuss some particular examples of the effect of the shape 
of the Fermi surface on electric conductivity of metals. 


1. Fermi surface is a cylinder located along the p, axis. A cylin- 
drical Fermi surface is an infinite (open) surface in the direction 
> 


px and passes in this direction through all cells of the reciprocal 
space. 
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Such a surface can be displaced under the action of an electric 
field only in the direction of the Dy axis. Let the electric field E be 


directed, for instance, along the axis —p,. The displacement of 


the surface of the cylinder along the +p, axis by a distance 
Apy =|e|Ety gives rise to an electric current which is formed by 
electrons in the doubled volume / (Fig. 161). 


The component of velocity of electrons along the De axis on the 
‘ . : : fe de 

surface of the cylinder is absent, since the velocity v,=—> of a 
Op 





Fig. 161 Fig. 162 


quasi-particle should be orthogonal to the Fermi surface and the 


surface itself be parallel to the direction p,. With a cylindrical 
Fermi surface the motion of electrons along the axis of the cylin- 
der is therefore forbidden. In this direction of the electric field the 
energy band behaves as a filled one. 


With an arbitrary direction of electric field E relative to the 
cylindrical Fermi surface, electric current can only be produced 


by the component E, of the field along the Dy axis, which is equal 


to E cos q, where q is the angle between E and Dy. The dependence 
of electric conductivity of such a metal on angle @ is as follows: 


6 (P) = Omax COS P (3.17) 
where Omax iS the maximum electric conductivity that corresponds 


to an electric field E directed perpendicular to the axis of the cy- 
lindrical Fermi surface. 
2. _Eermi surface is a weakly warped cylinder located along 


the p py axis (Fig. 162a). In that case the cylindrical portions of the 
surface which are parallel to the Py axis do not contribute to the 
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electric conductivity in the direction of this axis (i.e. to the con- 


> 
ductivity at E = E,). The electric conductivity in the direction p, 
is only determined by the electrons located on the crimp. Its mag- 
nitude coincides with the electric conductivity of a metal whose 
Fermi surface has the form of a “ring” (Fig. 1626) of the same 
shape as the crimp. 

The conductivity in the direction perpendicular to the axis of the 
warped cylinder is, as in the former case, rather high. Hence 
it follows that the electric conductivity of a metal having the Fer- 
mi surface in the form of a warped cylinder is strongly aniso- 
tropic. But in real metals having such a surface in one of the 
bands, a low conductivity along the axis of the cylinder can be 
masked by a rather high conductivity in this direction provided 
by current carriers in other bands. 

3. Fermi surface is a strongly elongated ellipsoid. The electric 
conductivity of a metal having such a surface is also strongly 
anisotropic, its maximum being observed with the electric field 
directed along the smallest semi-axis of the ellipsoid. 

If the direction of the electric field coincides with neither of the 
main axis of the ellipsoid, the collinearity of the vectors of current 


density j and field E is disturbed. 
In experiments, the direction of electric current in a metal is 
usually given by the geometry of a specimen. The absence of colli- 
> 


nearity between j and E implies that with a current flowing in an 
anisotropic specimen, an electric field in a transverse direction, si- 
milar to the electric field in Hall effect, is formed in addition to 
the electric field along the specimen, i.e. to the voltage drop on it. 

In a metal having the Fermi surface in the form of a strongly 
elongated ellipsoid the nature of dependence of conductivity on 
field orientation is close to that in a metal with the Fermi surface 
in the form of a slightly warped cylinder. 


3-3, TEMPERATURE DEPENDENCE 
OF ELECTRIC CONDUCTIVITY 


Let us discuss the dependence of electric conductivity on tempe- 
rature for a metal with an isotropic spectrum of current carriers. 
In Lifshits’ formula for electric conductivity (3.11), which is appli- 
cable in this case, only the free-path length / of carriers is tempe- 
rature-dependent. The temperature dependence of this quantity 
in an isotropic metal therefore completely determines the tempe- 
rature dependence for electric conductivity. 

In a model of a metal where electrons on the Fermi surface are 
regarded as an ideal gas of quasi-particles, the free-path length | 
is inversely proportional to the number of acts of scattering Mc. 
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In the phenomenon of electric conductivity, an act of scattering 
is thought of as a process causing an electron to depart from the 
number of Fermi particles contained in volumes / and 3 
(Fig. 1606). Departure from these volumes can occur owing to a 
change of the momentum of a quasi-particle either in magnitude 
[changing the energy of the particle e = f(p?)] or in direction. 

Scattering of electrons is caused by their interaction with osci- 
llations of the lattice (phonons), with other electrons, ionized or 
neutral impurities, lattice defects, etc. For Fermi electrons, the 
most probable are processes in which the change of energy is 
small compared with the Fermi energy. At scattering, an electron 
practically always remains on the Fermi surface (or in direct vici- 
nity of it). In other words, scattering of Fermi electrons is in most 
cases a process close to a constant-energy process when departure 
from volumes / and 3 is only equivalent to the rotation of the mo- 


mentum vector in p-space or to transition into volume 2 
(Fig. 1606). 

In adequately pure and perfect monocrystalline specimens in 
the region of not very low temperatures compared with Debye 
temperature @p the main process of scattering which determines 
electric conductivity is the scattering of electrons on phonons. Let 
us recall that the energy of phonon ep, at temperature T practi- 
cally does not exceed kT. On the other hand, the fact that an elec- 
tron gas in a metal is degenerated at any temperature corresponds 
to the inequality kT < er or ep, < er. It then follows that interac- 
tion of an electron and phonon in a metal is accompanied by only 
a slight variation of the energy of the electron. The momentum of 
the electron in this process practically remains the same in magni- 
tude and can only be varied through rotation in phase space. 

Note, however, that not every act of electron-phonon interaction 
can result in scattering, since at a small change of momentum the 
electron remains within the volumes / and 3 and continues to 
contribute to electric current. In other words, a single interaction 
of an electron and a phonon, which has a small momentum, is not 
identical to the scattering in the process of electric conductivity. 
Scattering can be caused by either a single act (at a large change 
of momentum) or many successive acts of interaction if the total 
variation of the momentum is such that the electron passes from 
volumes J and 3 to volume 2 (Fig. 1605). 

Owing to numerous acts of electron scattering, a dynamic equi- 
librium is established between the displacement of the Fermi sur- 
face in the electric field, whose action results in a continuous re- 
plenishment of volumes / and 3, and the transfer of electrons back 
into volume 2 so that volumes / and 3 are exhausted. With no 
scattering, the Fermi surface would be displaced periodically in 
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Substituting 7/@p for ppn/per, we obtain for Ape: 
1 T \2 
Apa > =—_ 3.20 
Pet 2 Pet (s,) ( ) 


> 
Owing to scattering, the momentum p, of the electron should 
vary by a magnitude of the order of the momentum itself. With 
the constant-energy scattering, this is equivalent to the change 
of its projection in the initial direction also by a magnitude of the 
order of pe. The number of acts of interaction giving rise to this 
process, equal approximately to the ratio pe/Ape, increases sharply 
as the temperature is reduced proportional to (Qp/T)?. Essentially 
the inverse quantity (7/@p)2 determines the effectiveness of a 
single act of electron-phonon interaction with scattering at 
T < Op. 
Let us now discuss the temperature relationship for the free- 
path length / at low temperatures, assuming, as before, that the 
main mechanism of relaxation is the 


By = scattering of electrons on _ phon- 
— The free-path length is determined, 


21 ne on the one hand, by the number of 
el interaction centres Nin, which coin- 
Fig 163 cides with the number of phonons, 


and on the other hand, by the effecti- 
veness of each centre, which is proportional to (7/O@p)?. As is 
known, the number of phonons in a three-dimensional lattice de- 
pends on temperature at T < @p as T3. Hence Nin is also propor- 
tional to 7%. With electrons being scattered on phonons, the equi- 
valent number of scattering centres is 


Ne~(G-) Nin (3.21) 


This relationship is a consequence of the fact that only a large 
number of successive interactions, of the order of (@p/T)?, can 
produce scattering. This is equivalent to a reduction of the num- 
ber of scattering centres Ns. by a factor of (Op/T)? compared with 
the number of centres of interaction Nin. Since Nin ~ T3, it then 
follows from (3.21) that Ns. ~ T> and [ ~ 1/N,, ~ T-*. Thus, for 
scattering of electrons on phonons, the temperature dependence 
for electric conductivity at T < @p is governed by the relationship 


owt (3.22) 
The equivalent expression for resistivity p ~ T® is called Bloch’s 


law. The exponent in this relationship is related to the number of 
dimensions of the lattice. For instance, with a two-dimensional 
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lattice the number of phonons is proportional to T?, and therefore, 
p should obey the law p ~ T*. 

If the electric resistance of a metal were only determined by the 
scattering of electrons on phonons, then it would be practically 
zero at very low temperatures (T—0°K). Such a conclusion 
would be valid for a metal with an ideal crystal lattice having no 
foreign atoms. Actually there always are various disturbances of 
the periodicity of a lattice (dislocations, vacant places, impurity 
atoms, etc.). It results in that electrons in a real metal lattice are 
subject to other kinds of scattering apart from being scattered on 
phonons. 

Note that with the scattering on impurities and lattice defects, 
the free-path length is determined by the mean distance between 
impurities and by the velocity of electrons, being only slightly 
dependent on temperature. For that reason the resistance of a real 
metal at very low temperatures, when the phonon mechanism of 
scattering (the so-called residual resistance po) can be neglected, 
is determined only by the concentration c and the nature of the 
additional centres of scattering. 

With a low concentration c of impurities and defects in a metal, 
the resistance Ome: can be represented as a sum of two terms 


Pmet = Po (¢) + P14 (T) (3.23) 


where pia(T) is the temperature-dependent resistance of the ideal 
metal and po(c) is the residual resistance depending only on con- 
centration c. This constitutes Matthiessen’s empirical rule [69] 
which is based on that the resistance owing to scattering on addi- 
tional centres is additive and independent of (or only weakly de- 
pendent on) temperature. 

This concept corresponds to the model of a metal having an 
ideal crystal lattice within which relatively scarce additional cen- 
tres of scattering are rigidly fixed. The magnitude of residual re- 
sistance of a metal may therefore serve as a criterion of the purity 
of the metal and the perfection of its crystal lattice. 

The purity of monocrystals is estimated in practice by the ratio 
of the resistance at room temperature to that at the boiling point 
of liquid helium (T= 4.2°K), Psy /P42ex: For crystals of 
high purity this ratio can attain a value of an order of 10° and 
higher. 

The temperature dependence of resistance of a metal for which 
Matthiessen’s rule holds is shown in Fig. 164. 

The resistance of an ideal lattice pia(7) at any temperatures has 
been calculated by Bloch [70] and Griineisen [71] for an idealized 
model based on the following assumptions: 

(1) the electron gas in the lattice is regarded as an ideal one, 
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the electric field by a magnitude of the order of the Fermi momen- 
tum, which would produce an alternating current of a high ampli- 
tude. It should be recalled that the cause of periodic motion of an 
electron in a metal under the action of a constant electric field 
and the nature of this motion have been discussed in Sec. 2-4, 
Chapter Two. 

We now shall find the number of individual acts of interaction 
of an electron at various temperatures. 

Let us start from the region of high temperatures T > Op. 

As has been shown in Chapter One, the whole spectrum of ther- 
mal vibrations of the lattice is excited in this region. The number 
of phonons of each frequency is proportional to T and their dis- 
tribution over frequencies w (or energies ep, = fw) is such that 
phonons with an energy tpn ~ ROp prevail in the total acoustic 
spectrum. The energy of optical phonons is of the same order of 
magnitude. 

Thus, at high temperatures T > @p, the phonon gas can be des- 
cribed adequately by means of Einstein model with the characte- 
ristic frequency we which is close to the limit frequency of vibra- 
tions of the lattice. In other words, the concept of phonon gas is 
applicable for this region of temperatures, provided that the ener- 
gy of an individual phonon e,, is assumed to be ROp and the num- 
ber of phonons increases proportional to T. 

The total thermal energy of the lattice Ejat is then also propor- 
tional to 7, which is equivalent to a constant value of specific heat 
C= st at T > Op in accordance with the Dulong-Petit law. 

Let us now estimate the momentum of phonons. As has been 
mentioned, the spectral density of acoustic phonons has maxima 
at oscillation frequencies close to the limiting ones. The corres- 
ponding momenta of phonons attain the order of magnitude of the 
boundary momentum. Thus, phonons with a momentum Ppa, equal 


8 
approximately to —~2, are predominant in the spectrum of 


so. 
acoustic oscillations at T > Op. 
The magnitude of pp, can be estimated by means of expression 











2 
(1.30) for @p. Then we have: pp,~—2 ~ —. It may be shown 
son a 
that the momenta of the phonons that prevail in the optical band 
of oscillations are also of the order of magnitude of A/a. 

The momentum of an electron p. on the Fermi surface is close 
in magnitude to sh/a. Consequently, for the region of high tempe- 
ratures T > @p, the momentum of a phonon pp, is practically of 
the same order of magnitude as that of an electron, pe. This 
means that at every act of electron-phonon interaction the mo- 
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mentum of fhe electron can vary by a magnitude of the order of 
the initial momentum, i.e. scattering of the electron occurs practi- 
cally at each interaction with a phonon. 

The number of scattering centres Ns, which in this case coin- 
cides with the number of phonons, increases proportional to tempe- 
rature. It then follows that at T > @p the free-path length / of 
electrons, determined by Nec, is inversely proportional to tempe- 
rature. 

Finally, using Lifshits’ formula (3.11), we find the temperature 
dependence for electric conductivity in the region of high tempe- 
ratures to be as follows: 

o~t (3.18) 


At T > Op, the resistivity 9 = 1/o of a metal increases as T. 
Let us now consider the region of low temperatures T < Op. 
Here, only acoustic phonons with an energy epn < AT are excited 
in the oscillation spectrum. The momentum of phonons Ppp, in its 
order of magnitude is equal to kT/v},,. Since the momentum of 


an electron on the Fermi surface pa ~sh/a is close to RO,/0%,,5 


the ratio Ppn/pe is of the same order as 7/@p. In other words, at 
low temperatures T < Qp the inequality pon < pe holds true. It 
then follows that a single act of electron-phonon interaction gives 
no scattering. The process of scattering can only be caused by a 
series of successive interactions. 

Let us estimate the number of interactions required to scatter 


an electron at T < Op. Let the momentum pe, of the electron be 


rotated through a small angle a and become equal to D1 through 
an interaction with a phonon. The corresponding triangle of mo- 
menta is shown in Fig. 163. Since por < pe: and epn < €e1, the 


magnitude of the momentum Pet remains practically the same 
TA a { Peal, but the electron now contributes less to electric con- 


ductivity because the projection Dy onto the initial direction Det 
has been reduced by Ape (see Fig. 163): 


AP, = Pe — Px, C08 O & p,, (1 — cosa) (3.19) 
The angle a is expressed through the momenta Don and Det! 
sin @ = Ppp/Per < | 


whence it follows that 
sinaa~Ppn/Pe and 1 —cosaxa?/2= pi, /2p2, 
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(2) description of thermal vibrations is made by using Debye’s 
model of phonon spectrum, and ; 

(3) the radius rp of Debye screening of the Coulomb potential 
of ions is taken equal to zero (assuming the screening of the 
electrostatic potential to be complete). 

Under these assumptions the following formula has been ob- 
tained for the resistance pia(7) of an ideal lattice: 

KT® ae 25 dz 
pta (1) = Sig 5 eo (3.24) 

where M is the atomic weight of the metal and K is a constant 
related to the specific volume. For 
the regions of low (TJ < Op) and 
high (T > Op) temperatures, for- 
mula (3.24) gives 


Pig (T) & 124.4 T5 





K 
Me, 
tT<0.10 
sa a 


T)x —— 
Pig ( ) 4M8?, 


at T > 0.50, 





It follows from formulae (3.25) 

Fig. 164 that the ratio of the resistance of 

an ideal metal at a low tempera- 

ture T,; (where 7,;<0.10p) to that at a high temperature 
T2(T2 > 0.5@p) is 

Pig(T)) 4976 TF 


Pia (T2) @ «T, 


This relationship is determined by only one parameter, i.e. Debye 
temperature @p. Then for a metal for which the temperature de- 
pendence of resistance is close to the idealized one, the quantity 
carn 7 must be independent of temperature. The depar- 
0 (42 1 
ture of G from its constant value characterizes imperfection of a 
metal from the standpoint of Bloch-Griineisen’s model. 
Bloch-Griineisen formula holds well for simple metals at 
T > Qp. In this region of temperatures the ratio p/T is practi- 
cally constant. Using the measured value of resistivity of a metal 
at a certain temperature T’ > @p we can calculate the parameter 
@p in formulae (3.24) and (3.25). This parameter, relating to the 


(3.26) 
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region of high temperatures, is a constant quantity which is term- 
ed the limiting value of Debye temperature @5”. The same para- 
ineter @p found by Bloch-Griineisen formula, differs noticeably 
from Op)” at lower temperatures. 

For one-zone metals for which the Fermi surface is almost 
spherical (i.e. alkali metals), the ratio @,/05” remains practi- 
cally constant up to the region of low temperatures. For sodium, 
for instance, this ratio e,/ei” remains constant to an accuracy 
within 5 per cent down to the temperature T= 0.1Qp. It then 
follows that anisotropy of the electron spectrum has a substantial 
effect on variation of the parameter Op. For metals with a high 
anisotropy of the Fermi surface Bloch-Grtineisen formula (3.24) 
is obviously inapplicable in the region of low temperatures T < @p. 
This is linked with large differences of momenta of electrons for 
different directions in the lattice, the result being that the effecti- 
veness of the electron-phonon interaction at low temperatures de- 
pends substantially on direction. 

Note that the Debye temperature @p found from the electric 
conductivity for most metals differs from the value of this para- 
meter determined through specific heat. This difference is linked 
with that longitudinally polarized phonons are most essential for 
the scattering at the flow of an electric current, whereas specific 
heat of the lattice is due to equal contribution from oscillations 
of all types of polarization. 

Among the assumptions underlying Bloch-Griineisen’s model the 
one least justified is that on full screening of the electrostatic po- 
tential of an ion, which is equivalent to assuming that rp = 0. 
Houston [72] succeeded to show that using the potential of an 
individual ion in the form of (2.2) with a finite rp, it is possible 
to select the radius of screening such that the parameter @p in the 
formula for temperature dependence of resistivity be a constant 
@}” practically within the whole range of temperatures. 

It is essential that the value of rp required for this is only one- 
third to one-fifth of the radius of ion r;. Houston’s result is of in- 
terest for verifying the validity of OPW-approximation of the 
wave function of an electron in metal. This result shows indirect- 
ly that valence electrons moving in a metal actually penetrate 
ion-cores. Scattering of electrons on a Coulomb potential occurs 
only in the direct vicinity of the centre of an ion at distances 
of (0.2-0.3) ri. 

To conclude this section, it will be noted that the scattering of 
clectrons,op phonons at low temperatures is actually somewhat 
more effective than in the simplified model considered, the result 
heing that the resistance of a real metal obeys the law o~ TT”, 
where the exponent m < 5. Generally speaking, the reduction of 


240 Ch. Three. Electric Conductivity of Metals 


resistances with temperature occurs in common simple metals 
not so rapidly as would be expected from Bloch-Griineisen’s for- 
mula (3.24). 


3-4, ELECTRIC CONDUCTIVITY 
OF METALS IN A MAGNETIC FIELD. GENERAL CONSIDERATIONS 


A magnetic field H varies the nature of motion of current carri- 
ers in a metal thus changing its electric conductivity. Our dis- 
cussion of galvano-magnetic phenomena in metals will be 
restricted here when the magnetic field is directed perpendicular 


to electric current. With the vectors 7 and Hf directed so, the resis- 

tance of the metal is termed the 
@ H transverse magnetoresistance. 

2 Earlier (see Secs. 2-12 and 2-14) 

we have introduced the criterion 

fF of cyclic motion of electrons in a 

<=— metal and the division of magne- 

C) tic fields into weak (H < H,) and 

strong ones (H > H,). The limit- 

ing value of a magnetic field 


H+ Tea depends on the pa- 


panictet a of the lattice and the 

free-path length /. Let us recall 

that the characteristic size ry of 

Fig. 165 the orbit of an electron in weak 

magnetic fields H < H, exceeds 

the free-path length / so that the cyclic motion of the electron 
is not realized, the electron moving between two successive acts 
of scattering along a rather short arc of the path. For that reason 


its motion under the action of an electric field E occurs practi- 
cally along a straight line, as in the absence of magnetic field 
(Fig. 165). 

In strong magnetic fields H > H), on the contrary, the free-path 
length / exceeds the size ry of the orbit, and therefore, the electron 
can make a number of full acts of motion during the relaxation 
time t. 

Thus, the nature of motion of the electron varies substantially 
when the free-path length becomes commensurable with the cha- 
racteristic size of the orbit. In pure metals at low temperatures 
this can even occur in rather weak fields. It then follows that the 
perturbation of the path of an electron caused by a magnetic field 
depends not only on the field strength H but also on the free-path 
length /. In this connection, the concept of effective magnetic field 
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Heg has been introduced, the value He, at the given temperature 
is determined by the following expression 


0), a(7) 








(3.27) 


The ratio o(T)/o(@p) shows how many times the free-path length 
[see Lifshits’ formula (3.11)] is varied with the temperature chang- 
ed from @p to T. Debye temperature has been taken as the initial 
one for sake of convenience. 

The introduction of the effective magnetic field H.g is based on 
that the effect produced by a field H = 1 oersted on the electric 
conductivity of a metal at temperature T is equivalent to that of 


1(8,)\7! 
a field (<2) oersted at Debye temperature. 


In other words, the effect of a magnetic field on electric conduc- 
tivity obeys a certain law of similarity; this effect is the same if 
the magnitude of the effective field H.g remains constant (i.e. if 
the product H-! is constant). Using low temperatures makes it 
possible to attain very high values of the effective magnetic field 
(up to 10° oersted). 

Let us discuss in more detail the electric conductivity of a metal 
in weak and strong magnetic fields. 


3-5. WEAK MAGNETIC FIELDS 


The analysis of the effect of a magnetic field on the transverse 
magneto-resistance will be begun from discussing the simplest 
case of a one-zone metal with a spherical Fermi surface. 


In the absence of electric field E, the Fermi surface is located 
symmetrically relative to the centre of the Brillouin zone p = 0, 
so that each electron with the momentum + will always have a 


corresponding electron with an equal opposite momentum —p. 

According to this feature the whole ensemble of Fermi electrons 

may be divided into electron pairs with opposite momenta. 
Consider the motion of these electrons in a constant magnetic 


field H. The path of each electron is curved owing to the action of 
the Lorentz force Fy ==— del ig, - H]. But during the relaxation 


time, the electrons in a pair deviate from the straight path by the 
same distance in opposite directions so that their deviations in the 
magnetic field are pairwise compensated. 

Consequently, with only a magnetic field applied to the system 
of electrons in a metal, no electric current can be produced. 
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Consider the behaviour of electrons when the electric (E = 
= —E,) and magnetic (WH = H,) fields cross one another. The 
action of the electric field causes the Fermi surface to be displaced 


by Ap, =12/£# in the direction +pz (Fig. 166). The result is 
F 
that non-compensated electrons moving with velocities of the 


order of Fermi velocity in the direction +p. appear in volume 1. 

Simultaneously, an equal number of Fermi electrons that have 

had the velocity component in the 
> 


direction —p, vanish from vol- 
ume 2. 

With H=0O, the removal of 
particles from volume 2 had the 
same contribution to the electric 
conductivity as the filling of vol- 
ume 3 with Fermi particles (see 
Sec. 3-2 of this chapter). But this 
is no more true of the magnetic 
field, since we have to take into 
account the displacement of Fer- 
mi particles in the lateral direc- 
tion under the action of the Lo- 

Fig. 166 rentz force. In this connection, 

with a magnetic field applied, it 

is more convenient to consider the pairs of electrons in which one 

electron is on the left-hand and the other, on the right-hand side 

of the Fermi surface displaced by Ap,. A pair is composed of two 

such electrons that had oppositely directed Fermi momenta at 
E=0,H=0. 

If the Fermi momenta on the left-hand and right-hand sides of 
the Fermi surface were equal in magnitude, the deviations of the 


electrons in a pair along the p, axis were equal and mutually 
opposite, as in the case of the central symmetry of Fermi surface. 
But with the Fermi surface displaced by Apx its central symmetry 
is disturbed; it causes disturbance of the mutual compensation of 
displacements along the p, axis in electron pairs. Let this pheno- 
menon be discussed in more detail. 

Let the projections of Fermi momenta of the electrons in a pair 


onto the De axis be equal to +pr, and —pry. With the Fermi 
surface being displaced by Ap, under the action of an electric 


field E, the projection of the momentum for the electron located 
on the right-hand side of the surface becomes equal to prx + Apx, 
and that for the electron on the left-hand side, —prx + Apy. The 
Fermi velocity of each of the electrons located on the Fermi sur- 





8-5. Weak Magnetic Fields 243 


APx —le [Ext 
m 


face is changed by Av, =—3 . The projections of the 


> 
Fermi velocities of the electrons of the pair considered onto the px 
axis are then equal to up, + Avy, and —vpx + Avy. 
Using the equation of motion (2.58), we calculate the increment 
of momentum Ap, of each electron during the relaxation time t 


in the direction of the Dy axis under the action of Lorentz force By 
For the electrons on the right-hand and left-hand sides of the 
Fermi surface these increments are: 


(Ap) = + LL (Op, + doy) Ht 
(Ap = +42) — ope + Av.) He (3.28) 


The total increment (Apy) pair of the transverse momentum of 
the electron pair during time t is: 


(AP,)patr = 2 HL Av, He (3.29) 


This quantity is equal for all electron pairs on the Fermi sur- 
face and depends only on the drift addition Av, to the Fermi 
velocity. 

Thus, owing to the displacement of the Fermi surface by the 
electric field by Ap, a non-compensated variation of the momentum 


of each pair of electrons (Apy) pair in the direction —p, is formed 
in the magnetic field. This variation of the momentum is equiva- 
lent to an additional displacement of the Fermi surface by 


J Ap,)pair in the direction —p, and a transverse flow of electrons 


in the same direction. 

Making the same calculations as in the derivation of the Lif- 
shits formula (3.11), and transforming it to the form of (3.16), 
we may show that the density of transverse current j, for the iso- 
tropic quadratic law of dispersion of electrons is 


; 1 (Apy) pai le ee 
jy=lelnz-— “=e InAv, ——t (3.30) 


where n is the concentration of electrons. The caaaanl |e|nAv, 
> 


determines the component j, of the electric current along the p, 
axis. Relationship (3.30) can be re-written as follows 


jy=],@t (3. a) 
Hence it follows that an electric current j with the components fe 
and iy along the axes De and Dy is formed in an infinite piece of 


“s 
Fe. he 
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metal placed into crossing electric R= =F. and magnetic H= 
> 
= H, fields. The total current j makes an angle @ with the direc- 


tion of the electric field E, its tangent being tan » =~ = ot. The 
x 


angle g is termed Hall’s angle. 

In a finite-size specimen of metal, the transverse current of elec- 
trons causes the formation of an excess charge of electrons at 
the lower portion of the specimen. This in turn causes the ap- 
pearance of a transverse electric field E, directed from above down- 
ward (Fig. 167). The electric field Ey is called Hall’s field. It pre- 
vents electrons from being 
ceviated toward the lower 
boundary of the specimen. 
Hall’s field increases until the 
transverse component of the 
current of electrons becomes 
zero. A dynamic equilibrium 
is then established between 
the transverse current of elec- 
trons j, (3.30) produced by 

Fig. 167 the Lorentz force and the 

current in the opposite direc- 

tion E, appearing in the Hall field. This equilibrium is expressed 
by the following equality: 





SE eee (3.32) 


from which the magnitude of the Hall field &, can be found. It 
follows from (3.32) that 


y=tthu,av, (3.33) 


Expression (3.33) shows that Hall’s field E, is determined by the 
drift addition Av, to the Fermi velocity of electrons. 

It will be noted in this connection that Hall’s field cannot 
straighten the curvature of paths of the electrons on the right- 
and left-hand sides of the Fermi surface that has been caused by 
the application of the magnetic field. These electrons move with 
velocities close to ur with the Lorentz force of the order of 
tel H,v, acting upon them. In order to straighten their paths, an 
equal transverse force of opposite direction would be required, ex- 
ceeding the electric strength |e|E, of Hall’s field vr/Avx times 
(approximately 10° times!). Actually the Hall field is only related 
to that the transverse flow of electrons, which is determined by 
the difference between the flows produced by electrons in pairs, is 
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equal to zero. The corresponding expression (3.32) is of the form 
as if the Hall field were straightening only the paths of electrons 
at their motion with the additional drift velocity Avx. Otherwise, 
the equality (3.32) implies that the electric force |e|E, formed 
by the Hall field conterbalances only a certain effective Lorentz 
force Ft = 121 7, Ao 
Cc z x° 
> 

The electric current j, along the p, axis is proportional to Av,. 
Thus, it follows from (3.33) that the Hall field is proportional to 
the product of the current density j, by magnetic field H,: 


Ey=RisH. (3.34) 


The coefficient of proportionality R has been termed the Hall 
coefficient. For the simple case of a one-zone metal considered 
this coefficient is 

! 
Tela 


R (3.35) 


Note again the fact of high importance that the magnitude of 
Hall’s field E, is independent of Fermi velocity vp and is fully 
determined solely by the drift addition Avy. For that reason, in 
cases where this will not cause contradictions, we can use the 
model in which electrons move with only the drift velocity Av, 
and possess no Fermi velocity. 


> > > 

With crossed electric E = —E, and magnetic H = H, fields 
applied to a metal specimen of finite dimensions, the Hall field E, 
is established within a time interval of an order of (10-9-10-!°) sec 
and results in vanishing of the transverse current of electrons. 


> 
Owing to it, the mean drift velocity of electrons in direction —EF, 
in the magnetic field is maintained equal to the drift velocity at 
H = 0. It then follows that the electric conductivity along the x 
axis must not change, in the first approximation, after the Hall 
field has been established. 

Actually, however, the additional drift velocities of electrons 
in the field E, are not the same, but are distributed statistically 
about a certain mean value; we may denote it as (Ex). The main 
part of electrons move with a velocity sufficiently close to d(Ex), 
but owing to the statistical distribution of velocities there are 
electrons whose velocity is either greater or lower than d(E;). 
These electrons will be deviated by the Hall field EF, and magnetic 
field Hy dn different directions, since the Hall field can only 
straighten the paths corresponding to the mean velocity d(E;,). 
(Here we use the model of electrons moving solely with the drift 
velocity which has been discussed earlier.) 
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The force formed by the Hall field in a metal is lower than the 
effective Lorentz force for the electrons moving with velocities 
greater than d(E,) and higher for those whose velocity is less 
than 6(E,). Then, ‘considering their contribution to the electric 


current along the p, axis, we may assume that the electrons whose 
drift veiocities exceed d(E,) are deviated downward, and those 
with velocities less than d(£,), upward from the straight path 
(Fig. 168). 

Thus, taking into account statistical distribution of velocities, 
we come to the fact that for a part of electrons the projections 


> 

of the drift velocity onto the direction of the electric field E, are 
smaller than at H = 0 owing to 

sai their deviation upward or down- 
——— a ward under the action of the mag- 
v<V(E) netic field. This is equivalent to a 
reduction of the free-path length 
of these particles, and therefore, 






u=H(E,) 






i “to a reduced electric conductivity 
> 

3 along the px axis. We are to esti- 

© rate mate this reduction of electric 

Fig. 168 conductivity. Let a be the mean 


angle by which the electrons 
deviate from the straight-line path. The mean free-path length in 
the direction of the x axis in the magnetic field J,(H) can be writ- 


ten as 
L, (H) =1, (0) cos @ (3.36) 


where J, (0) is the free-path length at H = 0. 

The deviation by angle a is caused by the difference between 
the effective Lorentz force and the force of the Hall field. Since 
each of these forces is proportional to the magnetic field H, then 
the angle @ in weak magnetic fields must also be proportional 
to H and small in magnitude. Let @=-/ 28H, where 6 is a pa- 
rameter independent of H. Expression (3.36) can then be writ- 
ten as 

L, (H) ~1 (0) (1 — BA?) (3.37) 
which takes into account that for small a, cosa~1 ~f = 
= 1— BH. Hence for the conductivity ox(H) proportional to 
1,(H) we get: 

o, (H) +o, (0) (1 — BAH?) (3.38) 


The trafisverse magneto-resistance px(H), equal to 1/ox(H) 
in the isotropic case considered, is found by the expression: 


Ox (H) ® pz (0) (1 + BA?) (3.39) 
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which follows from (3.38) at BH? < 1. The relative variation of 
resistance in the magnetic field is: 


ox(H#)— px (0) _ Ape (A) _ 
py (3.40) 


We shall now discuss a more general case of a one-zone metal 
with a closed anisotropic Fermi surface. It may be easily shown 
that the relationship obtained for the transverse magneto-resistan- 
ce (3.40) will not qualitatively change. Indeed, in weak magnetic 
fields an electron passes between two successive acts of scattering 
only a small portion of the path determined by the shape of the 
corresponding section of the Fermi 
surface by a plane perpendicular to the 
magnetic field, so that the singularities 
of this path cannot appear in the first 
approximation. 

But the anisotropy of the Fermi sur- 
face causes the anisotropy of electron 
paths, so that velocities of electrons 
are more scattered about d(£;) than 
in the isotropic case, since the electrons 
located in various points of the Fermi 
surface now differ more strongly 
from each other in their properties. For that reason the 
coefficient B® in formula (3.39) for metals with an anisotropic 
Fermi surface must be greater than that for metals with an iso- 
tropic constant-energy surface. The dependence of the form (3.40) 
is observed in weak magnetic fields and with an open Fermi sur- 
face. The latter is then equivalent to a strong anisotropy of the 
properties of electrons on the Fermi surface, which only increases 
the coefficient p. 

More complicated is the case when the Fermi surface in a one- 
zone metal is composed of several electron-type surfaces. Various 
Fermi surfaces are displaced in different ways in an electric field 
E,, and therefore, electrons on them acquire different mean drift 
velocities d;(Ex), where i is the number of surface (i= 1, 2, 
3, ...). The Hall field £, formed in the magnetic field H, ensures 
that the resulting transverse electric current equals zero. Then the 


effective Lorentz force Fi,= tls, (E,) H, calculated for each 


mean value of the drift velocity 6;(E,) is no more balanced by 
the Hall, field force |e| Ey. 

In that case the departure of electrons in each group from 
a straight-line path (note that the path is considered from the 
standpoint of its contribution to electric conductivity ox) is deter- 
mined by the finite difference Fy;:—|e|E, and is no more a weak 
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effect connected solely with scattering of drift velocities from 
their mean values in the groups. This situation for the case of 
three groups of electrons is shown in Fig. 169. This circumstance 
must induce the transverse magnetoresistance to increase more 
strongly. 

With several constant-energy surfaces, the coefficient B in 
formula (3.40) becomes substantially larger than in the previous 
case of one surface. 


3-6. WEAK MAGNETIC FIELDS, 
HOLE-TYPE FERMI SURFACES 


Let us discuss the behaviour of current carriers on a hole-type 
constant-energy surface (Fig. 157) in crossed electric and magne- 
tic fields. 

As has been found earlier, the contribution of holes to the elec- 
tric current is additive to that of electrons. Let us determine the 
magnitude and sign of the con- 
tribution of holes to the Hall 
effect. We shall proceed similarly 
to what has been done in the pre- 
vious section when analyzing the 
Hall effect on electrons. 


Let the electric field E be direc- 
ted along —p, and the magnetic 


one H, along pr. The electric 
field causes the hole-type constant- 
energy surface to displace by 


Apx =|e|Et in the direction +p, 
Fig. 170 (Fig. 170). This disturbs the 

central symmetry of distribution 

of electrons over momenta, so that quasi-particles having a non- 


compensated component of momenta in the direction —p, appear 
in volume /. Simultaneously, particles that have compensated 
the flow of particles located in volume 3 will now vanish from 
volume 2. 

It will be recalled that the velocity of electrons on a hole-type 
surface is opposite in direction to their momentum, so that the 
particles in volumes J and 3 produce an electric current correspond- 
ing to the transfer of a negative charge in the inverse direction 


relative to the field E. 

In the presence of a magnetic field the particles in volumes 2 
and 3 deviate under the action of the Lorentz force in different 
directions, which violates the equivalence between the empty 





8-6. Hole-type Fermi Surfaces 249 


volume 2 and filled volume 3. For that reason we again will 
consider electron pairs in which one of the electrons is on the 
right-hand and the other, on the left-hand side of the Fermi sur- 
face. With E = 0, the momenta of the electrons in a pair were 
equal in magnitude and opposite in direction. Let their projec- 


> 
tions onto the px axis be denoted respectively as +prx and —prx 
for particles on the right and left. 

With the Fermi surface being displaced by a distance Ap, to 
the right, the projection of the momentum of an electron on the 
left-hand side reduces in magnitude and becomes equal to —pry + 
+ Ap,. Simultaneously, the projection of the momentum of an 
electron on the right increases and becomes equal to +prx, + 
+ Ap,. The Fermi velocity of an electron on the left is directed 


> 
along the +p, axis, its projection onto this axis being equal to 
Ur, — Avy, where Av, is the magnitude of variation of the Fermi 
velocity during the relaxation time t under the action of the elec- 
tric field. Accordingly, for an election on the right, the projection 


of Fermi velocity onto the px, axis is —Ury— Avz. By analogy 
with expressions (3.28) we can write the variation of the momen- 


tum of each electron in the direction of the Dy axis under the 
action of the Lorentz force. We shall write down only the total 
variation of the lateral momentum of an electron pair: 


(Apy)pair = 2421 bo, He (3.41) 


The variation of the momentum is positive and equivalent to dis- 
placing the hole-type Fermi surface by 5 (APy)patr in the direction 


naa Owing to this displacement, electrons having a non-compen- 
sated component of Fermi velocity directed upward will appear 
in volume 1’ and electrons that have had a non-compensated com- 
ponent of Fermi velocity in the inverse direction will vanish from 
volume 2’. This is equivalent to the formation of a flow of nega- 


tively charged particles upward along the ap, axis. In a finite- 
size specimen of metal, negative charges will be accumulated at 
the top of the specimen and a Hall field E, directed upwards will 
be formed. 

Thus, as distinct from their contribution to the electric conduc- 
tivity, the contribution of holes to the Hall effect is opposite in 
sign to that.of electrons. The Hall field E, for holes is again found 
by equating to zero the lateral flow of. particles, its magnitude 
being determined by the drift addition Av, and independent of 
the Fermi velocity of holes. It is easy to show that expressions 
similar to formulae (3.33), (3.34) and (3.35) hold true for holes, 
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When analysing the Hall effect, we have regarded holes as par- 
ticles with m* < 0, e <0, which follows naturally from the con- 
struction of a hole-type Fermi surface. But the conclusions made 
earlier remain valid if holes are regarded as particles with 
m* > 0, e > 0 filling a constant-energy surface. There is no need 
to discuss it in more detail since the proof can easily be made on 
the basis of the earlier analysis. 

That the Hall effect on holes is opposite in sign to that on 
electrons is in good agreement with the experimental data for the 
metals possessing both electron-type and hole-type constant-energy 
surfaces. The effects from holes and electrons in such metals 
compensate one another completely or partially. If the concen- 
tration of electrons n and that of holes p are equal and the pro- 
perties of these particles are the same (i.e. if their free-path 
lengths and relaxation times are equal), then the contribution of 
electrons to the Hall effect exactly compensates that of holes, so 
that the Hall field is zero. 

When an impurity of a different valence is introduced in such 
a metal, the Hall field will depend on the concentration of this 
impurity which determines the difference between the concentra- 
tions of electrons n and holes p. Replacing the impurity of a lower 
valence by one of a higher valence in the same metal results in 
the Hall e. m. f. changing sign. 

If in a two-zone metal with n = p the Hall field is zero, then 
the effective Lorentz force causes the particles to deviate from the 
straight-line path of their motion with the drift component of 
velocity Avx. The coefficient B in formula (3.40) then must attain 
its maximum. 

If the concentrations of electrons and holes are not equal or 
the Hall e.m.f. is not fully compensated at n = p since the par- 
ticles of different types are not identical in their dynamic proper- 
ties, then a Hall field is formed corresponding to the transverse 
electric current of zero magnitude. The Hall field reduces some- 
what the departure of particles from straight paths as they move 
with the drift velocity Avx, but for each group of particles the 
action of the Lorentz force is not fully compensated. This means 
that for metals containing both electrons and holes the coefficient 
B in formula (3.39) for the magnetoresistance is always large. 


3-7. STRONG MAGNETIC FIELDS 


The shape of paths of current carriers, which has no essential 
importance in weak magnetic fields, becomes critical in strong 
fields. This is linked with the fact that an electron moving in 
a strong field has time during the passage along its free-path 
length to describe a complex closed curve on the Fermi surface or 
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to cover a large portion of an open curve. In both cases the nature 
of its motion is uniquely determined by the shape of constant- 
energy surfaces and their orientation in the magnetic field. 
Before discussing the conductivity of a metal in a strong mag- 
netic field, let us recall the nature of motion of free particles 


with the electric E and magnetic H fields being crossed. 
With E = 0 and H #0, a free particle having the initial velo- 


city Vo in a plane perpendicular to the magnetic field describes 


a 








(+) 
S= 
Var 
Fig. 171 
a circle of radius ry =~"... The direction of motion of a nega- 
H elH* g 


tive particle in the magnetic field is shown in Fig. 116. A positively 
charged particle precesses in the oppositce direction. In both cases 
the particle is acted upon by the same centripetal force 


rd Renae : ; 
fep =| YH | in all points of its path. 

Let an electric field E directed as shown in Figs. 171 and 172 be 
applied in addition to the magnetic field. The action of the electric 


field gives an additional force eE of constant direction, which 
results in a continuous variation of the magnitude of the velocity 
of the particle and, as a consequence, in ‘| change of the Shape of 


its path. For instance, the forces Fallon and lelE acting 


ona positively charged particle in point ‘A in Fig. 171 coincide in 
direction, whereas in point B they act in opposite direction. 

In addition, when moving from A to B, a positively charged 
particle is accelerated by the electric field, so that its velocity 
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in point B is higher than that in point A. As a consequence, the 
radius of curvature of the path in point B must be larger than in 
point A (dotted lines in Fig. 171 show the curvature of the path 
that must be in points A and B). When moving from point A to 
point B, the curvature of the path must monotonously increase, 
and when moving from B to A, decrease. 

These variations result in that a positively charged particle 


acted upon by crossing fields E and Hf describes a trochoid, its 
trochoidal motion being accompanied with its drift in a direction 





H 
L 
(~) 
—=—P 
Var 
Fig. 172 


> > 
perpendicular to E and H: the particle is displaced to the right 
with each turn of the trochoid. With a negatively charged particle, 
the direction of its precession in the magnetic field must be 
changed to the opposite one, the same must be done with the 
direction of its interaction with the electric field. , 
The motion of a negatively charged particle in crossing fields E 


and H of the original orientation is shown in Fig. 172. Compar- 
ing Figs. 171 and 172, we can see that the paths of a positive and 
negative particles pass into one another upon a mirror reflection 


in a plane perpendicular to E. The drift of the particles of both 

signs occurs in the same direction perpendicular to vectors E 
> 

and H. 


The drift velocity Var depends on neither magnitude nor sign 
of the charge of the particle and is fully determined by the mag- 


nitude and direction of the fields E and H. It may be shown that 
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Dar is related to vectors E and H as follows: 
> c 22> 
Var = AT [EH] (3.42) 


The motion of charged particles in an electric E and magnetic H 
fields of an arbitrary mutual orientation can easily be understood 


if we depart from the above case of crossing fields E and H. For 

this, we decompose the electric field E into two components: Ey 
> 

parallel to the magnetic field, and EF, perpendicular to it. The 

motion of a particle will then be composed of a uniformly accele- 

rated motion along a magnetic line of force under the action of 

force eE, and the motion along the trochoid in a plane perpen- 


dicular to the magnetic field under the action of forces 210, FT| 


> 
and eE,. 

These data on the motion of particles of unlike signs in an 
electric and a magnetic field can be used for discussing the motion 
of current carriers in real metals, with the following to be had 
in view: 

(a) the paths of current carriers in the metal at application of 

> 
a magnetic field H are determined by the shape of the constant- 


energy surface and the orientation of the field Hf and may differ 
strongly from a circle; 


(b) under the action of external fields E, and H., an additional 
Hall field E, is formed in a finite-size piece of the metal, the cur- 


> > > 

rent carriers moving in the resulting electric field E,.s = E, + E,; 

(c) free motion of particles in the metal can only occur along 

the free-path length, the path being changed sharply at scatte- 
ring of the particle. 


With a drift in crossing fields EB and H, no displacement of 
a free particle in the direction of vector E occurs. It then follows 


> > 
that in an infinite metal placed into crossing fields E and H with 
an infinitely large free-path length of current carriers, there 
would be no conductivity in the direction of the electric field. The 
combined action of the fields would cause in that case only a 
transverse.-current of carriers to appear in the direction of the 
drift. The electric conductivity of a real metal in crossing fields can 
le connected with two causes: the formation of a Hall field in a 
finite-size specimen of the metal and the scattering of carriers, 
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The effect of scattering on electric conductivity can be related to 
that the cyclic motion of the carriers along the trochoid is dis; 
turbed and there appears a component of displacement of the par- 


ticle in the direction of the electric field E. 
This process can be visualized by the motion of particles in 


crossing fields E and H at l~ ry (i.e. when the magnitude of 
the magnetic field in the me- 








ra ne FF tal relates to an intermediate 
= = region {7 ~ H, between weak 
and strong fields). Figure 
173a shows the motion of a 
TF positively charged particle 
in a metal at 1=oo and 
l~ ry. Crossed circles in 
(a) the figure denote the points 
(4) where scattering _ occurs, 
(+) 
é=90 
—, 
F 
() Jy ) 
(-) 
0 =00 e< oc 
Fig. 173 Fig. 174 


which is accompanied with the loss of the drift addition v(E) to 
the Fermi velocity or the stoppage of the particle in the model of 
motion selected earlier, from which the Fermi velocity has been 
excluded. The similar motion of a negatively charged particle at 
1 = oo and! ~ ry is shown in Fig. 173. 

Let us now discuss the mechanism of electric conductivity in a 
strong magnetic field at | >> ry as illustrated in Fig. 174 which 
shows the motion of a negatively charged particle (electron). Let 
the electron begin its motion in point A (for instance, after 
being scattered) and be scattered again in point A’ located in 


the same plane perpendicular to the electric field E, as point A 
(Fig. 174a). In that case the electron would acquire no additional 
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energy in the electric field during the relaxation time t, and there- 
fore, no addition Avz(£) to the Fermi velocity vr. 

A similar situation arises at the motion of an electron between 
two acts of scattering in points D and D’ in Fig. 174a. But when 
the points where acts of scattering occur do not lie in the same 


plane perpendicular to E, a certain effective displacement of the 


electron along the field E or in the reverse direction occurs during 

the relaxation time. Two such cases are illustrated in Fig. 1746. 

When passing from point B to point B’, an electron is displaced 
> 


against the electric field FE, its Fermi velocity increasing by 
Av,(E) dependent on the field strength E and the distance of its 
displacement. On the other hand, the passage from point C to 
point C’ results in a displacement of the electron in the direction 


of the field E and a decrease of its Fermi velocity. Note that the 
variation of the velocity of electron Av,(E) in both cases is in 


the same direction opposite to vector E. In other words, the 


Fermi velocity of an electron in a certain point of the crystal, 
which is displaced relative to the other point in the direction op- 


posite to the electric field E, is always larger by a definite mag- 
nitude Av,(£), provided no scattering has occurred between these 
points. 


As will be seen from Fig. 1746, the mean distance Ax through 


which an electron can be displaced along the x axis parallel to E 
between two acts of scattering coincides in the order of magnitude 





with the size of the Larmor orbit ry, ~ TF . The whole passage 


between the points in which scattering occurs (for instance, bet- 
ween B and B’ in Fig. 1746) is performed during the relaxation 
time t, the path of motion being composed of several turns of 
a trochoid. In the course of the passage, the electron oscillates 
along the x axis and changes periodically its Fermi velocity. 
Through the averaging of these oscillations of the Fermi velocity 
there remains the difference between the final and initial velocities 
equal to Avx(E). 

The total variation of velocity Avx(£) is formed on the last 
turn of the trochoid during the time of the order of the period of 
Larmor precession Ty = rer which constitutes only a small 
fraction of the relaxation time t. It will be noted for comparison 
that for ‘thé case illustrated in Fig. 174a the averaging of oscil- 
lations of the Fermi velocity during the relaxation time at the 
passage from point A to point A’ gives a zero variation of the 
velocity: Av, (E) = 0. 
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The increment of velocity Av,(E) acquired during the time of 
> 

the order of Ty under the action of the electric field E, is, evi- 
dently Av, (E)~ IE Ty, which is proportional to 1/H as Ty. 
But this increment Av,(£) responsible for the contribution of the 
given electron to electric conductivity, must be related to the 
whole period of time + during which the electron is moving with- 
out scattering. For that reason, the y 
time-averaged real contribution to 
electric conductivity along the x 
axis is related to the mean increment 
of the Fermi velocity 0,(£) of the 
electron, which is of the order of 





T 
—Z Ao: (E) and in turn proportional 
to E/H?. 


_Y 
H® 
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Fig. 175 


Thus, the conduction current J, along the x axis, which is de- 
termined by the concentration of electrons and the mean incre- 
ment of Fe-mi velocity 0,(£) during the relaxation time is also 
proportional to the ratio E/H*. This current 1s produced solely 
through the processes of electron scattering. For convenience, it 
will be termed collision ‘current. The corresponding electric con- 
ductivity o,(H) depends on magnetic field as 1/H?, and the cor- 
responding transverse magnetoresistance px(H) increases propor- 
tional to H?. 

Let us now analyse the electric conductivity of a finite-size 
metallic specimen with different structures of Fermi surfaces. 

a. A one-zone metal with a closed Fermi surface. Consider 
the motion of a group of current carriers (electrons) in a piece 


of metal of finite dimensions. Let the electric field E, be directed 


along the x axis, and the magnetic field H,, along the z axis 
(Fig. 175), 
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At the first instant upon application of the fields, electrons begin 
to drift in the direction of the y axis thus forming an excess 
negative charge at the upper boundary of the specimen (the charge 
is formed in a thin superficial layer whose thickness is a few 
interatomic distances for good metals). The excess charge at the 


surface forms a Hall field E, directed upward. After the Hall field 
has been established, the drift of electrons occurs in the resulting 


electric field Eves equal to the sum E+ E,. The drift velocity Var 
is proportional to Eres/H [see (3.42)] and directed perpendicular to 
Exes (Fig. 175). This motion of electrons has a corresponding 


drift current J; ~—24. 
This drift is not related to electron scattering and is determined 


solely by the magnitude and direction of the fields Ea and A. In 
addition, scattering of electrons produces another drift of the 
field E,-, which is connected with the appearance of the collision 
current Jo ~ Eyes/H?. The directions of the currents J; and Jy are 
shown in Fig. 176, where @ is the angle between Pe. and the ¥ 
axis. 


The Hall field E, increases until the current component along 
the y axis becomes equal to zero. The magnitude of the field E, 


is determined from the condition that the projections i, and i 
onto the y axis are equal, which may be written as: 








J, cosg = J2sing (3.43) 
Since J) ~ =H", Jp~ =H", Eres8ing—=Ey, and Eres cos @ = Ex, 


it follows from (3.43) that 
E,~E,:H (3.44) 
cotg~ 1/H (3.45) 


The conduction current J, may be thought of as a sum of two 
components (see Fig. 176): 
Je=J,4+ i= sing + Jocos@ (3.46) 


The components J; and JZ of the conduction current are: 
: E E 
Hs sing~—— sing= = (3.47) 


res x 


, E 
Jp=J,cosp~ 45 cos p= oe 
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The current component J% decreases rapidly with an increase 
of the magnetic field, the angle @ increasing and tending to 
90 degrees. 

In very strong magnetic fields the component Jz can be neg- 
lected, the main contribution to the current J, being made by 
the component J;: 


Leh~ ay (3.48) 
Noting (3.44), it then follows that in strong magnetic fields 
I~ at ~ By (3.49) 


and ox(H) becomes independent of the magnetic field. 

This means that in specimens of real metals with a single group 
of current carriers a continuous increase of the Hall field Ey, ~ 
~ E,H fully compensates the reduction of the collision current Jo. 
In strong magnetic fields the conduction current is mainly deter- 


mined by the drift of electrons in the Hall field E, which practi- 


> 

cally coincides with the resulting field Es. Thus drift is directed 
along the x axis. The transverse 
magnetoresistance becomes satu- 
rated in strong magnetic fields as 
a result of that drift. 

Thus, the following dependence 
of electric conductivity on magne- 
tic field is observed in a one-zone 
metal. In weak fields the conduc- 
tivity first decreases with an in- 
crease of the field by the law 

Fig. 177 0 = 0o(1 — BH), then there is a 

region of transition to strong 

fields where the dependence of o on H deviates from the quadratic 

law, and finally, the conductivity in strong fields tends to a con- 

stant o. which is lower than the conductivity oo in the absence 
ol magnetic field (Fig. 177). 

This may be explained by the fact that an electron in a strong 
field passes during the relaxation time + a large distance (of the 
order of /) along a complex trochoidal path, but is displaced 
during that time against the electric current by a substantially 
smaller distance Ax, the result being that it undergoes a substan- 
tially greater number of scattering acts per unit length of the 
specimen than at H = 0. 

b. A two-zone metal with closed constant-energy surfaces. 
We shall analyse the dependence of the transverse resistance on 
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magnetic field in a metal having current carriers of two types, i.e. 
electrons and holes. Consider separately a case when the concen- 
trations of electrons n and holes p are not equal and another case 
when they are equal. 

It will be recalled that in multi-zone metals of any valence the 
constant-energy surfaces are formed through overlapping of 
zones, the concentrations of electrons and holes in a pure metal 
being always equal to one another. The inequality of the con- 
centrations mn and p in such metals is only possible with the 
presence of the impurities whose va- 
lence is either greater or lower than 
that of the metal. 

For simplicity, we assume that the 
metal has only two overlapping 
zones and correspondingly only two 
closed constant-energy surfaces of 
the electron and hole type. 

The earlier analysis of a one-zone 
metal with an electron-type or hole- 
type constant-energy surfaces has 
made it possible to build a model of 
motion of carriers in a magnetic 
field in which Fermi velocities are Fig. 178 
neglected and all operations are 
carried out only with the additional drift velocities appearing 
under the action of external forces. The model, which is very con- 
venient owing to its good visualization. is based on division of the 
ensemble of Fermi electrons into pairs whose momenta at equi- 
librium are equal in magnitude and mutually opposite in direc- 
tion. 

Having thus substantiated the model of this motion, we need 
not always to make a complicated analysis of the motion of elec- 
trons with the velocities of the order of Fermi velocities. Note 
that in this model a hole may be more conveniently regarded as 
a particle with m* > 0, e > 0, since it is then an “electron-like” 
particle with a positive effective mass, which makes it possible 
to visualize its drift motion. 

Thus, we consider the simultaneous drift of electrons and holes 


in a metal specimen placed into crossing fields E and H. A ne- 
gatively charged electron and a positively charged hole then 


drift in the same side in the direction of vector E. Hi] (Fig. 178). 


Consequently, the electric currents Ten and Jp, that are produced 
by the drifts of electrons and holes respectively are directed op- 
positely and the resulting transverse current J is equal to their 
difference Jno: — Jet 
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When the drift currents J.. and Jy. are equal in magnitude, the 
transverse current J becomes zero (which corresponds to the equa- 
lity of concentrations n=p and relaxation times of electrons and 
holes). Then, no Hall field Ey, is formed in a finite-size specimen 
of metal. It then follows that the conduction current J, in strong 
magnetic fields is fully determined by the mechanism of collisions 
and is proportional to E,/H*?, as has been shown earlier. The 
corresponding conductivity o, depends on magnetic field as 1/H?. 

A feature characteristic of the particular case considered is that, 
both for weak and strong magnetic fields, the transverse magneto- 
resistance 0,(/1) increases proportional to H?. But the mechanisms 
of appearance of electric conduction in a weak and a strong field 


dar Jet hoi 
+ + + + + 





ri>e ne ns e 


Fig. 179 Fig. 180 


are of different nature (Fig. 179), though result in the same de- 
pendence on magnetic field. It has therefore been agreed to dis- 
tinguish between the sections of the first (1) and second (II) 
quadraticity on the curves of dependence of magnetoresistance 
on H, related respectively to the regions of weak and strong fields. 
Figure 179 shows a typical curve of the transverse magnetoresi- 
stance for a metal with equal concentrations of electrons and holes. 

When the concentrations of carriers of different types are not 
equal (i.e. n  p), the drift currents of electrons and holes cannot 
compensate one another and the resulting transverse current J = 
= Jno. — Je in a finite-size specimen of metal establishes a Hall 
field E, whose direction for the given orientation of the external 
electric and magnetic fields depends on which type of carriers in 
the metal is predominant in its concentration. For instance, the 


direction of the Hall field E, in Fig. 180 corresponds to n> p. 
After the Hall field E, has been established, particles drift in 
the resulting electric field E,.; = E,-+E,. As for the case of a 
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one-zone metal discussed in “a”, the sum of the projections onto 


the y axis of the drift current Ja,, directed perpendicular to E. 
and proportional to E,es/H, and also of the collision current Jeo, 


which is parallel to E,-, and proportional to E,../H?, must be equal 
to zero. But, as distinct from a metal with carriers of only one 
type, the drift current Jg, is equal here to the difference between 
the corresponding drift currents of electrons and holes and is 
determined by (n — p). 

In very strong magnetic fields the drift current Ja, becomes sub- 
stantially greater than the collision current J... and the resulting 


> > 

electric field E,., practically coincides with the Hall field E, whose 
magnitude, proportional to E,H, then exceeds substantially the 
external electric field E,. Under such conditions the conduction 
current J, is mainly decided by the drift current Ja, in the Hall 
fields. This gives a constant value of electric conductivity in the 
limit of strong fields, similar to what occurs in a one-zone 
metal. 

A circumstance of high importance should then be emphasized. 
However strong the magnetic field would be, we cannot fully 
ignore the collision current J... For any H, its projection onto 
the y axis always compensates the projection of the drift current 
Jay onto the same axis and ensures that the lateral current J, is 
zero (see Fig. 176). In the limit of strong fields, the angle @ bet- 
ween J... and the y axis (or between Jag, and the x axis) reduces 
unlimitedly, but the equality J... cos @ = Jasin @ remains always 
true. 

The limiting value of electric conductivity o. is the lower and 
is attainable in stronger fields, the less is the difference of the 
concentrations of electrons and holes |n — p|. This may be ex- 
plained as follows. In the limit of strong fields the conduction 
current J, tends to the value of drift current proportional to 


| n— p | Ate. The resulting field E,-, in this region practically 
coincides with the Hall field E, ~ E,-H. Consequently, the con- 


duction current is proportional to |n— p |= =|n—p|E, and 


the conductivity o. is decided solely by the difference |n — p| and 
is independent of external fields. The smaller this difference, the 
lower the drift current, so that the inequality Ja, >> Jeo, owing 
to which the conductivity becomes saturated, holds true for stron- 
ger fields. In the limit of n = p, no saturation occurs with any 
high strerigth of the magnetic field. 

Figure 181 shows the curves of dependence of the magnetores- 
istance on magnetic field for various values of the difference 
An =|n — p|. Given in the same figure is a parabolic dependence 
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of o on H, which corresponds to the case of equal concentrations 
of electrons and holes n = p. 
c. A one-zone metal with an open Fermi surface. In order to 
study the effect of open paths on the dependence of magnetoresis- 
tance on magnetic field, we shall 
£ initially consider a strongly aniso- 
tropic (i.e. strongly extended in 
one direction) Fermi surface of 
the electron type. An open surface 
may be regarded as the limiting 
case of anisotropy when the Fer- 
mi surface reaches the boundaries 
of the Brillouin zone in the direc- 
Ee tion of its extension. 
af Figure 182a shows a central 
section of an anisotropic Fermi 
surface by a plane perpendicular 
to the magnetic field and the di- 
Fig. 181 rections of the main axes of the 
surface. The path of an electron 
in real space, corresponding to the section in Fig. 182a is 
illustrated in Fig. 1826. Both figures relate to a case when 





An, >An,>AN, >... H 





Fig. 182 
the magnetic field i] is perpendicular to the direction of exten- 
sion of Fermi surface. If an electric field E is applied orthogo- 
nal to H, the pattern of motion of electrons in the metal will de- 


pend substantially on the orientation of the field E relative to the 
niain axes of the surface. 
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An electric field orthogonal to H can evidently be orientated 
arbitrarily in the plane pxp,, and in particular, be directed along 
> 


the extension of the surface (E = E,) or perpendicular to it 


(be E,). Let us discuss these two orientations of the field in 
more detail. 


abet the electric field be initially directed along the Ds axis 
(E = E,) perpendicular to the extension of the Fermi surface. In 





(a) (6) 
Fig. 183 


a finite-size specimen of metal, a Hall field will be established 


and the drift of electrons will occur in the resulting field Eves. The 
path of the drift motion of an electron then is as shown in 
Fig. 183a. Shown in the same figure is the shape of the path at 


With an increase of the anisotropy of the Fermi surface the 
turns of the path become more and more extended and finally 
the length of one turn exceeds the free-path length. Scattering 
then occurs before an electron travels a full turn of the path. Un- 
der such circumstances the condition of strong magnetic fields 
(i.e. the condition of cyclic motion of carriers) is disturbed. This 
means that if the anisotropy of the Fermi surface is increased for 
the same magnitude of the magnetic field, then at a definite value 
of this-anisotropy the conditions of motion of carriers in a strong 
field change to those in a weak field. 

The paths of clectrons in a weak magnetic field between the 
points of successive acts of scattering represent a small portion 
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of a turn of a trochoid and are curved only slightly (compare 
Figs. 165 and 184), the mean direction of a path being coincident 


with the direction of the electric field E. It is also evident that 
paths of the type a and b shown in Fig. 184 have equal probability 
to exist. They correspond to the motion of Fermi electrons located 
respectively on the left-hand (type a) and right-hand (type 6) 
sides of the Fermi surface. 

The nature of motion of electrons in a weak magnetic field has 
been discussed in qualitative terms earlier in this book (see 
Sec. 3-5, Chapter Three). Let it be recalled that the electric 
conductivity is then determined by the additional velocity o(E), 

which is a change of the Fermi 

H velocity along the free-path 
® length, rather than by the Fer- 
x mi velocity proper. This may be 

verified by considering a pair 
(a) of electrons located on the 
right-hand and left-hand sides 


of the Fermi surface. The con- 
tribution to the electric current 
is due to the difference between 


(6) the motions of these two parti- 


cles. 
Oe «The Hall field that is formed 


; is also proportional to the addi- 
Fig. 184 tional velocity d(£). The force 
of the Hall field counterbal- 
ances the effective Lorentz force and straightens the respective cur- 
vature of the paths corresponding to the additional velocity d(E£). 
For this pattern of motion of carriers the conduction current is 
proportional to d(£), and the conductivity o is dependent here on 
magnetic field only owing to the scattering of the additional velo- 
cities about their mean value 0(E). 

Thus, in the whole interval of magnetic fields in which the 
conditions of a weak field are maintained for the given value of 
anisotropy of the Fermi surface, the following dependence of the 
transverse magnetoresistance o(H) on magnetic field is observed: 
with an increase of the magnetic field, p increases initially by 
a quadratic law and then comes to saturation. 

The saturation takes place because the mechanism of growth 
of the resistance in the magnetic field, linked with the spread of 
the additional velocities of electrons, is effective only within a 
limited interval of fields at which the mean angle a of deviation of 
the paths from a straight line is small (see Sec. 3-5, Chapter 
Three). In stronger fields, angle @ becomes a constant; it is linked 


- 
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physically with that the majority of the electrons have additional 


velocities close to the mean value 5(E). The conductivity de- 
creases initially owing to a small portion of the electrons whose 


> 
velocities differ noticeably from o(£). With an increase of the 
inagnetic field, electrons having these velocities are deviated more 
and more strongly by the effective Lorentz force and practically 
cease to contribute to the electric conductivity, which then conti- 
nues to be formed by the motion of the electrons of the main 
group. 

Thus, with an increase of the magnetic field, the contribution to 
the electric conductivity is due to the lower number of electrons 
which have a small spread 
of their additional velocities. 

If the conditions of a weak field 

are maintained, this process 

causes saturation. The total 

change of the magnetoresist- 

ance Ap at the transition from a ~H 
low to a high strength H of the 

field for an anisotropic Fermi 

surface is rather large, of the ff 

order of po. 

The dependence of p on H for 
the case considered is illustrated 0 rm 
in Fig. 185. [The total change ; 
of the resistance Ap depends Fig. 185 
on the width of the curve of 
spread of the velocities of electrons about 6(E£).] The same depen- 
dence of p on H must then remain with a transition from a stron- 
gly anisotropic Fermi surface to an open one, provided that the 
electric field remains perpendicular to the mean direction of open- 
ness. The difference consists only in that, for an open Fermi sur- 
face, the motion of carriers under conditions of a weak magnetic 
field is retained with any strength H of the field. The shape of the 
paths of electrons then remains such as shown in Fig. 184. 

Let us now consider a case when the orientation of the electric 
field coincides with the direction of extension of an anisotropic 


Fermi surface (b= Ey: Then, after establishing a Hall field, 


electrons begin to drift in the resulting electric field E,-. as shown 
in Fig. 1888." 

With a sufficiently high anisotropy, an electron is scattered 
before finishing a single turn along its path. But in that case the 
direction of motion, which is rigidly determined by the shape of 
the anisotropic Fermi surface, is practically perpendicular to the 
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external electric field. The shape of paths of electrons in real 
space is illustrated in Fig. 186. 

The mechanism of formation of the conduction current is then 
of the same nature as the mechanism of the collision current 
considered earlier. As has been shown, the electric conductivity o 
is then dependent on magnetic field as 1/H?. 

A continuous decrease of electric conductivity may be explained 
by that, as the magnetic field H is being increased, this shape of 

the paths of _ electrons 

W (Fig. 186) gives a continu- 

® cus rise of the number of 

Y scattering acts per unit 

length of the specimen of 
metal along the y axis. 

The transition from a 
strongly anisotropic Fermi 
surface to an open one, as in 
the earlier case of the orien- 
tation of the electric field 
perpendicular to the direc- 
tion of extension, only means 
that the described conditions 
of the motion of carriers with 
an open surface are retained 
for any strength of the mag- 
netic field, the transverse 
magnetoresistance increasing 
x aay proportional to 

Fig. 186 To conclude this section, 
we give the main types of 
dependence of the transverse magnetoresistance on a strong mag- 
netic field in a metal with an open Fermi surface. Let « be the angle 


between the conduction current J (i.e. the external electric field E) 
and the mean direction of openness oi the Fermi surface. 

In the general case, as has been shown by Lifshits and Kaganov 
[11], three main types of dependence of p on A and a are possible 
in strong magnetic fields: 

(1) for the given direction of the magnetic field, there are no 
open sections of the Fermi surface and the volumes of hole-type 
and electron-type portions of the Fermi surface are equal to one 
another (n = p); in that case, for any a: 


0(H)~ H? (3.50) 
(2) for the given direction of the magnetic field, there are no 
open sections, but the volumes of the electron-type and hole-type 
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portions of the Fermi surface are not equal (n pp); then for 
any a: 
o (7) = B=const (3.51) 


(3) for the given direction of the magnetic field, there is a layer 
of open sections with a single mean direction of openness; then 


0(H, a) = AH? cosa + B (3.52) 


where A and B are constants. 

The relationships for strong magnetic fields discussed in this 
chapter have been obtained on the basis of quasi-classical ap- 
proach to the motion of current carriers. They are valid for the 
monotonous (non-oscillating) portion of the magnetoresistance 
in the region of magnetic fields H < H, in which quantum effects 
are still insignificant. For large groups of current carriers in 
metals (in which the size of the Fermi surface is of the same order 
of magnitude as the size of the Brillouin zone), these relationships 
hold true for all really attainable magnetic fields. They cease to 
be valid for small groups of carriers in polyvalent metals and 
semi-metals in the ultra-quantum region of magnetic fields. The 
electric conductivity of a metal then requires a special analysis, 
which is beyond the scope of this book. 


CHAPTER FOUR 


EXPERIMENTAL METHODS FOR STUDYING 
THE ENERGY SPECTRUM 
OF ELECTRONS IN METALS 


4-1, GENERAL REMARKS 


Experimental methods for studying the band structure of metals 
are mostly based on investigation of various physical effects in 
metals occurring in the presence of an external magnetic field. 
A feature common of all these methods is the use of strong mag- 
netic fields in which cyclic motion of current carriers is observed. 
This is linked with that the nature of cyclic motion is determined 
by the topology and shape of the Fermi surface, and therefore, 
allows a certain information on that surface to be obtained. 

According to the type of effect used and the magnitude of the 
magnetic field methods for studying the electron energy spectrum 
can be divided into two groups. The first of them includes: 

(a) galvano-magnetic effects in strong magnetic fields; 

(b) the Azbel-Kaner cyclotron resonance in metals; 

(c) the Gantmacher size radio-frequency effect; and 

(d) the Pippard magneto-acoustic resonanse. 

ae methods of the second group, the following may be men- 
tioned: 

(a) quantum-mechanical magneto-acoustic resonance, otherwise 
called gigantic oscillations of ultrasonic absorption in metals; 
and 

(b) oscillational quantum effects. 

The division of physical effects and related methods of studying 
the spectra into two groups is linked with what concepts, whether 
quasi-classical or quantum, are used to interprete the given effect. 
The methods of the first group may be conditionally termed quasi- 
classical by this feature. The related phenomena are observed in 
such magnetic fields where the energy of orbital splitting fw is 
small compared with the energy of external actions. 

Notwithstanding the cyclic nature of motion in that region of 
magnetic fields, the energy spectrum of electrons behaves as a 
quasi-continuous one. Under the influence of external actions, 
electrons pass easily from one Landau level to another, i.e. vary 
the quantum number n. For that reason, account of the quanti- 
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zation of energy for these effects is not critical for the analysis 
of motion of electrons. 

The second group of methods uses the phenomena which may 
conditionally be termed quantum effects. They are observed in 
substantially stronger magnetic fields!) where the distance be- 
tween Landau levels, Ao, becomes sufficiently large compared with 
the energy of external actions. External factors then either cause 
no passage of electrons from one Landau level to another or these 
passages are of resonant nature. 

To conclude the general characteristic of the methods for stu- 
dying the energy spectrum, it should be emphasized that a com- 
plex study using various methods is actually required for determ- 
ining the band structure of some or other metal. For simple 
metals, the starting point for such a study is the construction of 
the Fermi: surface by Harrison’s method which is used as the basis 
for interpreting the experimental data obtained. 


4-2, GALVANO-MAGNETIC METHODS 
FOR STUDYING THE ENERGY SPECTRUM 


The galvano-magnetic methods for studying the zonal structure 
of metals are based on measurements of electric conductivity and 
Hall effect in weak and strong magnetic fields having different 
orientations relative to the axes of the crystal being studied. The 
total complex of these data makes it possible to find the compo- 
nents of the tensor of magnetoresistance p;; as a function of the 
magnetic field H. Interpretation of the data of galvano-magnetic 
measurements is essentially made on the basis of the data on 
electric conductivity of the metal in weak and strong magnetic 
fields (see Secs. 3-4-3-7 of the previous chapter). 

An essential merit of the galvano-magnetic methods is that 
they are simple and do not require a high purity and perfection 
of monocrystals. These methods were historically the first to be 
employed for systematic studies of electrophysical parameters of 
metals owing to these circumstances. Thus, for instance, first 
indications on the complexity of energy spectrum of electrons in 
metals were obtained by measuring the anisotropy of the trans- 
verse magnetoresistance in strong magnetic fields at low tempe- 
ratures. Exactly these data played a substantial part in develop- 
ing the theory of Fermi surfaces of metals, and especially in prov- 
ing the existence of open paths of electrons. 


‘) In one and the same metal, there is no sharp boundary between the 
intervals of magnetic fields in which the effects of the first and second groups 
are observed. These intervals actually overlap, owing to which the quasi-classi- 
cal concepts (for instance, the path of motion of electrons) are used to inter- 
prete qualitatively the quantum effects, 
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The complex nature of the dependence of transverse magnetore- 
sistance of some metals having open electron paths on magnetic 
field may be illustrated by Fig. 187 [78], which shows the anisotropy 
of the magnetoresistance of gold in a magnetic field H = 23500 


> 
oersteds whose vector H is located in the plane [110] of the crystal. 
The unusually strong dependence of resistance on the magnetic 
field orientation is linked with that in the given plane of crystal 

of gold there exist a num- 

fu ber of close directions in 

Po which the Fermi surface is 
open. 

It should be noted, how- 
ever, that the possibili- 
ties of a detailed investi- 
gation of the Fermi sur- 
face on the basis of gal- 
vano-magnetic measure- 
ments are rather restric- 
ted. This follows from that 
the contributions of vari- 
ous zones to the electric 
conductivity of the metal 
are additive, so that a low 
conductivity in some di- 
ea, rection in one zone may 
tee ee be masked by a high con- 
cue ae eo noe. 700" ductivity in another zone. 

Interpretation of meas- 

Fig. 187 ured data on magneto-con- 

ductivity and Hall effect 

in a multi-zone metal whose Fermi surface is composed of a num- 

ber of closed constant-energy surfaces requires, in essence, the 

knowledge of the particular model of the zone structure built on 
the basis of independent studies. 

Let us discuss in detail a very important feature of the galvano- 
magnetic methods for studying the energy spectrum which are 
based on measuring the components of the galvano-magnetic ten- 
sor p;; in weak magnetic fields H < H). This feature is that such 
measurements can be made within a very wide temperature in- 
terval from very low temperatures T < @p to high temperatures 
T > Op. Measurement of the components of galvano-magnetic 
tensor in weak fields is practically the sole means for determining 
the temperature relationships for various parameters of a metal 
(such as relaxation time + of carriers, free-path length /, etc.) in 
a wide temperature region, provided that the given structure has 





é 
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been sufficiently reliable found by other methods at low tempe- 
ratures. The point is that all the methods for studying the energy 
spectrum that will be discussed later are related to the cyclic mo- 
tion of carriers and essentially are low-temperature methods. 

In order to explain what has been said above, let us considet 
in more detail the structure of the components of galvano-mag- 
netic tensor and establish the characteristics of the metal spectrum 
they are linked with. 

We introduce the concept of mobility of current carriers. As has 
been shown earlier, the density j of an electric current formed by 
the carriers on some constant-energy surface may be expressed 
through the drift addition Av(E) to the Fermi velocity, which 
depends on the magnitude of the electric field. In that case the 
expression for the current density is of the following form: j = 
=|e|nAv(E), where n is the concentration of electrons (or 
holes) inside the constant-energy surface. For simplicity, we re- 
duce our discussion only to closed surfaces whose anisotropy is 
not very high. 

Within the applicability of Ohm’s law, the current density j is 
expressed linearly through the electric field strength E: j = o£, 
and therefore, the drift addition Av(E) to the Fermi velocity is 
proportional to E. The coefficient of proportionality between Au(E) 
and E is termed the mobitily p of current carriers: 


p= 26) (4.1) 


Thus, mobility w is determined by the variation of the Fermi 
velocity in an electric field of a unit strength. The electric field 
strength is usually measured in volts per centimetre, and velocity, 
in centimetres per second, so that the unit of mobility is cm?/V-sec. 

For an anisotropic constant-energy surface, the drift velocity 
Av(E) depends on the orientation of the electric field. The mobility 
of carriers is then described, as electric conductivity, by a second- 
rank tensor termed the tensor of mobility pij. 

It follows from (4.1) that the vector of current density can be 
expressed in terms of the mobility tensor as follows: 


ji=le InainEie (4.2) 


By comparing formulae (4.2) and (3.1), we can establish the 
relationship between the tensors oj, and win: 


Cin =e | Nik (4.3) 


This expression refers to a single constant-energy surface and 
implies that the mobility tensor pin is symmetrical, as also is 
the conductivity tensor, i.e. the equality wie = wri holds true. For 
a number of surfaces, the total conductivity tensor is the sum of 
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expressions of the type of (4.3) over all the existing constant- 
energy surfaces. 

The relationship between mobility and other characteristics of 
current carriers can be established on a simple example of the 
quadratic isotropic law of dispersion. For this, we compare ex- 
pression (4.3) with the Lifshits formula for electric conductivity 
in the form of (3.16). For isotropic mobility u, we then have: 

pa elt (4.4) 


m 
In 1956, Abeles and Meiboom [79] have shown theoretically 
that the current density vector jin a finite-size specimen of metal 
in the presence of a magnetic field H of an arbitrary orientation 
relative to an external electric field E can be written as: 


jp=ow(E+Enode=on(E+ sac li Al), (4.5) 


where the conductivity tensor oj, is expressed in terms of the 
mobility tensor yj, by means of formula (4.3) and is independent 
of magnetic field (the subscript at the parenthesis implies that 
the expression includes the k-th component of the vector given in 
the parentheses). 

Expression (4.5) is valid fer the given closed constant-energy 
surface under the quadratic law of dispersion of current carriers. 
It has been shown later that, for a closed surface of not a very 
high anisotropy, expression (4.5) also holds true for more com- 
plicated dependences of e on p. It follows from the structure of 
formula (4.5) that the Hall field Ewan is determined by the com- 

> 
ponent of the magnetic field H perpendicular to the electric cur- 


rent 7 (or to the external electric field B) and is equal to: 
~ eras 
Ena= Tea Ui HI (4.6) 


Equation (4.5) can be solved for the electric current density 7 
and written as: 


ji= 1, (H) Ex (4.7) 


where the components of the new conductivity tensor oj,(H), 
depending on magnetic field, are expressed through the compo- 


nents of tensor pi, and vector H: 


oy (H)=Le In(ug! +4 Bis) (4.8) 
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where the “—1” sign at the top implies that the matrix of the 
corresponding tensor A; (for instance, We) is an inverse one 
relative to the matrix Aix. (Let it be recalled that uj, is indepen- 
dent of H.) 

The antisymmetrical tensor B;, can be found in a certain system 
of coordinates as follows: 


0 —H, Hy 
an=( H, 0 -») (4.9) 
—H, H, 0 


where H,, Ho, and Hz are the components of vector H in this sys- 
tem. The components of magneto-conductivity tensor o;,(H), 
written in the form of (4.8), evidently obey Onsager reciprocity 
principle, which is expressed by the equality: 

014 (H) = oie (— H) (4.10) 

The total conductivity tensor of (H) of a multi-zone metal 
in a magnetic field is obtained by summing up expressions of the 
type of (4.8) written in one and the same system of coordinates, 
over all constant-energy surfaces. In the end, this makes it pos- 
sible to express the components of magnetoresistance tensor 
03! (H) = [ait (AT which can be measured directly in the ex- 
periment through the concentrations of the carriers of each type, 
the components of their tensors, and the magnitude of the mag- 
netic field. For a component of the magnetoresistance tensor, On- 
sager principle also holds true: p{°'(H) =03% (—H). For weak 
magnetic fields H < H,, we can expand the complicated expres- 
sion (4.8) into powers of the magnetic field and limit ourselves 
to the second-order terms. The parameter of expansion is the ratio 
H/H, which, as may be easily shown, is equal to wt or pH/c in an 
isotropic case. 

The components of galvano-magnetic tensor can be measured 
at any temperature in such a weak magnetic field H for which the 
inequality Mel deliberately holds true for any component of 
the mobility tensor, and therefore, conditions of a weak field are 
retained (for good monocrystalline specimens of a metal, the 
strength of the magnetic field required for measurements at low 
temperatures is a few oersteds). 

Thus, measurement of temperature dependences of the magneto- 
resistance tensor in very weak magnetic fields makes it possible 
not only to simplify expression (4.8) for oj,(H), but also to ex- 
clude the influence of such a factor as temperature dependence of 
the effective magnetic field Hes [see formula (3.27)]. 
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The particular shape of the formula relating the components 
magnetoresistance tensor depends on the number of consta 
energy surfaces, their mutual orientation, and also on the ori 
tation of the electric and magnetic fields. The magnetoresista! 
tensor is usually written in a system of coordinates related to 
crystallographic axes, the electric and magnetic fields being tt 
directed along different coordinate axes. Directions of the fie 
are determined by the number of unknown parameters which ; 
to be found by measurements. These parameters include the co 
ponents of the mobility tensor for each group of carriers, the : 
gles determining the orientation of a constant-energy surface, a 
the concentrations of carriers. 

This may be explained on the simplest example of a one-zc 
metal with a spherical Fermi surface of the electron type. We 
troduce an arbitrary system of three Cartesian axes (directed, 
instance, along the three mutually perpendicular crystallograp! 
axes). The mobility tensor pj, will evidently have the form: wip 
= u6,,. The unknown parameters which characterize the curre 
carriers are the isotropic mobility w and the concentration n 
electrons. 


Let the magnetic field H be directed along the axis 3: H=h 


Noting that pz! =— 6,, the tensor of magnetoresistan 
9,, (1) = 07,' (H) can be written according to (4.8) as: 
I/u —H,/e 0 
batter the Iu 0 (4.1 
0 0 Ife 


In order to find the two unknown parameters p and a, it suffic: 
> 


for instance, to direct the electric current j along the axis | a 
measure the two values of the electric field, E, and Eo, in the « 
rection of axes | and 2 (E» is Hall’s field). 

Let it be recalled that the direction of current is given in t 
experiment by the geometry of the crystal. In the case considers 
the specimen of metal must be cut in the form of a rectangular b 
with the long side along the axis 1, as shown in Fig. 188. Shov 
in the same figure are electrodes for measuring the potential dif 
rence along the specimen (u,) and in a lateral direction (up). T 
ratios of u,; and uy to the distances between the correspondi: 
electrodes give the magnitudes of electric fields E,; and Eo. 

- Using expression (4.11) for the tenscr p;,(H), we can write: 


E. = outer 
; I 
E2= alt= Tepne Mah (4.1 
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from which pw and n'can be found by the measured values of F, 
Eo, and ji. 

Note that expression (4.5) for the current density does not take 
into account the scatter of drift velocities about the mean value 
d(E). As has been shown in Secs. 3-5 and 3-7, Chapter Three, the 
transverse magnetoresistance in a metal with a single closed con- 
stant-energy surface increases by a quadratic law in weak mag- 
netic fields only owing to the scatter of drift velocities and be- 
comes saturated in strong fields. If we neglect the scatter of drift 
velocities, then, as follows from 
the shape of tensor pj ,(H) 
(4.11), the transverse magneto- 
resistance becomes independent 
of magnetic field H. This occurs 
owing to that the force formed 
by the Hall field E, compensa- 
tes the effective Lorentz force 
Fy at any magnitude of the 
magnetic field and completely 
straightens the paths of elec- 
trons moving with the same 
drift velocity d(£,)= Av(E;). 

It can be easily shown that the 
transverse magnetoresistance Fig. 188 
in an infinite specimen of metal 
in the absence of Hall field (Ez = 0) will grow by a quadratic law 
with any magnitude of the magnetic field because the paths of elec- 
trons are curved through the action of the forceFy . For this, we in- 
vert the magnetoresistance tensor pir(H) (4.11) and write the cor- 
responding magneto-conductivity tensor oin,(H) as follows: 

2 2H ie 
v5 c 
p2H? ’ pH? 
I+ tt 











C2 
ou(H)=leln| ya Ha (4.13) 
c? rv 
ee Boers 
1+ ws I+ 3 


L 0 0 pt 
With the current directed along the axis 1 and the Hall field 
equal to zero (E, = 0) as before, we get: 


jae. (4.14) 
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Hence it follows that the transverse magnetoresistancep/, (H) = 
=E,/j, of a specimen which is infinite along the axis 2 is a qua- 


dratic function of magnetic field: 
272 2p? 
pH pd. 
iy ere a = 








c 


oh (= r—(1 a ) (4.15) 


This simple example shows, to some extent, how the components 
of the magnetoresistance tensor of a metal can be calculated and 
measured. For multi-zone metals with a complicated Fermi sur- 
face, the components are expressed through a large number of 
unknown parameters. This results in a rather complicated expres- 
sion and a large volume of calculations required. But, notwith- 
standing the difficulties connected with processing of the measur- 
ed results, the method of the galvano-magnetic tensor in weak 
magnetic fields is still in use for investigations of electron energy 
spectrum of metals. The use of this method is of interest when 
studying the recombination of the initial band spectrum under the 
influence of various external effects (such as strong three-dimen- 
sional or uniaxial compression, introduction of alloying impurities, 
etc.). In particular, this method was employed for studying vari- 
ous electron phase transitions under pressure, which had been 
predicted by I. M. Lifshits [80], and also transitions into a new 
state of matter, termed the gapless state, in alloys of semi-metals 
antimony and bismuth. 


4-3, THE AZBEL-KANER CYCLOTRON 
RESONANCE 


The phenomenon of the cyclotron resonance in metals was pre- 
dicted theoretically by Azbel and Kaner in 1956 [75] and has been 
named after them. Experimentally, it was observed on tin by 
Fawcett [81] in the same year. 

The phenomenon is essentially in that electrons of a metal, 
provided certain conditions are observed, undergo a resonant 
acceleration under the action of an alternating electromagnetic 
field, similar to what occurs with electrons in a cyclotron. 


Let the vector of a variable electric field @ in a linearly pola- 
rized electromagnetic wave be parallel to the surface of a metal 


specimen and let a constant magnetic field H be also parallel 


with that surface and perpendicular to vector &. This mutual loca- 
tion of external fields and of the surface of a specimen such as 
shown in Fig. 189, has been called the Azbel-Kaner geometry. 
> 
Let &o(0) and # (0) be the amplitudes of alternating electric 
and magnetic fields on the surface of a metal. The strengths of the 
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fields & (0) and 36 (0) on the surface in dependence on time can 
be written as: 


G =F (0)! and F%(0)—= Hy (0)e™ 


where Q is the frequency of the electromagnetic field. 
As is known from electrodynamics, an alternating electromagne- 
tic field attenuates by an exponential law at the depth of a metal. 


The amplitudes of the electric Fo(y) and magnetic Ho(y) fields 


at a depth y can be expressed through &y(0) and Ho (0) as fol- 
lows: 


Ey (y) = Gy (0) e-¥"® 
> > 
Ho (y) = Ho (0) e- 4 


The parameter 6 defines the 
effective depth of penetration of 
the electromagnetic field into a 
metal and is termed the depth 
of the skin layer. 

Since the depth of skin layer 
6 is one of the main parameters 
determining the conditions of Fig. 189 
formation of cyclotron accelera- 
tion of electrons, we shall discuss in more detail the dependence 
of 6 on characteristics of the metal and frequency Q of an alter- 
nating field. 

The physical cause that an electromagnetic field penetrates a 
finite depth in a metal consists in its interaction with electrons of 
the metal owing to which the energy of the electromagnetic field 
is absorbed. The nature of this interaction depends essentially on 
the ratio between the effective depth of penetration 6 and the free- 
path length / of electrons. 

With |< 6, all Fermi electrons located within the layer of a 
thickness of an order of 6 interact with an equal effectiveness with 
the electromagnetic field. The values !< 6 correspond to the 
region of normal skin effect. It has been shown in electrodynamics 
that the depth of skin layer can then be determined by the classical 
expression: 


(4.16) 





fe 
4/2xpoQ 


where wp and-o are respectively the magnetic susceptibility and 
conductivity of the metal. 

The normal skin effect is observed in metals at temperatures 
close to room temperature up to the frequencies of oscillations 


(4.17) 
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relating to the SHF range. Indeed, for a good conductor (6 ~ 
~ 5X 10° ohm-! cm! & 5 X 10!” sec-') at room temperature and 


frequency o~3 X 10'° Hz, the depth of skin layer 6, according 


to formula (4.17), is of the order of magnitude of 10-* cm. This 
magnitude of 6 exceeds by several orders the free-path length J, 
which is 10-7-10-§ cm under the same conditions. 

With a reduction of temperature the free-path length increases 
and may become greater than the depth of skin layer. Thus, at 
temperatures of liquid helium the typical values of the free-path 
length for electrons on a Fermi surface in good monocrystalline 
specimens of metals attain 10-2 cm and more. 

The values / > 6 correspond to the region of anomalous skin 
effect. In this region, the effectiveness of interaction between the 
electrons within the skin layer and the electromagnetic field de- 
pends on direction of their motion. For instance, the electrons tra- 
velling almost parallel with the surface of a metal remain in the 
electric field for a sufficiently long time to absorb a substantial 
amount of energy from it. On the other hand, the electrons moving 
at large angles to the surface rapidly leave the skin layer and 
penetrate the depth of the metal. 

According to Pippard [28], only the electrons moving within an 
angle of the order of 6/! with the surface of metal can interact 
effectively with the electromagnetic field. The concentration of 


effective electrons n,,, is v7. where n is the total concentration 


of electrons in the metal and y is a proportionality factor of an 
order of unity. The expression for the depth of skin layer 6 in the 
region of anomalous skin effect includes the conductivity oe, 
which is mainly contributed to only by the electrons effectively 
interacting with the electromagnetic field. For an isotropic metal 
for which formula (3.16) holds true, this effective conductivity is: 
lel Mept 6 lel?nat é 


=VT SO SK VT (4.18) 


m 





Oef = m 
If ogg is substituted for o in expression (4.17) and the equation 
obtained is solved for 5, then for the effective depth of skin layer 


we shall have: ’ 
cl ‘Is 
6-1= (sans) (4.19) 


This formula determines the depth of penetration of an electro- 
magnetic field into metal in the region of anomalous skin effect. 

Thus, with the passage from the region of normal'skin effect to 
that of anomalous one, the form of dependence of 6 on o and Q 
changes and expression (4.17) transforms into (4.19). 
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Let us now discuss the phenomenon of cyclotron resonance. 
As has been shown by Azbel and Kaner, cyclotron acceleration of 
electrons in a metal under the action of an external electromag- 
netic field can only occur under the following conditions: 


l>rpy, ry>d} (4.20) 


whence it follows that the cyclotron resonance is observed in the 
region of anomalous skin effect. 

The first of inequalities (4.20) is the well-known condition of 
cyclic motion. It is easily understood that this condition is required 


for cyclotron acceleration of elec- msi A, A 8 
trons: for an electron to pass over @% €(0)=& (ole? 
. eye o 

into the resonant conditions of acce- < 


leration and to acquire a_ sensible 
additional energy from an alternat- 
ing electromagnetic field, it must 
complete, in any case, more than one 
rotation around a closed orbit before 
scattering occurs. The second of the 
inequalities must be discussed in 4 
more detail. 

In a magnetic field parallel to the 
surface of the metal, electrons either 








describe closed orbits in planes per- Dy~?y 

: <> +> 
pendicular to the surface or move 
along helices whose axes are parallel Fig. 190 


to the direction of the magnetic field. 

The paths of the first type correspond to central sections through 
constant-energy surfaces at p, = 0. The second type corresponds 
to sections at p, # 0. 

With a closed Fermi surface of an arbitrary shape, the path of 
electrons (or its projection onto a plane perpendicular to the mag- 
netic field) is a closed curve which may differ substantially from a 
circle. The characteristic sizes of the orbit are determined by the 
quantity ry = ae The inequality ry >> 6 implies that only a 
small portion of the orbit of individual electrons is located within 
the skin layer. 

When discussing the physical essence of the cyclotron reson- 
ance, we shall assume for simplicity that the Fermi surface of 
the metal is sufficiently close to a sphere. An electron orbit passing 
through the skin layer in that case is shown in Fig. 190. It follows 
from the figure that at ry >> 6 the interaction of an electron with 
the electric field within the skin layer occurs during a small frac- 
tion of the period Ty of its cyclotron motion. The action of the 
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electric field is then similar to a short impact after which the elec- 
tron travels along its path into the depth of the metal and conti- 
nues to move there only under the action of the static magnetic 


field H. 

It is then evident that the resonant absorbtion of the energy of 
an electromagnetic wave occurs only if the electron each time 
returns into the skin layer at one and the same phase of the elec- 
tric field. 

This synchronism of the motion of the electron with oscillations 
of the electromagnetic field can only appear if the period Ty of 
electron rotation is an integer k& times greater than the period of 
oscillations, equal to 2n/Q. 

Thus, the main condition of resonant acceleration of electrons 
is the following equality: 


Ty =k (4.21) 


This condition can also be written as a relationship between the 
cyclotron frequency w and the frequency Q of the electromagnetic 
field: 


Q= ko (4.22) 


The integer & in the Azbel-Kaner resonance is termed the resonant 
harmonic index. 

The fact that cyclotron resonance of electrons in metals can be 
observed at different values of k= 1, 2, ... is a consequence of 
the second of inequalities (4.20): ry >> 6. In semiconductors, 
where skin effect is practically non-existent because of the low 
conductivity and the electromagnetic field penetrating the metal 
can be assumed to be homogeneous, the cyclotron resonance is 
only possible with k= 1 (it is then called the semiconductor 
cyclotron resonance). The mechanism of acceleration of an elec- 
tron with the semiconductor resonance is as follows. 

A linearly polarized oscillation of an electric field may be re- 
presented as superposition of two circularly polarized oscillations 
in which the vectors of the electric field rotate towards one another 
with the cyclic frequency @. With the frequencies being equal, 
o = Q (k = 1), the electron travelling on its orbit in the magne- 


tic field H is constantly acted upon by the electric field rotating 
in the same direction as that of precession of the electron. An 
electric field rotating in the opposite direction practically does not 
interact with the electron. Under such conditions, resonant ab- 
sorption of the energy of the electromagnetic wave is observed. 

This mechanism of resonant interaction can only be at work 
with the frequencies being strictly equal to one another, mo = Q, 
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since only then the energy from an alternating electric field can 
be transmitted to the electron during a sufficiently long interval 
of time (during the whole relaxation time tT). 

With any value of the harmonic index k > 1, the condition of 
resonant interaction between the electron and field is disturbed. 

This mechanism of energy transfer in the Azbel-Kaber reson- 
ance, consisting in that the electron acquires synchronous impacts 
from the electric field during its short passages through the skin 
layer at ry >> 6, differs substantially from the mechanism of ener- 
gy transfer in the semiconductor resonance. If the inequality 
rr >> & becomes less and less strict and finally & becomes of the 
same order of magnitude as ry, the conditions of Azbel-Kaner 
cyclotron resonance pass over into those of the semiconductor 
resonance. It is then evident that resonant transfer of energy on 
harmonics higher than the first (k > 1) will gradually diminish 
and vanish at ry < 6. 

Simultaneous fulfilment of inequalities (4.20) for reasonable 
values of the frequency Q of electromagnetic field (in practice, 
Q/2n does not exceed 10!! Hz) is only possible with a sufficiently 
large free-path length / of electrons which is only observed at the 
temperatures of liquid helium in rather pure and perfect mono- 
crystalline specimens of metal. This means that the cyclotron 
resonance is a purely low-temperature effect and disappears with 
an increase of temperature. 

Let us analyse the conditions of synchronism of (4.22). For an 
lel 1 
mc 
depends on the component of the momentum p, of the electron 


arbitrary law of dispersion, the cyclotron frequency o= 





parallel to the constant magnetic field H. This dependence is linked 
with that the cyclotron mass m* of the electron, equal to a5 : sa 


[see expression (2.73)], is determined in the general case by the 
position of the secant plane p, = const of the Fermi surface in 


which the orbit of the electron is located in p-space: m* = F(p,)- 

If the relationship m* = F(p,) is monotonous, then the electrons 
belonging to different sections will undergo resonant acceleration 
at different frequencies Q of the electromagnetic field. Quite large 
groups of electrons having frequencies close to Larmor precession 


are located on the Fermi surface near the sections for which the 
eye Om* 
condition op, 9 holds true. 
aig 
Let it be recalled that with a spherical or ellipsoidal Fermi sur- 
face and a quadratic dispersion law, the cyclotron mass of elec- 


trons is independent of p,. In such cases, all electrons on the Fermi 
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surface precess with the same cyclotron frequency and at the same 
time participate in resonant acceleration. 

With a more complicated dispersion law, the condition of the 
extremal value of cyclotron mass an = 0 is in most cases satis- 
fied simultaneously with the condition of the extremal value of the 
area S of the section of the Fermi surface by a plane perpendicu- 
lar to the magnetic field p, = const: op, =O. Coincidence of 

| 
these two conditions implies that resonant electrons are located 
in “belts” of a width of the order of Ap, near the maximum or mi- 
nimum sections of the Fermi surface, as shown in Fig. 115. 

Consider a group of electrons whose cyclotron masses practi- 
cally coincide. These electrons precess in the magnetic field with 
the same frequency. We select from them the electrons whose or- 
bits are located near the surface of metal and pass through the 
skin layer, as shown in Fig. 190. These separated electrons, howe- 
ver, precess with arbitrary phases (relative to the phase of the 
electromagnetic field) and pass through the skin layer in different 
instants of time which are distributed with equal probability (uni- 
formly) within the time interval equal to the period Ty. This 
means that among the electrons selected there are such (similar 
to the electron in point B of the orbit in Fig. 190) that pass 
through the skin layer at the instant of the maximum of the elec- 


tric field when the force of interaction —|e|& coincides in direc- 
tion with their Fermi velocity. 

For the electrons (similar to the electron in point A of the orbit 
in Fig. 190) lagging behind them a half-period of rotation, the 
instant of passage through the skin layer coincides with the maxi- 
mum of an electric field of the opposite sign. For these electrons, 


> 

the force of interaction with the electric field —|e|@ is directed 
opposite to their Fermi velocity. Between the first and second 
group, there are other electrons on the orbit passing through the 
skin layer when the electric field changes sign and the time At of 
their passage through the skin layer is zero on the average. 

Since the time of passage At is small compared with the period 
Ty, it is more correctly to speak about the momentum of force 


—|e|@At, which causes a variation of the Fermi velocity by 
Ao (&), rather than about the force of interaction with the electric 
field. Av(&) depends on the amplitude of electric field & (0), the 
depth of skin layer 6, and the path of the electron and the magni- 
tude of its Fermi energy. 

It can be proved by simple transformations that, for elliptical 
paths of electrons, such as shown in Fig. 191, and a quadratic 
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law of dispersion of carriers, Av(&) is proportional to 


(m5) " & (0) 5 


1 
we P 


in point Bof its path. It then follows that the maximum increment 
of velocity Au(&) (and also of energy Ae) of anelectron willbe at 
motion along a path of type 3, provided that the comparison of the 
magnitude of Av(&) for various paths shown in Fig. 191 is made 
with the same values of w and er. 

The electrons of the first group, as the electron in point B of 
the orbit in Fig. 190, will evidently be accelerated by the electric 


Yo 
, where Mm is the effective mass of the electron 


igt 


@ €(0)=%,(o)e 


-_——$—<$—< <<< 





Fig. 191 


field and acquire an additional velocity Au(&) with each passage 
through the skin layer. The electrons of the second group, as the 
electron in point A of the orbit in Fig. 190, are decelerated by the 
electric field and their velocity reduced by the same value 
Av(&) with each passage through the skin layer. But in both 


cases the change of velocity Av(®&) coincides with the direction 
of the momentum of the force —|e|&At and is directed opposite 


> 
to the electric field & at the instant of passage through the skin 
layer. 

The number of passages through the skin layer of the relaxa- 
tion time t during which an electron covers along its path a dis- 
tance coinciding with the free-path length / is equal to //L, where 
L is the length (perimeter) of the closed orbit for electrons with 
p, = 0 or the length of one turn of the helix for electrons with 


p, #9. The final velocity of electrons of the first group in the end 
of the accelerating cycle will be of the order of vf ++ Ao (8). 
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Similarly, for the second group of electrons the final velocity is 


vp —-- Av (&). Electrons of both the first and second group con- 


tribute to the high-frequency surface current Jsu, (the frequency 
of this current being coincident with the frequency of electromag- 
netic field , since the change of their Fermi velocity + Av(6) 
always be the same with the reverse direction of the electric field 
vector _&). 

The electrons participating in the resonance reduce the skin 
impedance Z of the specimen at the frequency of the electromagne- 
tic field. In order to record the cyclotron resonance, a specimen 
of metal is usually placed inside an oscillating contour or a cavity 
tuned to the frequency of electromagnetic oscillations Q. At the 
instant of resonance, the amplitude of oscillations of the contour 
increases sharply in accordance with an increase of its quality 
factor. The latter occurs as a result of reduction of the skin im- 
pedance (or an increase of conduction surfaces), which causes 
an increase of the coefficient of reflection of the electromagnetic 
field from the metal. Absorption of electromagnetic energy in the 
metal then reduces sharply. 

In practice, the amplitude of radio-frequency oscillations on a 
contour can, for instance, be recorded directly, a change of this 
amplitude at resonance being proportional to the change of the 
real component of the skin impedance Z = R + iX. But a different 
method is more often employed, which makes it possible to sub- 
stantially improve the sensitivity of instruments; in this method, 
a quantity proportional to the derivative of the real component of 


the skin impedance over the magnetic field 3, is recorded. This 


method of recording the cyclotron resonance uses modulation of 
a constant magnetic field H at a low frequency of the audio-fre- 
quency range. 

The resonant peculiarities of the skin impedance Z in a speci- 
men being studied are observed at a slow increase of the magnetic 
field H. With an increase of the magnetic field, the size of cyclo- 
tron orbit ry and the cyclotron period Ty reduce. The first peculi- 
arities of the skin impedance, corresponding to high values of the 
resonant harmonic index k begin to appear when Ty is reduced 
down to a magnitude of the order of the relaxation time t, ie. 
with the passage to the cyclic motion of electrons. 

The resonant peculiarities of impedance, resulting in a decrease 
of its real component, appear each time when equality (4.22) is 
fulfilled for successive whole values of the index Rk [of course, the 
second inequality (4.20) is then assumed to be fulfilled]. The am- 
plitude of resonant peaks increases with a reduction of k as a 


4-3. The Azbel-Kaner Cyclotron Resonance 285 


result of an increase of the number of passages through the skin 
layer during the whole cycle of acceleration of an electron deter- 


mined by the ratio j~ge~ H. The last resonant peak, corre- 
sponding to k=1, is observed with the equality of the frequencies, 
wo = Q. With a further increase of the magnetic field, the main 
condition of cyclotron resonance (4.21) ceases to hold true. 

The greater t, the lower is the field strength H at which resonan- 
ces appear, and the greater number of resonant peaks can be ob- 
served with the same frequency Q of electromagnetic oscillations. 


Re(z)=R 





0 w~b W=5Q W=Q H 


An increase of the number of resonant peaks by increasing the 
frequency Q at a constant relaxation time t of the metal is limited 
by the possibility of forming a SHF high-quality cavity of 
extremely small dimensions. The limiting values of frequencies ors 


usually employed in experiments are of an order of 40-80 GHz. 
The dependence of the real component of the skin impedance R 
on magnetic field at appearance of the cyclotron resonance at 
various harmonics of frequency w is shown schematically in 
Fig. 192. 
An experimental curve of the cyclotron resonance for copper, 


obtained at a frequency of the electromagnetic field of f= 


= 2.4 10! Hz, and a corresponding curve calculated by the Azbel- 
Kaner theory for the suitable values of m* and t are shown in 
Fig. 193. Note that recording of the cyclotron resonance of copper 
has been done by means of the modulation technique. 


If for the given direction of the magnetic field H there are a 
number of sections of the Fermi surface corresponding to the ex- 
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tremal values of the cyclotron mass m* (p,), then the pattern of 


resonant peaks becomes more complicated, since superposition of 
resonances from electrons located near different sections is then 
observed. But these electrons, as a rule, contribute differently to 
the cyclotron resonance. As has been noted earlier, the increment 
of energy of an electron at passing through the skin layer is pro- 
portional to the effective mass to the power of 3/2. In addition, the 
amplitude of each resonant peak depends on relaxation time of 
the carriers of the given type. In practice, all other conditions be- 
ing equal, the maximum amplitude is observed for the resonances 
in which the electrons located near 
the section p, =0 participate. In 
that case the electrons describe 
circles in planes perpendicular to 
the surface of the specimen and 
retain their synchronism with the 
electromagnetic field and invari- 
ancy of the orbit during the whole 
relaxation time. The electrons 
corresponding to sections with 
p, #09 describe a helix with the 


axis directed along the magnetic 






aR 
aH 
experiment 


e ied 050 field. With a slightest non-paralle- 
H/M, lism between the magnetic field 
Fig 193 and the surface of the specimen 


they depart from the helix into 
the depth of metal and disappear from the accelerating cycle long 
before scattering. For that reason, resonance can be most easily 
observed experimentally for electrons located near the section 


Let us find the periodicity with which successive resonant peaks 
appear at an increase of the magnetic field. For this, we find the 
value of the magnetic field H, corresponding to the resonance at 
the k-th harmonic of cyclotron frequency from the main condition 
(4.22) of the resonant acceleration of electrons. Substitution of 
the cyclotron part into (4.22) gives 


betes (4 23) 


Q= 
Mextré 


where m.., is the extremal cyclotron mass satisfying the condi- 


extr 


tion 2™ —0 at m*=m'.,. Hence the reciprocal value of the 
Op, extr 


magnetic field ne at which resonance at the k-th harmonic is ob- 


4-38. The Azbel-Kaner Cyclotron Resonance 287 





served is 


ei ieeey eee 
A, ' me xt02 os 


It follows from this expression that the interval of reciprocal 
magnetic fields hak between the k-th and (k+1)-th 
resonances is independent of the index k of the resonance and is 
a constant. This interval is termed the period of cyclotron reson- 


ance in a reciprocal magnetic field. 
Denoting the period as A (7): we write the following equality: 





A (=) eee (4.25) 


* 
MextreQ 


The period of cyclotron resonance in a reciprocal magnetic field 
can be found from an experimental resonance curve from which 
the values of magnetic fields H, (or reciprocal magnetic fields 
1/H,) are determined. With the period A (+) and frequency of 
electromagnetic oscillations Q being known, we can determine the 
extremal mass m%,,, of current carriers corresponding to the given 
direction of magnetic field H: 


ne 


To find the period A (=). a curve of the resonance index & as 





(4.26) 


» _ lel 
eK So: 


a function of the reciprocal magnetic field 7 is usually plotted. 


The experimental points of the curve determine the position of a 


I 
straight line whose equation in the coordinates k and F isk= 


m4 ,62 M162 : 

lel Clee 
the value of the cyclotron mass. For better accuracy in determin- 
ing m;.,,. the slope of the straight line can be found by the least 
square method, the relative error of m*,,., calculated, for instan- 


ext 
ce, from a resonance curve containing 10 peaks, being not higher 
than | per cent. Owing to this the cyclotron resonance is at pre- 
sent the most accurate method for measuring the cyclotron masses 
of carriers in metals. 

By varying the direction of the magnetic field relative to the 
crystallographic axes of the specimen, it is possible to determine 








| 
7: The tangent of this line, equal to 
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the extremal values of cyclotron masses relating to different sec- 
tions through the Fermi surface. As has been mentioned earlier, 
the frequency of the Azbel-Kaner cyclotron resonance is indepen- 
dent of the magnitude of electron-phonon interaction in metals. 
In other words, the cyclotron resonance makes it possible to find 
the renormalized cyclotron mass of electrons and holes at the 
Fermi level, which differs from the band cyclotron mass by a 
multiplier (1 -+A-+ ) (see Sec. 2-12, Chapter Two). 

Owing to a high accuracy with which the cyclotron mass can 
be found when measuring the Azbel-Kaner resonance, this effect 
can be used for establishing how various physical actions (for 
instance, three-dimensional or uniaxial compression of the crystal) 
influence the renormalization parameter A. 

To conclude this section, it should be mentioned that an experi- 
mental record of the cyclotron resonance curve makes it possible 
not only to determine with a high accuracy the magnitude of the 
cyclotron mass, but also to estimate the relaxation time t of the 
corresponding group of carriers. An analytical computation of 
the surface impedance Z made by Azbel and Kaner [83] has shown 
that the real portion is proportional to the following approximate 
expression: 

2 \y, —2% 
Re(Z) = R~ (St) "6 cos 2 (4.27) 
Thus, the ratio of amplitudes A, and Ans, of two successive re- 
sonant peaks corresponding to the indices k and k+ 1, approxi- 
mately is: 
20M oxtre 1 1 
=) ape felt (a) 
Ant1 





(4.28) 
Hence the relaxation time can be estimated by the expression: 


a Qa Me xteC H,— Aas ) 
"= Telin(A/Aen) \ Havite 4.29) 

Thus, an analysis of the cyclotron resonance in metals makes 
it possible to determine important dynamic characteristics of each 
group of current carriers. Note, however, that observations of 
cyclotron resonance require a complicated experimental technique 
and are linked with large practical difficulties (the effect is only 
observed on monocrystalline specimens of a high purity and per- 
fection, with very high requirements being set to the quality of 
the surface of the specimen and the accuracy of its orientation 
relative to the magnetic field vector, etc.). 


4-4, Gantmacher’s Radio-frequency Size Effect 289 


4-4, GANTMACHER’S RADIO-FREQUENCY 
SIZE EFFECT 


Size effects include physical phenomena in which a characte- 
ristic parameter determining the path of motion of an electron 
becomes commensurable with the linear dimensions of the spe- 
cimen. The peculiarities of the behaviour of the parameters of 
the metal then make it possible to find the dimension of the orbit 
of the electrons corresponding to the extremal section of the 
Fermi surface, and therefore, to determine the dimensions of this 
section. 

The conditions of appearance of the size effect presume that 
a portion of the electron paths is cut off at the boundaries of 
the specimen owing to the interaction of electrons with the sur- 
face. This interaction is usually described purely phenomenologi- 
cally by means of what is called the coefficient of peculiarity q, 
which is defined as the proportion of the electrons mirror reflected 
from the surface (i.e. so that the angle of incidence is equal to 
the angle of reflection). Accordingly the proportion of electrons 
reflected diffusely is 1— g. The diffuse reflection is here thought 
of as such that can occur with equal probability at any angle, 
irrespective of the angle of incidence. 

Since the de Broglie wavelength of Fermi electrons is of the 
same order of magnitude as the interatomic distance, while the 
characteristic dimensions of unevenneses of the boundary largely 
exceed it, it is natural to assume that the majority of electrons 
will be diffusely reflected from the surface of metal. Exceptions 
may only be the electrons moving practically parallel to the sur- 
face and having extremely small angles of incidence. It may be 
noted in passing, however, that some experimental facts have now 
become known which show that reflection of electrons incident at 
the surface of metal at large angles may sometimes be not of 
diffuse nature. These facts include, for instance, the observation of 
cyclotron resonances corresponding to the motion of electrons 
along their paths with a cut-off, which is accompanied with their 
reflection from the surface of metal. 

The radio-frequency size effect considered in this section is not 
one of such special cases of interaction between electrons and 
surface. Its interpretation is based on the common concept that 
electrons impinging a boundary at large angles are diffusely 
reflected from it. 

The radio-frequency size effect consists in appearance of sin- 
gularities of the skin impedance Z of a thin metallic plate in 
cases when the thickness of the plate exceeds a whole number 
of times the diameter of the cyclotron orbit of electrons located 
in a plane perpendicular to the surface of a specimen. This effect 
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was discovered by Gantmacher [76] in 1962 in a specimen of tin. 
He also proposed the physical interpretation of the phenomenon 
observed which is now widely used as a method of investigation 
of Fermi surfaces of metals and has been called Gantmacher’s 
size effect. 

Gantmacher’s size effect is observed in metals in the region 
of anomalous skin effect at 5<J. A specimen is used in the 
form of a plane-parallel plate whose thickness satisfies the 
condition: , 

6<d«<l (4.30) 


A variable electromagnetic field of frequency Q and a constant 
magnetic field H are applied to the plate. The orientation of the 
vectors of external fields relative to the surface of the specimen 





Fig. 194 


is the same as in the Azbel-Kaner geometry described earlier 
(Fig. 194). The frequency Q of the electromagnetic field is selected 
so as to satisfy the condition of quasi-stationary field during the 
relaxation time t of electrons: 


a (4.31) 


The size effect is naturally connected with the cyclic motion 
of carriers in the metal and is observed at wt > 1. From this, 
and also from inequality (4.31), it follows that the frequency 
Q of the electromagnetic field with the size effect must be sub- 
stantially lower than the frequency w of Larmor precession. Thus, 
as distinct from the Azbel-Kaner cyclotron resonance, Gant- 
macher’s size effect is observed on radio-frequencies rather than 
on super-high frequencies. This feature of the phenomenon is 
emphasized in its name: radio-frequency size effect. 

The physical essence of the phenomenon may be explained by 
considering first the penetration of an electromagnetic field into 
a metal in the region of anomalous skin effect in the presence of 
a constant magnetic field. 
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Let a magnetic field H, whose magnitude obeys the inequality 
H > H,, be directed strictly along the surface of the metal filling 


a half-space, and let the electric field é of an electromagnetic 
wave be directed parallel to the surface and perpendicular to vec- 


> 
tor H. We also assume that the diameter Dy of the orbit on which 
an electron performs Larmor precession during the relaxation 
time + is substantially greater than the depth 6 of skin layer. 

Let us show that the electromagnetic field under these conditions 
can be brought in by electrons to the metal to a depth substan- 
tially exceeding the depth of skin layer. 

A variable electric field penetrating the metal to the depth of 
skin layer interacts with electrons and accelerates them, so that 
a variable surface current J,u, appears in the layer of the thick- 
ness of an order of 5 near the surface of metal. 

Under conditions of anomalous skin effect (6 < /) with the ab- 
sence of magnetic field (H = 0), the majority of electrons pass 
only once through the skin layer on their free-path length, the 
time At during which they stay in the skin layer and interact with 


the electric fleld & being small compared with the relaxation time 


t+ (the time At in its order of magnitude is equal to re 


where a is the angle made by the path of an electron with the 
surface of metal). 

Exceptions are sliding electrons, i.e. those moving at extremely 
small angles to the surface. The variation of Fermi velocity Av 
of each electron, and therefore, its contribution to the surface 
current, are determined by the angle a, and also by the magni- 
tude of the electric field & during the time of stay of the electron 
in the skin layer, which is practically constant owing to the quasi- 
stationary condition (4.31) and is equal to the momentary magni- 
tude of the field at that instant of time. It then follows that the 
frequency of the surface current coincides with the frequency Q 
of the electromagnetic field, while the amplitude of current is 
proportional to the amplitude of electric field #o. 

In the presence of a magnetic field H > H, parallel with the 
surface of metal, the nature of motion of electrons varies. Condi- 
tions are formed in that case under which electrons may pass many 
times through the skin layer, and therefore, may interact repeated- 
ly with the electric fleld, each time gaining an energy from the 
latter. We consider the electrons whose cyclic orbits pass through 
the skin layer,-as shown in Fig. 195. In the presence of a magne- 
tic field, these electrons are resonantly accelerated and provide a 
resonance contribution to the surface current J,u,. In addition, the 
surface current is also contributed to by non-resonance electrons 


tT, 
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whose orbits pass through the skin layer and end at the surface 
of metal. 

Thus, a high-frequency surface current in the presence of the 
magnetic field is the total effect from the motion of electrons on all 
possible orbits passing through the skin layer. Some of such orbits 
are shown in Fig. 195. 

It is easy to show that no surface current can be formed under 
the action of only a magnetic field at € = 0. For this, we consider, 
for instance, the motion of electrons only on orbits corresponding 
to the central section p, = 0 of the Fermi surface, assuming for 
simplicity these orbits to be circular. We can also make use of 
Fig. 195, assuming & = 0. With these conditions posed, electrons 
of the central section move 
A ee ee on their orbits with the same 

A; E(0) = & (o)e Fermi velocity. 

=e ——— Since the centres of the 
VI ELL pp EK Be orbits are distributed uni- 
} ‘) formly over the whole crys- 
tal, these electrons do not 
contribute to a microscopic 
current of any direction. In- 
deed, the motion of an elec- 
tron in each point of a given 
orbit is compensated by the 
motion of other electrons in 
the opposite direction on one 
Fig. 195 of the neighbouring orbits. 
Examples may be the points 
A and B on one of the electron orbits (Fig. 195). With & = 0, the 
motion of electrons in these points is compensated by the motion 
of electrons in points A’and B’ on neighbouring orbits. Similar 
compensation is obviously observed on orbits corresponding to 

any other sections of the Fermi surface. 

Thus, the balanced nature of distribution of Fermi electrons over 
velocities is not disturbed notwithstanding the fact that the 
straight paths of electrons have changed to closed or helical ones 
in the magnetic field. 


The situation will change if an electric field & parallel with the 
surface is present in the skin layer. The electrons on all orbits 


passing through the skin layer now attain an increment Av to the 


Fermi velocity which is directed opposite to vector é. Though the 
motions with the Fermi component of velocity on neighbouring 
orbits on average compensate each other, the motions with the 


additional velocity Av give an additive contribution to the surface 


_ 
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current (see, for example, the motion of electrons in points A and 

A’ in Fig. 195). With Dy > 6, the time At of stay of electrons in 

the skin layer is substantially smaller than the period Ty of Lar- 

mor precession. During this time, an electron actually acquires a 

short “impact” from the electric field, which results in a change 
‘ je|& At 

of velocity Av ~ a ae 

With the quasi-stationary condition (4.31), all passages of elec- 
trons through the skin layer during the time + occur at one and 
the same magnitude of the electric field &. In that case the con- 
tribution of each electron to the surface current is proportional to 
both Av and the number of passages through the skin layer along 
the free path length. Since Av varies in time with the frequency 
of the electromagnetic field, the variation of the surface current 
in the presence of the magnetic field occurs with the frequency Q, 
rather than with the frequency of Larmor precession. 

Let us now follow the motion of the electrons, which have ac- 
quired an additional Fermi velocity Av, in the depth of metal. We 
first suppose that all these electrons have the same diameter Dy 
of their orbits. In that case, their velocity at a depth Dy becomes 
again parallel with the surface of metal, the result being that a 
current layer (“current sheet”) of a thickness of an order of 6 is 
formed at that depth. Indeed, with these electrons moving parallel 
with the surface of metal, no total pairwise compensation can 
occur, since in points of the type C the Fermi velocities of the 
electrons which have passed the skin layer are not equal on the 
average to the Fermi velocities of the electrons in points of the 
type C’ located on deeper orbits. The appearance of a layer in 
which a high-frequency current flows at a depth Dy is accompanied 
with a splash of the electric field &’ with the frequency Q, this 
field actually reproducing the field in the skin layer. 

The electric field &’ causes acceleration of secondary electrons 
at the depth Dy, which in turn results in the formation of a cur- 
rent layer and a new splash of the electric field &” at the depth 
2D x, etc. 

Thus, a chain of electron orbits is formed under the conditions 
indicated, penetrating the depth of the metal, and a corresponding 
chain of splashes of the electric field is also formed. The ampli- 
tude of field splashes in a real case decreases rapidly with an in- 
crease of depth at passage from one current layer to another. 
This is linked, first of all, with the scatter of the diameters of 
orbits of the electrons belonging to different sections of the Fermi 
surface. Thus, for instance, if the Fermi surface is an ellipsoid, 
then the diameters of electron orbits vary from Dy = 0 in referen- 
ce points (where a plane perpendicular to the magnetic field tou- 
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ches the Fermi surface) to Dy = Dumax in section p,=0, de- 
pending on the position of the secant plane. 

The scatter of the diameters of orbits results in that only a small 
portion of electrons whose cyclic orbits pass through the skin 
layer is collected at any depth in a layer of a thickness of the 
order of 6. A relatively numerous group of particles with approxi- 
mately the same diameters of orbits is formed by the electrons 
located in the belt on the Fermi surface near the extremum sec- 
tion. Depending on the sharpness of the extremum, they give a 
more or less pronounced splash of the field &’ at a depth Dixtr 
coinciding with the diameter of the extremal orbit. The electrons 
belonging to other sections only provide a monotonous background 
in the form of an electromagnetic field of a low amplitude only 
weakly dependent on the depth in the metal. 

Thus, the formation of the surface current Jy, is due to all 
the electrons whose orbits pass through the skin layer, whereas 
the first splash of the field at the depth Duextr is only formed by 
the electrons of the extremal section. It then follows that only 
a small portion of the additional energy gained by the electrons 
from the electric field in the skin layer is spent to form a splash 
of the field at the depth Dyextr. Let the ratio of the amplitude 
of this splash to the amplitude @&o of the field in the skin layer be 
termed the transmission coefficient & of the electric field. The 
amplitudes of subsequent splashes will evidently decrease as 
terms of a geometrical progression with the exponent &. For 
Fermi surfaces close to ellipsoidal ones, the transmission coef- 
ficient & is of the order of (5/Ditexte)? + (ot). Attenuation of the 
amplitudes of splashes at a depth becomes substantially greater 
in cases of complicated and especially of non-convex Fermi sur- 
faces, at which the contribution of non-extremal electrons to the 
surface conductivity increases. 

The formation of splashes of the field in a sufficiently thick 
specimen of metal results only in an insignificant additional ab- 
sorption of the energy of the electromagnetic field because of the 
rapid attenuation of their amplitudes at a depth, and practically 
has no effect on the surface impedance. In particular. such splash- 
es should evidently be formed with the Azbel-Kaner cyclotron 
resonance. But they were not discussed in the section dealing 
with that effect, since their appearance remains unnoticed in ob- 
servations of the cyclotron resonance. 

The situation changes radically when the thickness d of the 
layer of metal becomes commensurable with the depth to which 
splashes of the electromagnetic field penetrate. In that case the 
formation of field splashes results in a number of new physical 
effects, 


2 
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In a plate of metal of a sufficiently small thickness d placed 
into a variable magnetic field, the condition 


d = ND jyextr (4.32) 


will periodically hold true with various integer numbers n = 
= 1, 2, 3,... (it may be recalled that the diameter Dy of an 
orbit is proportional to 1/H). Condition (4.32) implies that one 
of the splashes of the electromagnetic field in the plate coincides 
with the latter’s opposite side. In that case the “current sheet” 
corresponding to this splash forms a surface current on the op- 
posite side of the plate, which in turn excites a variable electro- 
magnetic field behind the plate. Thus, the formation of splashes 
of the field under condition (4.32) results in that the plate of 
metal of thickness d, exceeding substantially the depth of the 
skin layer 6(d > 6), turns to be transparent for the electromag- 
netic field. Transfer of the field through the metal is effected by 
resonance electrons through a chain of paths. 

Selective transparence repeats periodically with condition 
(4.32) fulfilled for various whole numbers n = 1, 2, 3, ... . This 
phenomenon makes it possible to correlate the diameter of the 
extremal orbit with the size of the specimen, and therefore, may 
be related to size effects. Periodical transparence of a plate is 
very difficult to be observed experimentally because of the 
extremely low amplitude of the electromagnetic field penetrating 
the plate. Another effect can be observed experimentally, which 
is also connected with the passage of splashes of the field onto 
the back side of a metal specimen. This phenomenon manifests 
itself in a periodic variation of the surface impedance of the 
plate. Namely this effect was detected by Gantmacher and has 
been called the radio-frequency size effect. 

In order to characterize the Gantmacher effect, we have to 
elucidate the dependence of the impedance of a metallic plate on 
the number of units of the chain of paths that is formed in it, 
and also the mechanism of formation of singularities of the im- 
pedance at fulfilment of condition (4.32). 

For this, we consider the formation of a chain of paths in a 
plate of thickness d with a gradual increase of the magnetic 
field H. 

In relatively weak magnetic fields, where the diameter Duextr 
exceeds the thickness d of the specimen, precession of electrons 
relating to the extremal section of the Fermi surface is impossible 
(Fig. 196). In that case the additional energy which these elec- 
trons gain from the electric field in the skin layer is dispersed 
through their diffuse reflection from the back side of the plate 
and is spent to increase the energy of oscillations of the metal 
lattice. 
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In stronger magnetic fields, where the diameter Diextr is com- 
parable with the thickness d of the plate [condition (4.32) being 
fulfilled for n = 1], apart from various paths of electrons ending 
in the surface of the metal (we still consider only the electrons 
relating to the extremal section of the Fermi surface), there may 
exist cyclic orbits, similar to what is shown in Fig. 197. 

In that case, a single unit of the chain of resonant paths is 
formed across the thickness of the plate. The electrons moving 
on an orbit such as in Fig. 197, are not scattered at the surface 

Lo Ger of metal during the relaxation 
TT (Oe time t and are repeatedly acce- 
ae lerated under the action of the 
electric field in the skin layer 
(the number of passages across 
the skin layer being of the or- 
der of magnitude of //Duextr.) 
Because of this, they provide a 
resonance contribution to the 
high-frequency surface current 
Jur, Tesulting in that the am- 
plitude of this current increases. 
This is equivalent to an increase of the surface conductivity on the 
plate, or more strictly, to a decrease of the real part of the surface 
impedance Z = R-+ ix. 

At the same time, there are observed a maximum of the surface 
current at the back side of the plate and a maximum of the 
amplitude of the electromagnetic field penetrating through the 
plate owing to the effect of transparence. The ratio of amplitudes of 
the fields on the back and 
front sides of the plate is evi- ar Boe" 
dently equal to the transmis- ® re Leta 
“iain the region of magnetic. |= LLL 
fields at which Duextr Cd < 
<2Duextr a splash of the 
field at the depth Duyextr is 
not coincident with the back 
side of the plate. In that case 
the second unit of the path Fig. 197 
chain is not closed. The elec- 
trons of the extremal section that are accelerated at the depth 
Duextr are dispersed through diffuse scattering from the back side 
of the plate (Fig. 198) and transfer to the lattice an additional 
energy gained'by them through the splash of the electric field. 

The next minimum of absorption of the electromagnetic field 
energy in the plate is observed at formation of a second closed 








4-4. Gantmacher’s Radio-frequency Size Effect 297 


chain of paths, ie. at fulfilment of the condition d = 2Dyegtr. 
Simultaneously, a maximum of the surface current and a minimum 
of the real part of the skin impedance are formed. 

Our discussion shows that the absorption of the electromagnetic 
field energy in a metallic plate passes through a local minimum 
each time when the condition (4.32) is periodically fulfilled at an 
increase of the magnetic field. Actually, at fulfilment of this con- 
dition, the additional mechanism of scattering of energy from 
the back side of the plate, which is related to the diffuse reflection 
of electrons of the last unit of the chain of resonant paths, ceases 
to be effective. The amount of the additional energy carried by 





these electrons decreases as £2" with an increase of the number n 
of units in the chain. Accordingly, the amplitude of singularity 
[the depth of the minimum Re(Z)] 

of the skin impedance also de- ra Roe 
creases. ® 

Thus, if we measure the real 
part of the skin impedance Re(Z) IZ wie 
of the plate (as has been indica- 
ted, it is proportional to the am- ¢ 
plitude of oscillations of the field 
in the cavity or oscillational con- S 
tour into which the plate is placed) 
with a slow increase of the mag- Fig. 198 
netic field H, then in addition to 
the monotonous variation of Re(Z) there will be observed periodic 
singularities whose amplitude decreases in the magnetic 
field. 

To calculate the period of singularities, we pass from the path 
of an electron in r-space to its path in p-space. The diameter 
Duextr of the extremal orbit in the direction of a normal to the 
plate can then obviously be expressed through the diameter 
Prextr of the extremal section of the Fermi surface in the direction 
of the electric held vector &. 

Substituting wit Poextr for Duextr into (4.32), we get: 

d=n aq P. pextr (4.33) 
where Hf, is the magnitude of the magnetic field at which the 
n-th singularity is observed. It follows directly from (4.33) that 
the period A(#) of repetition of singularities in the direct field is 

A(H) = Hass — Ha = Tyg Poet (4.34) 

The singularity of the maximum amplitude (nm = 1) corresponds 

to the magnetic field H, = A(H). Further singularities are obser- 
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ved in fields multiple of A(H). The dependence of the real part 
of the skin impedance on magnetic field is shown schematically 
in Fig. 199. Such a dependence, obtained experimentally for 
a metal, makes it possible to find the period A(H), which ac- 
cording to (4.34) determines the diameter of the extremal section 
of the Fermi surface. 

Note that experimental investigations of Fermi surfaces of 
metals by means of the Gantmacher size effect encounter large 
difficulties. In order that the effect could be practically ob- 
served, a thin monocrystalline plate is required whose outer 
surfaces must be optically clean and parallel to one another to an 
accuracy of fractions of angular minutes. Not all metals allow 

such plates to be prepared. Up 

Re(z)=R to the present, Gantmacher’s 
effect has been only observed 
for tin, bismuth, rubidium, and 
cadmium. The minimum thick- 
ness of the plate which is prac- 
tically feasible is a few tenths 
of a millimetre. Inequality 
(4.30) will then only be ob- 
served if the free-path length 1 

A-62 Beate 20 34 44 SAH ig at least 1-2 mm. Such free- 

path lengths are only observed 

Fig. 199 in the region of liquid-helium 

temperatures, because of which 

Gantmacher’s effect is related to the group of low-temperature 
phenomena. 

To conclude this section, consider Gantmacher’s effect in an 
oblique magnetic field making an angle @ with the surface of the 


specimen. In a magnetic field H strictly parallel with the surface 
of metal (g = 0), electrons related to any section of the Fermi 
surface are repeatedly returned back into the skin layer and con- 
tribute to the surface current Ju, Since a splash of the field at 
depth Duextr is formed by the electrons located in the belt near 
the extremal section, whose number is not large, the transmission 
coefficient & of the field is small ( <1) and the amplitude of 
splashes decreases rapidly with an increase of the number n. In 
that connection, not more than three singularities of the skin 
impedance can be observed in a magnetic field at p = 0. 


With a field A inclined by an angle q, the electrons having the 





velocity component v, in the direction H turn to be in different 


conditions relative to the high-frequency electric field & in the 
skin layer that the electrons relating to the extremal section for 
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which v, = 0.') Indeed, the electrons with ov, #0 drift along H, 
leave the skin layer, and hee the depth of the metal. This 
process begins at angles of 

inclination of the field 9 > on 

> 6/l. As a result of this, “0 

the contribution of the elec. 
trons with v, #0 to the 
surface current decreases, 
as also does the amount 
of energy they gain from the 
electromagnetic field in the 
skin layer. The contribution 
of the electrons relating to 
the extremal section to the 
surface current, on the con- 
trary, increases, because the 
motion of these electrons is 
not affected noticeably by 


the inclination of the field H 
at small angles q. 

Thus, in an oblique field © 
(with m > 6/1), the transmis- 
sion coefficient & increases 
with angle qg, resulting in an 
iricrease of splashes of the 
field and of the amplitude of 
singularities of the skin im- 
pedance. The coefficient & 
continues to increase until 400 4, oersteds 
the electrons relating to the Fig. 20C 
belt near the extremal sec- 
tion also begin to leave the skin layer at certain values of the 
angle of inclination. This process begins at angles of the order 

‘) The component of velocity v, is zero for any extremum-area section of 

the Fermi surface, eh not only for 2 central section corresponding to 
& & ene 

py = 0. Indeed, v, ap, (3 Yo," *p,), by definition, where the sub 

scipts p, and e at the derivatives indicate what quantities are constant in par- 





tial differentiation. From the condition of extremality of the section = =0 
Ie 


there follows the equality 0) = 0, since ($$) is a finite-value quantity 
eae D 
i} 





1 : 
equal! to Sam™* where m* is the cyclotron mass corresponding to the extremal 
section, 


300 Ch. Four. Experimental Methods 


of 6/Duextr, at which the electrons of non-extremal sections prac- 
tically cease to contribute (at @o ~ 6/Duextr, an electron with 
v, ~ Up leaves the skin layer after having made a single rotation 
on a helix path). With a further increase of the angle of inclina- 
tion, the transmission coefficient — reduces. The maximum value 
of & is observed at such values of g when the relative contribution 
of the electrons of the extremal section to the surface conductivity 
of the metal attains its maximum. 

As has been shown by Kaner [85], for a spherical Fermi surface, 
an inclination of the field can provide conditions at which one 
and the same group of electrons will practically participate in the 
formation of the surface current and the formation of a splash of 
the field. The transmission coefficient & of the field then approaches 
unity. 

The influence of the angle of inclination of the field on the am- 
plitude of singularities of the skin impedance is illustrated in 
Fig. 200 which gives the record of an experimental measurement 
of the radio-frequency size effect for cadmium for a num- 
ber of values of @ [84]. The effect was recorded at the frequency 


= 8.15 MHz at T = 1.8°K by the modulation technique (see 


the previous section), in which the derivative of the real part of 
the skin impedance Z=R+iX over the magnetic field, 


oR =} (H), was measured. 


The amplitude of the first singularity in Fig. 200 is shown reduced 
by a factor of 10. Horizontal strokes denote the calculated inten- 
sities of the singularities. At = 0 (curve a) three weak sin- 


gularities of ae are observed. Curves 6 and c¢ (corresponding to 


the angles g = 50’ and og = 3°10’) visualize the growth of the 
transmission coefficient € with inclination of the magnetic field. 


4-5. PIPPARD’S MAGNETO-ACOUSTIC 
RESONANCE 


Magneto-acoustic effects consist in a periodic variation of the 
absorption of ultrasound in a metal placed into a magnetic field. 
In order to explain physically the essence of these effects, we 
have first to, discuss the influence of conduction electrons on the 
propagation of sound in a metal. 

As has been established, electrons play an essential part in the 
formation of a metallic bond, i.e. the formation of forces acting 
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between ions in the crystal lattice of a metal. The elastic proper- 
ties of a metal are determined to a substantial extent by conduc- 
tion electrons whose presence ensures the very existence of a 
stable system of likely charged ions. 

As has been given earlier (see Chapter Two, Sec. 2-12), account 
of the displacement of ions at motion of electrons results in in- 
teractions of the electrons with elastic oscillations of the lattice 
(phonons). This interaction is the basis underlying the electron 
mechanism of absorption of the energy of an ultrasonic wave, 
which is the most essential mechanism of absorption in normal 
metals with the concentration n of electrons of the order of 
1073 cm-3, 

Let us make a distinction between the concept of an individual 
phonon and that of an ultrasonic wave excited in the lattice by 
an external periodic action. An ultrasonic wave is thought of as 
an intense flow of coherent phonons with the same frequencies 
and wave vectors. In order to describe a great number of cohe- 
rent phonons, it is reasonable to use the concept of a classical 
wave field which forms a sequence of compressed and rarefied 
regions in the lattice, this sequence moving with the velocity of 
sound. 

Owing to coherence of the phonons in the flow, the propagating 
of ultrasonic wave forms an ordered perturbation of a sufficiently 
high intensity in the lattice. From this standpoint, non-coherent 
vibrations of the lattice, whose spectrum consists of a set of 
various frequencies w; (thermal oscillations), can be more con- 
veniently represented not as an ensemble of ultrasonic waves, but 
as an ensemble of phonons that participate in the processes of 
interaction (for instance, with electrons) as individual quantum 


ie 
particles of energy fw; and momentum Ak;. 

The formation of compressed and rarefied regions in the ionic 
lattice of the metal at the propagation of an ultrasonic wave in 
it results in a periodic variation of the density of space charge, 
this variation moving together with the wave. It may be ex- 
plained by the valence electrons being displaced from the com- 
pressed regions (i.e. regions of higher density of ion-cores) into 
those rarefied, with a positive space charge being formed in 
the compressed regions and a negative one, in the rarefied regions, 
as a result of which a periodic distribution of the electric field is 
formed in the metal. Since the Fermi velocity of electrons up is 
several orders of magnitude greater than the velocity of sound 
Vson (mean ‘values of vr and Ugon in metals are respectively 
~ 108 cm/sec and ~ 10° cm/sec), the picture of this electric field 
ta the electrons is practically fixed at each instant of 
Ime, 
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Being accelerated in the electric field, electrons are then scat- 
tered on phonons and thus transfer to the lattice their energy 
gained from the ultrasonic wave. This in essence is the electron 
mechanism of absorption of the energy of ultrasound. 

The nature of interaction of electrons with an ultrasonic wave 
depends on the ratio between the wavelength Ason of sound and 
the free-path length J. 

Let us first consider the region of low-frequency oscillations at 
Ason >> Ll. The classical description of sound as of a wave process 
in a continuous medium is valid for this region. At Ason > 1, the 
electric field connected with the sound wave in the metal is prac- 
tically uniform along the free-path length. In such a field, elec- 
trons are repeatedly accelerated and repeatedly scattered on pho- 
nons. In the limit of low acoustic frequencies 2 < I/t (t being 
the relaxation time of electrons), the absorption coefficient T. of 
sound at Ason >> / can be expressed in terms of quasi-static cha- 
racteristics of the metal and is proportional to the concentration 
of electrons n and the square of the frequency Q. 

At a passage to the region of high-frequency oscillations 
Ason <1, the interaction of electrons with the ultrasonic wave 
undergoes a qualitative change. According to the nature of their 
interaction, electrons may now be divided into two groups, the 
first, not numerous, group including the electrons moving together 
with the sound wave, i.e. those for which the projection of the 


ne 
Fermi velocity onto the direction of the wave vector Rson of sound 
is equal to the sound velocity Uson. 

Since Ur > Vyon, these electrons move practically in the plane 
of constant phase of the wave at an angle close to 90 degrees 


to the vector i (the direction of motion of these electrons 
making an angle of the order of Uson/Ur with the constant-phase 


Fe 
plane). Their displacement in the direction of vector Rson during 
the relaxation time t is substantially smaller than the wavelength 
Ason. In other words, electrons of this group move in a practically 
constant electric field during the whole relaxation time and owing 
to it interact intensively with the ultrasonic wave. 

The second group are the majority of electrons that move at an 


angle a < 90 degrees to the direction of the wave vector Rgun. 
Electrons of this group pass a number of compressed and rarefied 
regions during the relaxation time. Since the electric field changes 
sign at each passage from one such region to another, a moving 
‘electron is alternately accelerated and braked by the electric 
field during a short length of time Af of the order of Ason/vx, so 
that its energy is practically not changed during the relaxation 
time. 
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Thus, electrons of the second group are ineffective in absorption 
of energy of the ultrasonic wave and do not contribute sensibly 
to the attenuation of this wave. 

The appearance of this group of electrons at Ason < / causes 
a variation of the frequency dependence of the attenuation coef- 
ficient [. Indeed, the proportion of the electrons participating in 
the dissipation of the sound energy at Ason < / is of the order of 
Ason/1, which is proportional to 1/Q. The correct order of T can 
be obtained if the classical attenuation coefficient [T ~ nQ? is 
made to take into account that the number of the electrons that 
absorb effectively the energy of ultrasonic wave at Ason </ is 
smaller by a factor of l/Ason than the number of the electrons ab- 
sorbing effectively at Ason >> l. It then follows that the coefficient 
of attenuation of ultrasound increases linearly with frequency in 
the region of high-frequency oscillations. 

Let us now discuss the interaction of electrons with an ultra- 


> 
sonic wave in the presence of the magnetic field H. 

In the low-frequency region (1 < Ason), the effect of the mag- 
netic field reduces to a variation of the number of electrons on 
the Fermi level which determine the magnitude of attenuation 
coefficient T. As has been shown in Sec. 2-16, Chapter Two, oscil- 
lations of the density of electron states on the Fermi level occur 
in a magnetic field, as a result of which oscillations of various 
kinetic and thermodynamical characteristics of the metal occur 
at 1 > ry and hw > kT [see (2.115)], one of these characteristics 
being the attenuation coefficient [ for ultrasound. Quantum oscil- 
lations of all these characteristics are of the same nature and 
will be discussed together in Sec. 4-7, Chapter Four. 

The propagation of high-frequency sound (f>>Ason) in the 
presence of a magnetic field has some specific features. In that 
case, resonant acceleration of electrons in the magnetic field can 
be observed under certain conditions. 

For clarity, we consider an ultrasonic wave of transverse pola- 
rization. With propagation of such a wave, ions of the lattice are 
displaced from their equilibrium positions in transverse directions, 
which gives a periodic distribution of the electric field in the lat- 
tice, as shown in Fig. 201. 


Let the magnetic field H be directed perpendicular to the plane 
of wave polarization (i.e. the plane in which the vector Ro, and 


the vector of the electric field E connected with the wave are 
located). In a strong magnetic field H > A, (ie. at ry < 1) 


electrons precess in a plane perpendicular to H. When the diame- 
ter of the orbit of an electron, Dx, in the direction of vector Rson 
exceeds an odd number of times (2k-+1,k = 0, 1, 2, 3, ...) half 
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the wavelength Ason/2, there exist paths, such as shown in Fig. 201, 
on which electrons may undergo a resonant acceleration in the 
electric field E. 

A noticeable contribution to the resonant absorption of ultra- 
sound in a magnetic field is evidently provided by the group of 





Fig. 201 


electrons relating to the extremal section of the Fermi surface, for 
which the condition is fulfilled: 


Duexte = (28 + 1) 732% (4.35) 


The diameter Dyextr of the extremal orbit of an electron in the 
direction of vector Rson can be expressed in terms of the diameter 
P rextr Of the extremal section of the Fermi surface in the direction 
of the wave polarization vector: 


c 
Dutextr = Teri Poextr 


The condition of resonant acceleration of electrons (4.35) can be 
re-written for Ppextr as follows: 


2k+1 H 
et ele hon (4.36) 





P pextr = 
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Hence it follows that the maxima of the absorption coefficient I 
for ultrasound are observed at discrete values of the magnetic 
field H, 


2 c 
H,p= SE lela, Poextr (4.37) 


The maxima of absorption are repeated periodically in the re- 
ciprocal magnetic field 7 with a period A(s), which is: 


1) 1 1 _ |elAson 
\(z OA) Hp cP extr (4.38) 


Thus, the period of maxima of absorption coefficient A(z) 


makes it possible to determine the diameter of the extremal sec- 
tion of the Fermi surface in a direction perpendicular to vectors 


> > 
Rson and A. 

Note that resonant absorption of ultrasound can also be obser- 
ved when the magnetic field is located in a plane perpendicular 
to the vector of polarization of the ultrasonic wave, so that its 


direction makes an angle a #0 with the direction of vector Reon: 
It ny easily be seen that condition (4.35) must then be written 
as follows: 


Diente Sina ==" 4,,,,, k=0,1,2, «6. (4.39) 





whence the diameter Ppextr of the corresponding extremal section 
in the direction of polarization vector is expressed in terms of a 
and H; as follows: " 
2 1 Af 
Ppente = e+ lel Me (4.40) 


csing 








The amplitude of the maxima of absorption of ultrasound in- 
creases with magnetic field H. This is linked with that an increase 
of the magnetic field increases the number of rotations of the 
electron on its orbit during the relaxation time t which is of the 
order of magnitude of //ry and proportional to H. The effectiveness 
of absorption of the energy of ultrasound by each of the electrons 
relating to the given extremal section is then increased. 

The phenomenon of periodic variation of the coefficient of 
absorption of ultrasound in a magnetic field, which is based on 
the described mechanism of acceleration of electrons in the elec- 
tric field of a wave, has been called the magneto-acoustic reso- 
nance. It has been discovered experimentally by Bommel [86] in 
1955. Pippard has first indicated [87] that in this effect the size of 
the electron orbit becomes comparable with the wavelength of 
ultrasound, because of which the phenomenon has been named 
Pippard’s geometrical resonance. 
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As the Azbel-Kaner cyclotron resonance and Gantmacher size 
effect discussed above, Pippard’s resonance relates to typical 
quasi-classical effects in which the discrete nature of the energy 
levels of electrons in a magnetic field is not revealed. This 
effect can be observed at high values of quantum numbers n, the 
electron passing freely from one Landau level to another in the 
course of its acceleration by the electric field of an ultrasonic 
wave. In this region the energy spectrum behaves as a quasi-con- 
tinuous one: the presence of a magnetic field is only required to 
form the cyclic orbit of the electron on the Fermi surface. 

With an increase of the magnetic field, first resonant maxima 
of the absorption coefficient I’ are observed in such fields for 


—maonnnniY\\/\ 
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Fig. 202 


which the condition ry ~ | or o~t holds true. The amplitude 
of resonances then increases monotonously. The last resonant 


5 A ‘ A ‘ 4 
maximum of absorption is observed at Dyextr = a , i.e. in the 


magnetic field Ho= Tepasy Poentr In stronger magnetic fields, 


the conditions of resonant acceleration of electrons cease to be 
valid. 

Since electrons can effectively interact with sound only during 
a small portion of their precession period Ty when their velocity 
is approximately perpendicular to the wave vector, then succes- 
sive fulfilment of condition (4.35) at different k results in a pe- 
riodic relationship of the absorption coefficient T of ultrasound on 
reciprocal magnetic field, rather than in appearance of sharp 
resonant peaks. 

An experimental record of magneto-acoustic resonance obtained 
by Ketterson :and Stark [88] for magnesium at an ultrasonic 
frequency Q/2x = 260 MHz is shown in Fig. 202. The effect was 
observed in a specimen of magnesium of extremely high purity 
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in wich the condition o ~ 1/rt was fulfilled in magnetic fields of 
a strength H < 100 oersted. 

Note that simultaneous fulfilment of inequalities 1 >> Ason and 
[> ry at reasonable values of ultrasonic frequency Q is only 
possible in the region of sufficiently low temperatures, because of 
which Pippard’s magneto-acoustic resonance is also essentially a 
low-temperature effect. 

For experimental observations of this effect, the main difficulty 
consists in that a reliable acoustic contact must be ensured bet- 
ween the specimen of the metal being studied, on the one hand, 
and the exciter of ultrasound and receiver, on the other. Records 
are usually made of the amplitude of an ultrasonic wave passing 
through the metal, but it is also possible to record a wave reflected 
from the back face of the crystal. In the latter case ultrasound is 
excited in the form of short pulses and the exciter of ultrasound 
serves as the receiver of “sound echo” in the crystal during pau- 
ses between the pulses. 

Various piezo-electric oscillators (for instance, crystals of 
quartz or Seignette’s salt) or magnetostrictive oscillators are 
employed as exciters. The output signal of the receiver, which is 
proportional to the amplitude of the ultrasonic wave passing 
through the metal, makes it possible to directly determine the 
relative variations of the absorption coefficient IT in a magnetic 
field. 

As with the two effects discussed earlier, modulation of the 
magnetic field at a low frequency Qmoqg makes it possible to im- 
prove the sensitivity of measuring apparatus. The amplitude of 
the first harmonic of the signal at the modulation frequency Qmoa 


is then proportional to the derivative i 


4-6. QUANTUM-MECHANICAL 
MAGNETO-ACOUSTIC RESONANCE 


This effect consists in a resonant interaction between electrons 
in a metal and ultrasonic phonons of energy AQ in a strong quan- 
tizing magnetic field H at fo >AQ. The quantum-mechanical 
resonance manifests itself in the form of periodic sharp peaks of 
attenuation of ultrasound in a reciprocal magnetic field in a metal, 
because of which it is otherwise termed gigantic quantum oscil- 
lations of absorption of ultrasound. The effect was predicted theo- 
retically by Gurevich, Skobov, and Firsov in 1961 [89] and has 
been found in many metals. 

Let us find out the conditions of appearance of a resonant 
absorption of ultrasonic phonons for a particular case of an 
electron system with a quadratic dispersion law. For simplicity, 


308 Ch. Four. Experimental Methods 


we shall neglect the spin splitting of Landau levels. The energy e 
of electrons in a magnetic field H directed along the z axis under 
such conditions is only dependent on the quantum number n and 
the projection of momentum onto the z axis, p,, and can be writ- 


1 2 
ten as e=e(n, p.)=(n +5) ho+ Fiz [see (2.98) in Chapter 
Two, Sec. 2-14]. 


> 

Having absorbed a phonon of energy 4Q and momentum Aq, an 
electron passes from the state with the quantum number n and 
the projection of momentum p, into a new state which is characte- 
tized by n’ and pf. This process can only occur if the initial state 
with the given n and p, is filled and the final state with n’ and p’ 
is empty. 

In the effect of absorption of ultrasound, the interaction of 
phonons with electrons at the Fermi level is of the principal 
interest. The allowed empty states onto which electrons can pass 
as a result of absorption of phonons are then located above the 
Fermi level. The passage onto these states occurs either with an 
increase of the quantum number n or with a constant n but with 
an increase of the projection p, of momentum. 

The laws of conservation of energy and momentum for this 
process can be expressed as follows: 


(n +4)ho+ £e +19=(n' +5) to + 


Pz , 
+ omy + Pet hq,=pP, (4.41) 


where fq, is the projection of the momentum of phonon onto the z 
axis. Hence there follows the relationship between n, n’, pz, and q:: 


2hp.q, + hq? 
2mz 


(n’ — n) hQ=fhQ — (4.42) 


Since in the case considered the energy of phonon AQ is less 
than the distance fw between Landau levels, the equality (4.42) 
can only hold true at n’ = n. In other words, an electron that has 
absorbed a phonon of energy f4Q cannot pass onto another Lan- 
dau level. The variation of the state of the electron in this process 
consists only in a variation (increase) of the projection of momen- 
tum pz. It will be noted that a passage onto the empty states with 
|p| > |p,| is.only possible when the projections of momenta of 
the electron p, and phonon fig, have like signs. Thus, it follows 
from equality (4.42) at n’ =n that absorption of a phonon can 
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occur with the following condition fulfilled: 


AQ 
nge=P:( /\ ie ) (4.43) 


If the energy of motion of the electron along the magnetic field 





obeys in the initial state the inequality a >> AQ, then con- 


dition (4.43) can be transformed into a simpler expression: 
hig me (4.44) 
Pz 


which can be given a clear geometrical interpretation. Indeed, in 
the region of not very high frequencies at which no dispersion of 
sound still appears, the frequency of phonon Q is expressed 
through the magnitude of the wave vector q and the velocity of 
sound Ugon : Q = Vson-g. It then follows from equality (4.44) that 
the initial projection of momentum p, = pz at the absorption of 
a phonon must be as follows: 





v 
Pz2= P20 = MWVson = =m, ei) (4.45) 


where 6 is the angle between the direction of the propagation of 


sound and the magnetic field H (see Fig. 203). Solving (4.45) for 
Uson, We find the condition of resonant absorption in the form: 


Vson = re cos 8 = Uz9 COS ) (4.46) 





Thus, the process of resonant absorption of phonons is only due 
to such electrons on the Fermi surface, for which the projection 
of velocity v,o of motion along the magnetic field onto the direc- 
tion of propagation of ultrasound is equal to the velocity of sound 
wave. These electrons move on helical paths around a magnetic 
line of force in such a way that the centre of their orbit remains 
in one and the same plane of the constant phase of the wave at 
any instant of time. In other words, the motion of resonant elec- 
trons along the magnetic field occurs in phase with the wave. 

The electrons moving in the constant phase plane of the ultra- 


sonic wave are accelerated in the electric field E formed by the 
wave during their relaxation time + and increase the component 
of momentum p, along the magnetic field by a value Ap, propor- 
tional to Er. 

It may be easily seen that resonant electrons are located in 
a narrow belt near a certain section of the Fermi surface by 
a plane perpendicular to the magnetic field, as illustrated in 
Fig. 204. Indeed, if condition (4.46) holds true for one of the 
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electrons in the belt, then it must hold true for all other electrons 
in that belt, since they have the same velocity v, along the mag- 
netic field. The position on the Fermi surface of the section (or 
belt) for which condition (4.46) is fulfilled as uniquely determined 
by the angle 6 between the direction of the propagation of sound 
and the magnetic field. 

Note that condition (4.46) can be fulfilled not for any values 
of @ between 0 and 90 degrees, but only for the angles @ smaller 
than a certain limiting angle 
®uim. In order to show that a 
limiting angle must exist, let 
us consider how the position of 
the section corresponding to 


Zz 





a 


SS 





Vson 
Fig. 203 Fig. 204 


resonant electrons will be changed with 6 increasing from zero. 
At 6 = 0, the section is located at a height p, = m,Uson. Since 
MzVson is much smaller than the Fermi momentum corresponding 
to the reference point A in Fig. 204, this section is very close to 
the central one. Let the Fermi velocity in point A be denoted as 
vp(A). For instance, at Ay ~107°, this section differs from the 
F 

central one by only 10-* per cent. 

As the angle 6 is being increased, the section corresponding to 
resonant electrons moves upward and at 0 = Oim reaches the 
reference point A in which the plane perpendicular to the mag- 
netic field touches the Fermi surface. Thus, the existence of the 
limiting angle is linked with that the value of the z-th component 
of velocity on the Fermi surface is limited by ur(A). The mag- 
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nitude of 6;:m is found from the condition: 





C08 ym = 3 (Ay (Fig. 205) 


For angles im < 9 < 90°, none of the electrons on the Fermi 
surface can move in synchronism with the ultrasonic wave, and 
therefore, participate in the process of resonant absorption of 
ultrasound. 

The existence of the limiting angle ®jim is a specific singularity 
of the phenomenon of quantum-mechanical resonance as distinct 

from the Pippard’s magneto-acoustic 
max=%fA) resonance. 
Thus, for each particular value of 
angle 6 < ®im, the states of the elec- 
trons which can participate in reso- 


&=€(n,p,) 





Fig. 206 


nant absorption of ultrasound relate to quite a definite section of 
the Fermi surface. But for an arbitrary value of the magnetic field 
these states (which serve as the initial states with n and p, in the 
process of interaction) may be empty. In that case, naturally, no 
resonant absorption can occur. 

It follows from the analysis of distribution of electrons in 


> 

p-space in the presence of a quantizing magnetic field (see Chap- 
ter Two, Sec. 2-15) that the filled electron states on the Fermi 
surface are located in the belts corresponding to the intersection 
of the Fermi surface and Landau cylinders. These belts are dis- 
crete and their number and position on the Fermi surface depend 
on the magnitude of magnetic field H. Resonant absorption of 
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ultrasound can only occur when one of the belts in which Fermi 
electrons are located coincides with the belt which with the given 
angle 0, corresponds to the position of resonant electrons on the 
Fermi surface. The discrete values p, corresponding to the filled 
electron states on the Fermi surface can be found by the position 
of the points of intersection of Landau parabolae e = e(n, pz) 
with the Fermi level (Fig. 206). 

Let, for a definite angle 0, the projection p, of the momentum 
of electrons satisfying condition (4.46) be equal to p.o. The situa- 
tion shown in Fig. 206 corresponds to such a case when the Fermi 
electrons with the projection p, = pz, are absent, since neither of 
the Landau parabola passes through the point A having the coor- 
dinate p, = pz on the Fermi level. With such a value of the 
magnetic field, no resonant absorption of ultrasound is observed. 

With an increase of the magnetic field H Landau parabolae 
begin to move upward and will sequentially pass through point A. 
The magnitude of the magnetic field at which the n-th Landau 
parabola will pass through point A is found from the following 
expression: 

1) |e|hH p. 
(n ze ees wet pep (4.47) 


where m* is the cyclotron mass of electrons. At H = Hn, a peak 
of resonant absorption of ultrasound is observed. Since the section 
of the Fermi surface by the plane p, = pz is equal to S(p.) = 


Ps), expression (4.47) can be re-written as 


(n+ 5) SP t= HS (Pa) (4.48) 


c 








= 2nm* (e, _ 





Hence it follows that gigantic oscillations of absorption of 
ultrasound occur periodically in reciprocal magnetic field. Their 


period M\=-a> _ - determines the magnitude of the 
n+! n 

section S(pzo) of the Fermi surface: 
S(pq) = Hele. _+ (4.49) 





c 1 

(7) 
Formula (4.49) coincides in form with the Lifshits-Onsager for- 
mula for quantum oscillations (2.126) which determines the ex- 
tremal section of the Fermi surface. But with the quantum-mecha- 
nical resonance it is possible to find any section of the Fermi 
surface whose position is dependent on the angle 8 between the 


direction of the wave vector q of ultrasound and that of the 
> 
magnetic field H. 
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Thus, the quantum-mechanical resonance makes it possible to 
investigate the structure of the Fermi surface in substantially more 
details than the effects in which only one extreme section Sextr 
is determined. 

It can be shown that formula (4.49), obtained here for a par- 
ticular case of the quadratic anisotropic dispersion law, is valid, 
as the Lifshits-Onsager formula, for any arbitrary law of dis- 
persion. For this, we have to consider quantization of the areas 
of electron orbits, as has been done in Chapter Two, Sec. 2-15. 


I dimensionless 
units 
2 
¢ 5 0 15 
H,kilo-oersteds 
Fig. 207 


Note that formula (4.49) [as also formula (2.126)] implies that 
the section of the Fermi surface is independent of the quantum 
number n at which the singularity of the absorption coefficient is 
observed. This is equivalent to assuming that the Fermi level is 
constant, which is true at ho < er. 

With passing to the ultra-quantum region of magnetic fields 
where oscillations of the Fermi level become essential, the inter- 
val of reciprocal magnetic fields between subsequent peaks of 
the coefficient of absorption of ultrasound ceases to be constant 


and equal to A + , as has been found for weaker fields. The 


last peak of resonant absorption occurs when the Landau parabola 
with n = | crosses the Fermi level in the point with p, = pyo. 
The conditions of appearance of the quantum-mechanical reso- 
nance are evidently connected with observation of inequalities 
(2.115) wr > 1 and Ao > kT. With an increase of the magnetic 
field, peaks of ultrasonic absorption are formed in the fields for 
which the cyclotron frequency attains the greater of two quan- 
tities, either 1/t or kT/h'). The quantum-mechanical magneto- 


1) Note that when 0 > 0, Pippard’s magneto-acoustic resonance may be 
first observed in weak fields; it then disappears and only peaks of gigantic 
quantum ascillations of ultrasonic absorption are further observed. 
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acoustic resonance is observed at temperatures of liquid helium 
and is essentially at low-temperature effect. 

A typical experimental dependence of the coefficient of absorp- 
tion of ultrasound on magnetic field with the effect of gigantic 
oscillations of absorption is shown in Fig. 207 which gives the 
curve of the quantum-mechanical resonance of electrons in bis- 
muth at T = 1.26°K obtained by Fujimori [90]. The bifurcate 
shape of the resonant peaks of absorption is linked with the spin 
splitting of Landau levels in strong fields. As can be seen, for the 
given orientation of the magnetic field the orbit splitting of the 
levels exceeds the spin splitting approximately 5 times. 

Thus, the quantum-mechanical magneto-acoustic resonance 
makes it possible to determine, apart from the area of section 
S(pzo) of the Fermi surface, also the magnitude of the g-factor 
of current carriers. 

Observation of gigantic oscillations of absorption of ultrasound 
practically encounters the same difficulties as with the Pippard 
resonance (see the previous section). 


4-7, OSCILLATIONAL QUANTUM EFFECTS 


Effects of this kind are linked with quantum oscillations of the 
density of states on the Fermi level with a passage of electron- 
or hole-type Landau levels through it. The physical essence of 
oscillational phenomena has been discussed in detail in Chapter 
Two, Sec. 2-15. 

Quantum oscillations in a metal were first discovered in 1930 
by Schubnikov and de Haas [91] in the Leiden cryogenic labora- 
tory in Holland. They found the electric conductivity of bismuth 
to be in an oscillational dependence on magnetic field. Because 
of this, quantum oscillations of conductivity (or of electric resis- 
tance) of a metal have been called the Schubnikov-de Haas 
effect. 

In 1931, de Haas and van Alphen [92], working in the same 
laboratory, discovered oscillations of magnetic susceptibility 
which have been later termed the de Haas-van Alphen effect. 

During the four decades that have passed since then, oscil- 
lations of practically all known thermodynamic and kinetic charac- 
teristics of a metal depending on the number of electrons of the 
Fermi level have been found experimentally. For instance, apart 
from the known oscillations of electric conductivity and magnetic 
susceptibility, oscillations of heat capacity, entropy, thermal con- 
ductivity, thermo-e. m.f. thermomagnetic Q-factor, etc. were ob- 
served experimentally. 

Yhe general theory of oscillational quantum effects has been 
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developed by Lifshits and Kosevich in 1956 [14] on the basis of 
their theoretical study of Fermi surfaces of metals. 

The de Haas-van Alphen and Schubnikov-de Haas effects are 
now among the most widely used methods of studying Fermi sur- 
faces. This is linked with that the experimental equipment required 
for observations of these effects may be rather simple. 


Measurements of the period of oscillations A(+) can be 


easily made with different orientations of the magnetic field 
relative to the axes of the crystal being studied. Expressing the 
dependence of the period on orientation of the magnetic field by 
means of the Lifshits-Onsager formula (2.126) makes it possible 
to determine any extremal sections of the Fermi surface and, using 
this information, to correct the initial model of the surface con- 
structed by the Harrison method. Practically all known Fermi 
surfaces of simple metals have been constructed by this 
method. 

As has been indicated in Chapter Two, Sec. 2-16, oscillational 
effects can be observed when the inequalities fiw >> kT and wt > | 
hold true (see 2.115). In addition, the condition of degeneration 
of electrons in the metal, kT < ep is naturally assumed to be 
fulfilled. Thus, quantum oscillations also relate to low-temperature 
effects and are observed in sufficiently pure crystals with a high 
relaxation time t of current carriers. 

The amplitude of oscillations, proportional to the first power of 


the small parameter Ze iv is usually not large and constitutes 


F 
fractions of a per cent of the quantity being measured. The am- 
plitude of oscillations is reduced through the temperature blur- 
ring of the Fermi level and also the expansion of Landau levels 
owing to scattering of current carriers. In very pure specimens 
of metals, oscillations from small groups of carriers (having low 
values of cyclotron masses and high mobilities) can sometimes be 
observed up to temperature of the order of 50 to 60° K. 

Let us consider the nature of oscillational phenomena using as 
an example the de Haas-van Alphen effect, whic is the one most 
thoroughly studied theoretically. When observing this effect in 
a specimen of metal, measurements are made of either the mag- 


netic moment M of the specimen or the derivative a equal 


directly to the magnetic susceptibility y. 

Experimntal records of the de Haas-van Alphen effects in 
single crystals of copper and antimony are shown respectively 
tn Figs. 208 and 209. The curve of the variation of magnetic sus- 
ceptibility Ay in dependence of magnetic field H (Fig. 208) con- 
tains oscillations of two different frequencies. The corresponding 
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periods A, (7) and Ae(zr) relate to one another approximately 


as 1:30. The curve has been obtained with the magnetic field 
directed along one of the body diagonals of the type [111] in the 
face-centered lattice of copper. The oscillations of the lower 
frequency correspond to the extremal section of the “neck”, and 
those of the greater frequency, to the extremal section of the 
“belly” of the Fermi surface of copper. 


AX, dimensionless 
ans 


317 318 H, xilo- 
oersteds 
Fig. 208 


The oscillational dependence M = M(H) for antimony in 
Fig. 209 shows pulsations of two close frequencies. Such a curve 
is formed as a result of superposition of the oscillations corres- 
ponding to two close extremal sections of the Fermi surface. 
By determining the period of oscillations in the interval between 
the nodes of pulsations, and also the period of pulsations, we 
can thus separate the contributions from various extremal 
sections. 

Note that oscillations in Figs. 208 and 209 are almost sinusoidal, 
their amplitude increasing in the magnetic field. 

This is seen most clearly in oscillational curves shown in 
Fig. 210, each of which corresponds to only one section through 
the Fermi surface. These curves represent the de Haas-van Alphen 
effect in bismuth at different orientations of the magnetic field. 

Let us emphasize again that oscillational dependences of va- 
rious characteristics of a metal are based on oscillations of the 
density of states of carriers at the Fermi level. These oscillations 
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appear as a result of that the Landau levels begin to intersect the 
Fermi level with an increase of the magnetic field. 


M, dimensionless units 





06 08 10 12 
He 10 cersteds “ 
Fig. 209 
Using expression (2.113) and Figs. 139 and 140, it may be 


easily shown that the oscillating portion of the density of states 
at the Fermi level va(er) in dependence of the reciprocal magnetic 
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field at finite values of the relaxation time + and temperature T 
must have the form of a periodic curve resembling in shape the 


saw-tooth oscillations in radio engineering. The period (+) of 


this curve can be related to the extremal section of the Fermi 
surface by the Lifshits-Onsager formula (2.126). This periodic 


dependence of v, (e-) on 4 can evidently be expanded into 


6 
“AX:10 





f 20s 
H “10 ,oersteds' 


Fig. 210 


a Fourier series over the harmonics of the principal frequency 
(4). 

The fact that oscillational curves in experiments are very similar 
to sinusoidal indicates that the higher harmonics in an expansion 
of vy(er) decrease rapidly at a reduction of relaxation time t 
or at an increase of temperature T and that the dependence of 


va(er) on + can finally be described with sufficient accuracy 


solely by the first harmonic. This conclusion has been confirmed 
by experimental data. 

Indeed, with a substantial lowering of temperature (down to 
0.1°K), the oscillational curves obtained in high-purity crystals 
begin to differ noticeably from sinusoidal ones. This is especially 
true of oscillations at low quantum numbers n, which begin to 
resemble saw-tooth oscillations. The dependence of the shape 
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of oscillations on the quantum number n of oscillations is linked 
with that, at low values of n, i.e. near the ultra-quantum limit 
of magnetic fields, the ratios ar and ae become minimal, and 
therefore, the effect of the temperature blurring of the Fermi level 
and expansion of Landau levels also becomes minimal '). 

For the same reasons, the amplitude of oscillations is an in- 


creasing function of the ratios a and ae 


Lifshits and Kosevich [14] have found theoretically the depen- 
dence of the oscillating portion of the magnetic moment M of 
metals on magnetic field and temperature. 

The principal harmonic of this quantity, having the frequency 


AT! a) in the reciprocal magnetic field, is of the form as 





H 
follows: 
2n2kT 
ay ¥ rae (- ae m* cS extr ‘4 
— 712 a a pales 1 a panes 
M,=const H” °T woh (BAT) cos (x ar) sin( S93 Ta 7) 
ho (4.50) 


where m* §nd ms are the cyclotron and spin masses for the given 
direction. 

Expression (4.50) does not take into account the variation of 
the Fermi level in the magnetic field. Because of this it is appli- 
cable under the condition ha < er or, what is equivalent, for 
large quantum numbers, n > 1. 

The quantity 7p entering the expression (4.50) has the dimen- 
sion of temperature and is termed Dingle’s temperature. It is 
related with the relaxation time t by the formula 


ah 


Thus, RkTp is nothing else as the expansion of Landau dele 
2n?kT 
through the scattering of carriers. The multiplier exp (— ane 2) 
determines the dependence of the amplitude of oscillations on 
relaxation time and is termed the Dingle factor [96]. Evidently, 
when + = oo, then Tp = 0 and the Dingle factor is unity. 





1) Let us emphasize that blurring of the Fermi levels occurs only owing 
to an increase of temperature, whereas expansion of Landau levels is related 
to scattering of carriers.and is expressed through fA/t. At low temperatures, 
t is determined by impurities and imperfections in the crystal and is practi- 
cally independent of 7. However, at temperatures above the region of the 
residual resistance, t decreases with an increase of 7. Thus, both the blurring 
of Fermi level and expansion of Landau levels are determined in this region 
by temperature. 
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-1 
The multiplier [sinh (“= | contains the main dependence 

of the amplitude of oscillations on temperature 7. Its structure 
is the same as that of the Dingle factor. Indeed, owing to the 
large coefficient 2n? ~ 20 this multiplier is 

wo (kT) I QnPkT 

sinh ( fo as exp( Fis ) at kT >0.1ho 
Hence the dependence of the amplitude of oscillations on tempe- 
rature and relaxation time can be written in the form of the 











— 27k (T +T 
general factor exp meer te). (The pre-exponential multi- 
plier 7! is a relatively slowly varying function of temperature and 
therefore plays no substantial part in the temperature dependence 
of the amplitude of oscillations at kT > 0.1 hw. At T— 0 the ratio 
2 
T/sinh “**" tends to the limit ho/2n%k.) 

Thus, the effect of the processes of scattering of carriers on the 
nature of oscillations is formally equivalent to an increase of 
temperature by Tp. Namely this circumstance was the reason for 
introducing Dingle’s temperature. 


The multiplier cos (= =) in expression (4.50) detérmines the 


dependence of the amplitude of the first harmonic on spin splitting 
of Landau levels; m*/ms is the ratio of spin ap ting to orbital 
H 


splitting, equal respectively to AALS and 12 When m*/ms 





mc mc * 
is increased, this multiplier turns periodically to zero at 
n> = (2k +1), where k = 0, 1, 2,... . Thus, when the con- 
dition ; 
m= spa Mm, k=0,1,2,... (4.52) 


is fulfilled, the first harmonic with the frequency A7' (+) disap- 
pears in the oscillations. The oscillations that are then observed 
correspond to the doubled frequency 2A7' (+): and therefore, 


the extremal section Sextr of the Fermi surface found for their 
period by means of the Lifshits-Onsager formula (2.126) turns 
to be twice its real magnitude. This phenomenon is called the 
spin damping of the first harmonic of oscillations'). It was first 


1) As follows from the theoretical relationship M(H), when the condition 
(4.52) is fulfilled, not only the first harmonic, but also all the odd harmonics 
disappear in the expansion of this quantity. The even harmonics disappear 





under the condition that m*° = m*, where k=O, [,2,.... 


2k +1 
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observed on bismuth at definite orientations of the magnetic 
field. 

Figure 211 shows the diagrams of Landau levels (at p, = 0) 
for the values of masses m* and m* satisfying the condition 
(4.52) at k=O, 1, and 2 respectively. As can be seen from the 
figure, the intervals between neighbouring levels become equal to 


+ he under this condition, as a result of which the frequency 





3 
17 
s 
0” 
ic 
Ss 2 % o 
m=3m 
(6) m= 2 ni 
(¢) 
Fig. 211 


of passing of the levels through the boundary of Fermi distri- 
bution increases twice. An exception is the magnitude of inter- 
vals between the lowest levels at k > 1, as shown in Fig. 2116 
(at m= = m") and in Fig. 211e(at m= m'). 

It has been found by experiments that the maximum spin split- 
ting of the levels, which is really observed in metals, exceeds only 
insignificantly the orbital splitting (the ratio m*/ms does not 
exceed 1.1-1.2). Therefore, only the spin damping at k=O or 1 
can be of practical interest. 

The diagrams in Fig. 211 correspond to the cases when the 
amplitude of the first harmonic of oscillations is strictly equal 
to zero. 

The dependence of the amplitude of the first harmonic on the 


mass ratio m*/m’, which is given by the multiplier cos (x a), 


can be explained on the basis of the interpretation of the spin 
splitting of Landau levels given in Chapter Two, Sec. 2-16. As 
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has been shown there, the motion of the spin-splitted Landau 
levels through the boundary Fermi level « = er can be described 


«= (I) 





Fig. 212. 


equivalently if Ms introduce a boundary of Fermi distribution 
|e|hH 

cng fe er ES a for each direction of the spin (and for 

each value of the spin variable s = +1) and consider the motion 
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of unsplitted orbital levels e,=(n + 5) fo through these boun- 


daries. 

Using this representation, let us make the following construc- 
tion for different values of m*/ms. 

Let the spin splitting be initially absent, i.e. m*/ms = 0. We 
separate the first harmonic from the oscillating component of the 
density of states ¥1(e) [the graph of dependence of the density of 
states vy(e) on energy is given in Figs. 139 and 140] and mark 
with a solid vertical line the position of the Fermi level « = ep, 
as shown in Fig. 212a. With an increase of the magnetic field in 
that case there can be observed a periodic motion of the maxima 
and minima of the density of states through the Fermi level 
and the corresponding periodic increase and decrease of the den- 
sity of states at the Fermi level by the same magnitude, which 
will be denoted as ¥o. 

Now let us take into account the spin splitting. Then, in ad- 
dition to the Fermi level ¢ = er for a definite value of magnetic 
field H we mark the two boundaries of the Fermi distribution 
with vertical dotted lines 








te. |e | hH ee |e| hH 
af = er tonse and — er ome 


corresponding to the two opposite orientations of the spin. The 

maxima am minima of the density of states will now pass 
ie F F 

through two boundaries é and G at a variation of the 


+ _ 
magnetic field. The total contribution to oscillations is determined 
by the sum of the values of the oscillating density of states at 
each of the boundaries. 

When both boundaries pass simultaneously through the maxima 
and minima of the density of states, then the first harmonic of 
oscillations is increased. 

When the maximum on one boundary is accompanied with the 
minimum on the other, then their contributions to the oscillations 
are mutually cancelled. This situation evidently corresponds to 
spin damping of the first harmonic. The damping at ms = 2m* 
(k = 0) is illustrated in Fig. 2126. In that case, if the maximum 
of density of states intersects one of the boundaries, then the 
neighbouring minimum intersects the other boundary. The maxi- 
mum in Fig. 2126 coincides with the right-hand boundary, and 
the next minimum, with the left-hand one. In the magnetic field 
at which this minimum reaches the right-hand boundary, the next 
maximum will coincide with the left-hand boundary. The situation 
repeats at an increase of the magnetic field. 
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With an increase of the magnetic field the distances between 
peel ourive maxima and minima, equal to Aw/2, increase linearly. 
the same time the distance between the boundaries 
ee -C = = lel which is also equal to aw/2 at ms = 2m*, 
+1 
ase) increases. At any magnitude of the magnetic field the con- 
tributions from both boundaries to the oscillating portion of the 
density of states are mutually cancelled. This results in that the 
oscillations with the frequency of the first harmonic vanish com- 
pletely. 


The spin damping at m= = m” evidently corresponds to the 


case when the coincidence of one of the maxima of the density 
of states with one of the boundaries is accompanied with the 
coincidence of the second minimum to the right or left from the 
given maximum with the other boundary (Fig. 212c). 

Let us finally show that with an arbitrary relationship between 
the spin and orbital splitting the ayn plitude of oscillations must be 
proportional to the factor cos (a3 — 

It is clear from the analysis ane above that the total contri- 
bution to the oscillating portion of the density of states ¥y(e) at 
any magnitude of the magnetic field is an algebraic sum of the 
oscillating values of the density of states on each boundary. The 
first harmonic of the density of states 0)(e) as a function of 
energy e has the period equal to fw and can be vwefitten in the 





form #\) (e) = — 4, cos (20-2). Its magnitude on each of the 

boundaries of the Fermi distribution C =ert Lele is respec- 
a1 Se 

tively 





— lelh 
2 rt” omic 
— Vo COS 2 a aa = 


wo [cos (22-55) cos( 
= — Vo} COS ae cos | 1 


Adding these expressions together with the signs “++” and “ 
we get that the sum of contributions from a two pouedatles to 


the density of states is equal to — 2% cos (= cos (= E), The 


last of the multipliers in the expression sbiatned soincides to the 
accuracy of the constant phase with tne Pata 0 factor 


: CSoxte +)i __ Sextr 
sin Tela "4G in formula (4.50), since cals de F901; ae The 


second multiplier tee) gives the sought-for dependence of 


ssin(an $6) sn) 


ea 8S 
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the amplitude of oscillations on the ratio of spin and orbital 
splittings. 

Expression (4.50) makes it possible to calculate the magnitude 
of the cyclotron mass m* through the ratio of the amplitudes of 
oscillations measured at two different temperatures 7; and 75. 
Let the amplitude of oscillations be denoted as A(T,H,) where 
H = H, is the magnitude of the magnetic field corresponding to 
the passage of the Landau level with the quantum number n. 

Let us assume for definiteness that T; < T,. Then, evidently, 
A(T, Hn) > A(T2, An). 

According to formula (4.50), the ratio of amplitudes A(T, Hn) 
and A(T2, Hn) is 

‘ (a) 
A(T Hn) Ty SON Ten 


ATs, Ra) Te os (Ga) 
sinh “lelita 


(4.53) 


This expression is only valid for the case when Tp remains 
constant in the interval of temperatures from 7, to T»2. The 
parameter Tp is independent of temperature in the region of 
residual resistance, i.e. practically in the region of helium tem- 
peratures. *-, 

The expression (4.53) obtained is a transcendental equation by 
means of which the cyclotron mass m* can be found for the given 
values of 7), To, Hn, and the ratio of amplitudes of oscillations. 
Note that i rae (4.53) determines the cyclotron mass at the 
Fermi level, i.e. the cyclotron mass that has been renormalized 
as a result of electron-phonon interaction. 


In a particular case at T, =5Tp, equation (4.53) is solvable 
for m*, the explicit expression for m* being of the form: 


«lel hH _if A(Tp Hn) 
m = aatChT, cosh [aS (ar A | (4.54) 


In practice, the temperatures T2 and 7 are usually taken equal 
respectively to 4.2° and 2.1°K. For improved accuracy, the cyclo- 
tron mass m* is calculated at different values of H, (i.e. at 
different quantum numbers n) and the values obtained are then 
averaged. Notwithstanding this, the accuracy with which the cyclo- 
tron mass is found from the temperature dependence of the am- 
plitude of oscillations in the de Haas-van Alphen effect is not 
high. This is linked with the circumstance that expression (4.50) 
for the first harmonic describes only approximately the oscillating 
portion of the magnetic moment M. 

In addition, a large error usually arises at separating the 
oscillating component from the experimental dependence of the 
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moment M on magnetic field. The monotonous component is very 
often in a complicated dependence on H, which results in a sub- 
stantial uncertainty in the determination of the amplitudes of 
oscillations. And finally, an error in the determination of the 
cyclotron mass arises owing to that the Dingle temperature Tp 
is not strictly constant in the temperature interval from 7, to 7». 

Thus, the temperature dependence of the amplitude of oscil- 
lations serves, strictly speaking, only for evaluation of the mag- 
nitude of the cyclotron mass. 

The comparative easiness of the observation of oscillations at 
an arbitrary orientation of the magnetic field relative to the crys- 
tallographic (and geometric) axes of the specimen makes it 
possible to find sufficiently rapidly the cyclotron masses for any 
sections of the Fermi surface. Such data are usually sufficient for 
the general description of the Fermi surface. In cases when it is 
required to obtain more accurate values of the cyclotron masses 
for some orientations of the magnetic field, this may be done by 
the method of Azbel-Kaner cyclotron resonance. 

The ratio of amplitudes of oscillations for two successive values 
of magnetic fields H, and Hn, determines the Dingle tempera- 
ture Tp. Indeed, ae to formula (4.50), the ratio of ampli- 


tudes A(T, Hn) and A(T, An41) is & 
ee 
2m*ckT 
ACT, Ha) _ (Hass Baye aul cea 
A(T, Hn+1) 2m2m*ckT \_ 
“TelhHy | 


seul aaa a (4.56) 


Hence Tp is found by simple logarithmation. It is evident that Tp 
can only be found after the magnitude of the cyclotron mass m* 
has been determined. 

The relaxation time + of carriers is calculated from the mag- 
nitude of Tp by means of formula (4.51). But the value of t 
found by this method is substantially smaller (usually by one or 
two orders) than the relaxation time to determined in weak mag- 
netic fields (for instance, through the value of the Hall mobility 





ws elt , which for a one-zone metal is equal to the product of 
the Hall coefficient R=a@ by the conductivity o =|e|nuy, i.e. 
py =coR). 


This difference between to and t+ is connected in essence with 
that these quantities correspond to entirely different conditions 
under which scattering of current carriers occurs. Thus, the re- 
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laxation time to is an average quantity for all electrons on the 
Fermi surface which describes the isotropic scattering of carriers 
at H =0. On the other hand, the relaxation time t found from 
oscillations corresponds to scattering of the electrons passing out 
from the Landau level beyond the Fermi level. It describes the 
scattering of the carriers having a very small component of velo- 
city v,; in the direction of the magnetic field (let us recall that 
at passage out of the Landau level, p,;—0 for the electrons 
located on it). In that case, as has been shown by Brown [97], the 
probability of scattering of electrons on ionized impurities in- 
creases substantially. Let this be discussed in more detail. 

As is known, the efficiency of scattering of electrons decreases 
at a reduction of temperature as a result of a rapid decrease of 
the density of phonons in the process of their freezing-out. At low 
temperatures in the region of residual resistance the main me- 
chanism of scattering of electrons which determines the relaxation 
time in sufficiently pure crystals is, as earlier, the scattering on 
ionized impurities. 

Because of the effect of screening of the Coulomb potential of 
the impurity by free carriers the interaction of an electron with 
the impurity,,occurs within the region whose size is determined 
by the magriffude of the Debye radius of screening rp. 

At a rab low concentration of impurities N; (compared with 
the concentration of electrons n) the scattering centres of the 
effective diameter mr?, are distributed in the lattice at average 


distances Nz from each other that exceed substantially rp. In 
that case, as has been shown by Davydov and Pomeranchuk [98], 
the probability w of scattering (which determines the inverse re- 
laxation time 1/t) of an electron moving in the lattice with the 


2 pps 
rpNyP 





velocity v.is proportional to the expression . It can be used 


for comparing the relaxation time t of electrons on the Landau 
level at v, +0 with the relaxation time to of electrons at H = 0. 


Since we speak of scattering of Fermi electrons, then evidently 


the magnitude of 1/t at H = 0 is proportional to hs —, 





F 

Electrons on the Landau level precess with the Fermi velocity 
in the plane perpendicular to the magnetic field and travel along 
the field with the velocity v,. 

When the bottom of the Landau parabola comes closer to the 
Fermi level, then the magnitude of the velocity component v, of 
the electrons located on that parabola decreases and becomes 
substantially less than vp. In that case the probability of scat- 
tering of electrons 1/7 is determined by 1!/v,. Owing to that the 
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Landau level has a finite width, the minimal value Uy min of the 


velocity component along the magnetic field does not turn to zero. 
The minimum energy of motion in the direction of the field, 


which is approximately equal to + mo Ui miny then coincides in the 
order of magnitude with the energy width of the Landau level 
h/t. (The quantity M02 sins as fi/t, represents the tincertainty of 


energy at the Landau level.) 

Thus, the analysis made above makes it possible to conclude 
that the ratio of relaxation times t/t must be approximately 
equal to the ratio vp/0) mm, which in turn coincides in the order 


of magnitude with the ratio Alen |a/hie (since ey m,v?.). 
Hence it follows that 


woe (5E)" (4.56) 


The final formula (4.56), obtained on the basis of coarse ap- 
proximations, makes it possible to relate t. and t only to an 
accuracy of a certain proportionality factor which is of the order 
of unity in an isotropic metal. But the derivation of this formula 
given above allows the difference between the relaxation times 
to and t to be cleared out. 

The Fermi energy er of carriers can be determined e using for- 
mula (2.121) given in Chapter Two, Sec. 2-16. This formula 
includes the cyclotron mass m* and also the magnitude of the 
magnetic field H, at which the passage out of the n-th Landau 
level is observed. 

If the magnetic field in the experiment is sufficiently*strong for 
observing the passage out of all Landau quantum levels (this is 
possible if the group of carriers being studied is small and the 
corresponding Fermi energy is low), then the quantum number n 
which relates to the last oscillational maximum is equal. to unity 
(without account of the spin splitting of levels). In that case all 
the maxima being observed can be simply labelled. 

If the magnetic field is not sufficiently strong to attain the ultra- 
quantum region, then the quantum numbers corresponding to the 
oscillational maxima are found as follows. Let a maximum be 
observed at H: = H, whose quantum number n is unknown. 

Another maximum, at a distance of k numbers in the direction 
of weaker fields from the first, is observed in the field H = Anip 
and has the quantum number n+ & (let us recall that the quan- 
tum number n decreases at an increase of the magnetic field). If 
we assume that n > 1, then we can neglect the variation of the 
Fermi energy in the region being considered. Then, writing down 
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the formula (2.121) for the numbers n and n-+k, we get the 
following equality: 
1) [el fH, __ 1) Jel hHnse 
(eg) ae = (hes) ae 
Hence the number n is expressed through the known quantities 
k, Hy, and Anyp: 
n= kath F (4.57) 


Thus, an experimental study of the de Haas-van Alphen effect 
in a metal makes it possible to determine not only the shape and 
dimensions of the Fermi surface, but also to find the main para- 
meters describing the energy spectrum and the properties of 
current carriers, i.e. Fermi energy, cyclotron mass, and relaxation 
time. 

In addition, if the oscillational maxima are doubled owing to 
spin splitting of Landau levels, then it is possible to determine 
the spin mass and g-factor of current carriers. These parameters 
can be determined also in cases when, with a certain orientation 
of the magnetic field, there is observed vanishing of the first 
harmonic of. @scillations related to the effect of spin damping. 

Calculatioris of various parameters were made by using expres- 
sion (4.50) Yor the first harmonic of the magnetic moment. A si- 
milar expression describes, with an accuracy to proportionality 
factors, the: first harmonic in oscillations of other thermodynamic 
and kinetic characteristics of the metal. This indicates to the same 
nature of all oscillational quantum effects. Thus, formulae 
(4.52)-(4.55) are also applicable for the Schubnikov-de Haas and 
other similar effects. 

Oscillational quantum effects were considered in the book from 
the aspect of their generality. It does not mean, however, that 
oscillations of various quantities have no specific peculiarities 
which are essential in their observations. For instance, the Schub- 
nikov-de Haas effect near the ultra-quantum limit of magnetic 
fields is very sensitive to the mutual orientation of the magnetic 


> > 
field H and current j through the specimen. In particular, no pas- 
sage out of the Landau 0+ level is often observed for the trans- 
verse magnetoresistance, since this level can be freed from elec- 
trons only as a result of passages with turning of the spin. In 
addition, the Schubnikov-de Haas effect at very high currents 
through the specimen is sensitive to the phenomena related with 
heating of electrons, and also with electron-phonon entrainment. 

As another example, it may be indicated to the effect of the 
de Haas-van Alphen oscillations on the magnitude of the internal 
magnetic field which determines the quantization of the energy 


330 Ch. Four. Experimental Methods 


of electrons in a metal. Under certain conditions a noticeable 
difference between this field and the external magnetic field ap- 
plied is observed during a substantial portion of the oscillational 
cycle (the Shoenberg effect [99]). 

The examples given above show that a study of quantum oscil- 
lations actually can give a more detailed information on the 
behaviour of electrons in the metal than that obgained on the 
basis of their general description. 

We have discussed in this chapter the main methods of study- 
ing of the electron energy spectrum of metals which have found 
the widest application or played an important role in the progress 
of the physics of metals. The quasi-classical and quantum effects 
described here make it possible to obtain detailed information on 
conduction electrons in metals. Within the frames of the elemen- 
tary description of the electron structure of metals which is given 
in the book we have not touched on the question whether these 
data are sufficient for an exhaustive description of the energy 
spectrum. Note that the progress attained in the study of the 
electron spectra of metals evidently makes it possible to raise the 
problem of purposeful variation of the properties of a substance. 

This problem relates to the development of a new direction in 
the solid-state physics (and in particular, in the phySics of metals) 
devoted to studies of the properties of substances urtder extremal 
physical conditions (such as super-high pressures, extremal elec- 
tric and magnetic fields, etc.) under which recombination of the 
electron energy spectrum is observed. 
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